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Abstract

The COVID-19 pandemic has already had a shocking impact on the lives of everybody on
the planet. Here, we present a modification of the classical SI model, the Fractal Kinetics S
model which is in excellent agreement with the disease outbreak data available from the
World Health Organization. The fractal kinetic approach that we propose here originates
from chemical kinetics and has successfully been used in the past to describe reaction
dynamics when imperfect mixing and segregation of the reactants is important and affects
the dynamics of the reaction. The model introduces a novel epidemiological parameter, the
“fractal” exponent h which is introduced in order to account for the self-organization of the
societies against the pandemic through social distancing, lockdowns and flight restrictions.

Introduction

As of March 30, 2020, coronavirus disease 2019 (COVID-19) has been confirmed in 782,213
people worldwide, leading to 37,579 deaths. Its mortality is apparently higher compared with a
mortality rate of less than 1% from influenza [1]. There is an urgent need to model the growth
of COVID-19 worldwide. The classical epidemiological approach for the study of growth relies
on the reproduction number and infection time, which leads to an exponential growth. How-
ever, the data accumulated so far indicate deviation of growth from this pattern. Various
approaches to model COVID-19 epidemics have been published in the literature recently
based on various hypotheses [2, 3] Our model follows the principles of fractal kinetics [4]
which is suitable for chemical reactions under “topological constraints” e.g. insufficient mixing
of the reactant species. In fact, there is a full analogy between the governments’ measures to
ensure social distancing for the control of epidemics and the reactions taking place in low
dimensions or insufficient stirring [4-6]

The model

The classical SI Model (or SIS model as is often referred in the literature [7, 8]) of epidemic
spreading is the simplest approach in the mathematical modeling of epidemics [9, 10]. A popu-
lation comprises two classes, susceptible and infected. The fraction of susceptible individuals is
denoted by S and that of the infected is denoted by I. The total number of individuals is
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assumed to be constant and consequentially the sum of the fractions is equal to one, i.e. S +
I'=1. Thus, the SI model is essentially reduced to a single non linear ordinary differential equa-
tion

Z—i:a[(l—l)—b[ (1)
where a is proportional to the probability of an infected individual to infect a health one and b
is the recovery rate of infected individuals. In the standard SI model it is common to write the
a constant per person, i.e. a/N where N is the total size of the population but for our present
investigation the form of Eq 1 is adequate.

There are several drawbacks in this model. Most importantly the parameter a is considered
a constant, while as recent experience has shown in global epidemics societies tend to organize,
governments take measures to ensure social distancing etc. The parameter a is proportional to
the number of contacts sufficient to transmit infection per unit time. It is natural to assume
that this number is not a constant but a decreasing function of time as a result of two factors.
The first is that an infected individual has a finite circle of social contacts and is not sur-
rounded from an infinite pool of healthy individuals. Thus, although initially an infected indi-
vidual may create a large number of secondary infections as time progresses this number will
be lower simply because of the reduction of the number of healthy individuals in his proximity.
The second, as the COVID-19 case has shown, is that as soon as a serious threat on public
health is identified, measures are taken to promote social distancing, the use of gloves, masks,
antiseptics etc. It would be helpful to take the above into account in our mathematical models.

Thankfully, such a challenge is not completely new as a similar situation is often encoun-
tered in chemical reaction kinetics. Again, the classical reaction kinetics models assume homo-
geneity of the reaction medium and of the spatial distribution of the reactants and model
chemical reactions assuming reaction rate constants that are independent of time. This
approach has, however, shown to be insufficient in heterogeneous media [4] or even in cases
where the reactants are not “well-stirred” and, thus, a depletion zone [11, 12] and the reaction
sites which leads to an overall slowdown of the total reaction.

The fractal kinetic approach that we propose here originates from chemical kinetics and
has successfully been used in the past to describe reaction dynamics when imperfect mixing
and segregation of the reactants is important and affects the dynamics of the reaction [4, 11,
13]. A fractal kinetics approach consists in assuming that the reaction constants are in fact
functions of time. In particular the assumed form is obtained if a — a/t". The power law form
of the function and the “fractal” exponent 4 is the reason of the term “Fractal Kinetics” pro-
posed by Kopelman in his famous article [4]. Obviously, the limiting case & = 0 reduces to clas-
sical constant rate kinetics, while values of h > 0 arise due to system heterogeneity or/and the
creation of a depletion zone around the reactants due to imperfect stirring.

Thus, the fractal kinetics SI model for epidemic spreading is described by the following
equation

dl a
E_t—hl(l—l)—bl (2)

Again, the limiting case h = 0 corresponds to the classical SI model. Values of k > 0 are
expected as a result of measures taken to promote social distancing and public awareness. High
values of the h exponent signify considerably different dynamics than those predicted from the
classical model and imply a greater influence of public awareness on the disease spreading.

Here, we will estimate the / exponent using publicly available data obtained from [14]. For
convenience the data are included in the supplementary materials section. Although it is, in
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principle, possible to fit the above equation to the available data for the spreading of the
COVID-19 epidemic and calculate the three parameters a, b, h, in practice this approach is
rather difficult since Eq 2 can only be solved numerically and numerical instabilities when ¢ is
close to zero cause problems to the fitting process. A better approach is to consider the cumu-
lative fraction of infected individuals I as a function of time. The differential equation describ-
ing this quantity according to the Fractal Kinetic SI model would be similar to Eq 2 with the
omission of the recovery term, thus

dr,

a
E = t_hIT(l - IT) (3)

This equation cal be solved analytically and one obtains the rather elegant result

1
e () ?

I

This equation can be fitted to the confirmed cases for each country as a function of time
and as we present below the fitting is excellent in all cases. Here, we focus on the study of the
exponent h which is the novel significant parameter introduced in the scope of Fractal kinetics.
High values of the exponent 4 signify high level of self-organization of the system, while the
value of h = 0 reduces the model to the classical SI model where perfect mixing of the popula-
tion is assumed. The parameter c is of considerable importance as it determines the asymptotic
limit of I i.e. the total fraction of individuals that will be infected. Taking the limit of Eq 4
when t — oo we find

1 k<1
lim I,(t) = (5)
e = h>1
It is well known, however, that most countries test only for serious symptomatic cases and
thus the number of confirmed cases seriously underestimates the actual fraction of infected
people. The parameters a and ¢ of the model are rather sensitive in such systematic underesti-
mation while the parameter 4 is rather robust. In order to demonstrate that we have estimated
the a, ¢, h parameters for the actual data for Greece and then we have multiplied the data by
10° and recalculated them. We found that ¢ changed by a factor of approximately 107, the rela-
tive of a was almost 40% while the exponent 4 changed only by roughly 7% i.e from 1.37 to
1.27.

Results

Fig 1 shows results for the confirmed cases of nine countries. In each case the confirmed cases
are normalized by dividing them by the country population. For each country day zero is con-
sidered to be the day of the first confirmed case. Points are the COVID-19 data and the solid
line is the model’s best fit of Eq 4 to the data [14].

Fig 2 shows countries with more that 1000 confirmed cases ranked in a decreasing order of
the /1 exponent as calculated using outbreak data up to the 29 March 2020. The “fractal” expo-
nent h quantifies the self-organization of the societies against the pandemic through social dis-
tancing, lockdowns and flight restrictions. Thus, high values of the & exponent is an indication
for the successful application of preventive measures for a country.

Australia and South Korea are ranked on top with practically the same h exponent. For
South Korea this is in agreement with the recognition this country has received from the

PLOS ONE | https://doi.org/10.1371/journal.pone.0237304  August 11, 2020 3/9


https://doi.org/10.1371/journal.pone.0237304

PLOS ONE

A fractal kinetics S| model can explain the dynamics of COVID-19 epidemics

China h=3.48 Korea South h=7.07 US h=4.44
0.00006 0.000 (4
]
£ 0.00004
= 0.0001 0.0005
S 0.00002
O
0.00000 0. 0000 0.0000
0 50
Italy h=3.79 Spain h=4.17 France h=1.30
0.002 °
§ 0.002 0.0010
= 0.001
S 0.001 0.0005
O
0.000 0.000 0.0000
0 50 0 50 0 50
Germany h=4.30 Australia h=7.12 Malaysia h=4.69
0.0010 0.0002 0.00010
3
£
= 0.0005 0.0001 0.00005
S
0.0000 0.0000 0.00000
0 0 50
Time(Days) Time(Days) Time(Days)

Fig 1. Confirmed cases of COVID-19, I as a function of time for 9 countries. Points are the actual data [14]. The
solid line is the best fit of of Eq 4. Data up to 4-4-2020.

https://doi.org/10.1371/journal.pone.0237304.9001

international press on the way that has reacted to the COVID-19 epidemic outbreak [15]. For
Australia the high h value is probably a result of the country’s preventive measures.

We expect that the calculated values of the h exponent will change as new data become
available and as measures of increasing “social distancing” become effective. Due to the long
time of the virus incubation period it is believed that “social distancing” measures taken today
will have an observable effect in the number of confirmed cases in 2 weeks. Interestingly, using
data up to 29-3-2020 the estimated / exponent for Italy is equal to 2.76 while using the latest
data (up to 4-4-2020) the Italian & exponent increases to 3.79 after the dramatic increase in out-
break cases in Italy and the extreme prevention measures taken by the Italian government [16].

Here we proposed a simple model based on fractal kinetics that is in excellent agreement
with the published COVID-19 outbreak data. Of course more detailed modeling could reveal
more aspects of the outbreak and lead to a better understanding. We feel, however, that the
exponent h of the fractal kinetic SI model is a novel, and easily determined parameter, from
an epidemiological point of view and, thus, can provide new insight to the disease dynamics.
Moreover, due to the excellent fit of Eq 4 to the data for all countries, we believe that even
more detailed models would ultimately lead to an expression for the fraction of infected indi-
viduals I that is similar (if not identical) to Eq 4.
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Fig 2. Ranking of countries (top 20) with more that 1000 cases according to the calculated value of the h exponent.
Data up to 4-4-2020.

https://doi.org/10.1371/journal.pone.0237304.9002

Fig 3 is a geographic plot of the & exponent for the 55 Countries that we have studied. See
for a complete list of country names and data used for the plot. Yellow color indicates high val-
ues of the h exponent while blue indicates an & exponent close to one. Countries with less than
1000 confirmed COVID-19 cases are not included in the map.

Finally, it would be helpful to identify commonalities in the set of parameters g, ¢, h. Thus,
we assume that each country is epidemiologicaly characterized by the three component vector 4,
¢, h. Since Eq 4 is an approximation it is anticipated that these three parameters are correlated.
Thus, we use an unsupervised learning method, namely a Principle Components Analysis
(PCA), a statistical procedure that uses an orthogonal transformation to convert a set of observa-
tions of possibly correlated variables into a set of values of linearly uncorrelated variables called
principal components [17]. PCA is by far the most popular feature extraction and dimensional-
ity reduction algorithm. It is also used for exploratory data analyses. e.g. for the analysis of
genome data and gene expression levels in the field of bioinformatics [18]. With PCA we try to
identify patterns in data based on the correlation between features. PCA aims to find the direc-
tions of maximum variance in usually highdimensional data and projects the data onto a new
subspace with equal or fewer dimensions than the original one. These orthogonal axes of the
new subspace i.e. the principal components can be interpreted as the directions of maximum
variance with the added benefit that the new feature axes are orthogonal to each other. A classi-
cal example in unsupervised machine learning is the study of the famous Iris database, compring
4 features, by means of PCA [19, 20]. A plot of the two principle components can be used as an
unsupervised classification method as different flower species are gropued together.

Motivated by this and similar examples, in Fig 4 we present a plot of the two largest princi-
ple components resulting from performing PCA on our results i.e. assuming that each country
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Fig 3. Geographic plot of the h exponent for the 55 countries that we have studied. See for a complete list of country names and data used for the plot.
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Fig 4. Plot of the largest PC1 vs the second largest PC2 principle components for 55 countries with more than
1000 confirmed cases. Each country is characterized by its 4, ¢, h vector of the Fractal ST model. The principle
components were calculated with data up to 4-4-2020. For clarity only the names of countries with PC1 > 0.26 are
shown.

https://doi.org/10.1371/journal.pone.0237304.g004
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is represented by the three component vector a, ¢, h. PCA was performed using the python sci-
kit-learn library [21]. Data i.e. a, ¢, h values of the 55 countries listed in Supporting Informa-
tion were preprocedded by scaling the 3 parameters individually so that their respective range
is between zero and one.

We observe roughly 3 clusters -colored by green, orange and blue. The majority of coun-
tries have a negative value of PC1 and a small value of PC2. There is second cluster of countries
with positive PC1 and small PC2 value, including countries like US, Canada and Germany.
The 3rd cluster comprises countries with high values of PC1 like South Korea, Malaysia and
Australia which are also countries with large h exponent.

Conclusions

In this paper we introduce an extension of the classical SI model, the Fractal Kinetics SI model
originating from chemical reaction kinetics. Fractal kinetic models have successfully been used
in the past to describe reaction dynamics when imperfect mixing and segregation of the reac-
tants is important and affects the dynamics of the reaction. The Fractal Kinetics SI model
introduces a novel epidemiological parameter, the “fractal” exponent h which is introduced in
order to account for the self-organization of the societies against the pandemic through social
distancing, lockdowns and flight restrictions. The major goal of this work is to propose effi-
cient ways to model the epidemic spreading when taking under account the “heterogeneity”
that arises as a response of the societies to the epidemic. The fractal kinetic framework, is a par-
simonious extension of the classical models which seems to work surprisingly well.

Supporting information

S1 File. Covid-19 Cases_5_4.csv. The file contains the data that we have used for the estima-
tion of the Fractal SI model parameters. It was obtained from [14] and contains COVID-19
data up to the 5 April 2020.

(CSV)

S2 File. API_SP.POP.TOTL_DS2_en_csv_v2_866861.csv. The file contains population data
for each country that we have studied. The 2018 population data were used in combination
with the data of % to calculate the fraction of COVID-19 cases per country. The file was
obtained from the World Bank data repository [22].

(CSV)

S3 File. Fit_Statistics_Imfit.docx. The fitting of the model 2 to the data in file was performed
using the python Imfit module [23]. For each country the starting values for the parameter
were a = [60, 600, 6000], c = [10, 80, 800], & = [2.5, 4.0] i.e 18 possible triplets. For each one of
these 18 starting “points” we applied a basin-hopping algorithm with a Nelder-Mead local
optimizer and independently a Levenberg-Marquardt minimization algorithm. (Basin-hop-
ping is a two-phase method that combines a global stepping algorithm with local minimization
at each step.) Thus, for each country we obtained 36 estimations for the values of the parame-
ters a, ¢, h and among them we choose the one with the minimum chi-squared y>. Here we
include the fit statistics for the countries appearing in Fig 1.

(DOCX)

$4 File. Countries_Parameters_extended.csv. Fitting results including estimated parameter
values, chi-squared ;(2 , reduced chi-squared and Akaike information Criterion for the 55
Countries that we have studied and appear in Fig 4.

(CSV)
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S5 File. Countries_PCA.csv. The PCA data for the 55 Countries appearing in Fig 4. The file
contains the 3 Principle Components for each country. PCA was performed using the python
scikit-learn library [21].

(CSV)

S1 Appendix. Structural identifiability of the fractal kinetic SI model.
(PDF)

S1 Raw images.
(PDF)

Author Contributions

Conceptualization: Kosmas Kosmidis, Panos Macheras.
Formal analysis: Kosmas Kosmidis.

Funding acquisition: Panos Macheras.

Investigation: Kosmas Kosmidis.

Methodology: Kosmas Kosmidis, Panos Macheras.
Software: Kosmas Kosmidis.

Writing - original draft: Kosmas Kosmidis, Panos Macheras.

References

1.  WuJT, Leung K, Bushman M, Kishore N, Niehus R, de Salazar PM, et al. Estimating clinical severity of
COVID-19 from the transmission dynamics in Wuhan, China. Nature Medicine. 2020; p. 1-5.

2. Kucharski AJ, Russell TW, Diamond C, Liu Y, Edmunds J, Funk S, et al. Early dynamics of transmission
and control of COVID-19: a mathematical modelling study. The Lancet Infectious Diseases. 2020;.

3. Pengl, Yang W, Zhang D, Zhuge C, Hong L. Epidemic analysis of COVID-19 in China by dynamical
modeling. arXiv preprint arXiv:200206563. 2020;.

4. Kopelman R. Fractal Reaction Kinetics. Science. 1988; 241, No. 4873:1620—1626. https://doi.org/10.
1126/science.241.4873.1620

5. Savageau MA. Influence of fractal kinetics on molecular recognition. J Mol Recognit. 1993; 6(4):149—
157. https://doi.org/10.1002/jmr.300060403

6. Savageau MA. Michaelis-Menten mechanism reconsidered: implications of fractal kinetics. J Theor
Biol. 1995; 176(1):115-124. https://doi.org/10.1006/jtbi.1995.0181

7. BrauerF, Castillo-Chavez C, Castillo-Chavez C. Mathematical models in population biology and epide-
miology. vol. 2. Springer; 2012.

8. DiStefano Il J. Dynamic systems biology modeling and simulation. Academic Press; 2015.

Anderson RM, Anderson B, May RM. Infectious diseases of humans: dynamics and control. Oxford uni-
versity press; 1992.

10. Grassly NC, Fraser C. Mathematical models of infectious disease transmission. Nature Reviews Micro-
biology. 2008; 6(6):477—487. https://doi.org/10.1038/nrmicro1845

11.  Kosmidis K, Argyrakis P, Macheras P. A Reappraisal of Drug Release Laws Using Monte Carlo Simula-
tions: The Prevalence of the Weibull Function. Pharmaceutical Research. 2003; 20(7):988-995. https:/
doi.org/10.1023/A:1024497920145

12. Kosmidis K, Rinaki E, Argyrakis P, Macheras P. Analysis of Case Il drug transport with radial and axial
release from cylinders. International Journal of Pharmaceutics. 2003; 254(2):183—188. https://doi.org/
10.1016/S0378-5173(03)00030-9

13. Kosmidis K, Argyrakis P, Macheras P. Fractal kinetics in drug release from finite fractal matrices. The
Journal of Chemical Physics. 2003; 119:6373. https://doi.org/10.1063/1.1603731

14. Tableau. Data For the Covid-19 Outbreak; 2020. https://www.tableau.com/covid-19-coronavirus-data-
resources.

PLOS ONE | https://doi.org/10.1371/journal.pone.0237304  August 11, 2020 8/9


http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0237304.s005
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0237304.s006
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0237304.s007
https://doi.org/10.1126/science.241.4873.1620
https://doi.org/10.1126/science.241.4873.1620
https://doi.org/10.1002/jmr.300060403
https://doi.org/10.1006/jtbi.1995.0181
https://doi.org/10.1038/nrmicro1845
https://doi.org/10.1023/A:1024497920145
https://doi.org/10.1023/A:1024497920145
https://doi.org/10.1016/S0378-5173(03)00030-9
https://doi.org/10.1016/S0378-5173(03)00030-9
https://doi.org/10.1063/1.1603731
https://www.tableau.com/covid-19-coronavirus-data-resources
https://www.tableau.com/covid-19-coronavirus-data-resources
https://doi.org/10.1371/journal.pone.0237304

PLOS ONE

A fractal kinetics S| model can explain the dynamics of COVID-19 epidemics

15.

16.

17.
18.
19.
20.

21.

22.
23.

24,

25.

26.

27.

Wikipedia. 2020 coronavirus pandemic in South Korea; 2020. https://en.wikipedia.org/wiki/2020_
coronavirus_pandemic_in_South_Korea.

Wikipedia. 2020 coronavirus pandemic in ltaly; 2020. https://en.wikipedia.org/wiki/2020_coronavirus_
pandemic_in_ltaly.

Jolliffe IT. Principal Component Analysis. Springer; 2nd edition; 2002.
Raschka S, Mirjalili V. Python machine learning. Packt Publishing Ltd; 2017.
Marsland S. Machine learning: an algorithmic perspective. CRC press; 2015.

PCA—Iris Dataset; 2020. Retrieved online. Available from: https://scikit-learn.org/stable/modules/
decomposition.html#decompositions.

Pedregosa F, Varoquaux G, Gramfort A, Michel V, Thirion B, Grisel O, et al. Scikit-learn: Machine
Learning in Python. Journal of Machine Learning Research. 2011; 12:2825-2830.

Bank W. Population; 2018. Available from: http://data.worldbank.org/indicator/sp.pop.totl.

Newville M, Stensitzki T, Allen D, Ingargiola A. LMFIT: Non-Linear Least-Square Minimization and
Curve-Fitting for Python. Zenodo (2014). Zenodo. 2014;.

Raue A, Karlsson J, Saccomani MP, Jirstrand M, Timmer J. Comparison of approaches for parameter
identifiability analysis of biological systems. Bioinformatics. 2014; 30(10):1440—1448. https://doi.org/10.
1093/bioinformatics/btu006

Anguelova M, Karlsson J, Jirstrand M. Minimal output sets for identifiability. Mathematical biosciences.
2012; 239(1):139-153. https://doi.org/10.1016/j.mbs.2012.04.005

Karlsson J, Anguelova M, Jirstrand M. An efficient method for structural identifiability analysis of large
dynamic systems. IFAC proceedings volumes. 2012; 45(16):941-946. https://doi.org/10.3182/
20120711-3-BE-2027.00381

Inc WR. Mathematica, Version 12.1; 2020. Available from: https://www.wolfram.com/mathematica.

PLOS ONE | https://doi.org/10.1371/journal.pone.0237304  August 11, 2020 9/9


https://en.wikipedia.org/wiki/2020_coronavirus_pandemic_in_South_Korea
https://en.wikipedia.org/wiki/2020_coronavirus_pandemic_in_South_Korea
https://en.wikipedia.org/wiki/2020_coronavirus_pandemic_in_Italy
https://en.wikipedia.org/wiki/2020_coronavirus_pandemic_in_Italy
https://scikit-learn.org/stable/modules/decomposition.html#decompositions
https://scikit-learn.org/stable/modules/decomposition.html#decompositions
http://data.worldbank.org/indicator/sp.pop.totl
https://doi.org/10.1093/bioinformatics/btu006
https://doi.org/10.1093/bioinformatics/btu006
https://doi.org/10.1016/j.mbs.2012.04.005
https://doi.org/10.3182/20120711-3-BE-2027.00381
https://doi.org/10.3182/20120711-3-BE-2027.00381
https://www.wolfram.com/mathematica
https://doi.org/10.1371/journal.pone.0237304

