
A commentary on fractionalization
of multi-compartmental models

Aristides Dokoumetzidis • Richard Magin •

Panos Macheras

Received: 22 February 2010 / Accepted: 29 March 2010 / Published online: 10 April 2010

� Springer Science+Business Media, LLC 2010

Fractional calculus, the branch of calculus that deals with derivatives of non-integer

order, e.g., a half derivative, allows the formulation of fractional differential

equations (FDEs), capable of describing a range of phenomena, most of them

related in one way or another to anomalous diffusion processes [1, 2].

FDEs have recently found application in the field of pharmacokinetics (PK),

since the presence of non-classical, anomalous kinetics has been established years

ago and many articles have appeared in the literature trying to quantify these

processes by the use of either empirical power-laws or fractal kinetics [3, 4].

Fractional pharmacokinetics (fPK) was first described by Dokoumetzidis and

Macheras in [5] where the concept was introduced for a simple ‘‘one-compartment’’

model that gave rise to a Mittag-Leffler function (MLF). The MLF has very nice

properties since it behaves as a power law for large time scales but as an exponential

for small times, hence the MLF can describe kinetic data that follows power law

terminal kinetics without presenting problems for t = 0. However, if we want to

write models in more physiological terms then eventually we will need a

formulation with more than one compartments. The first attempt to write multi-

compartmental fPK models was done by Popovic et al. [6], who basically

fractionalized the classic compartmental pharmacokinetics in a straightforward

manner, i.e., they generalized the classic first order derivatives found on the left

hand side of ordinary differential equations (ODEs) by replacing them with

fractional derivatives. But is this change in the order of the derivatives all that is

needed to establish correct and consistent fPK models? In this note we will

demonstrate that it is not.
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The first hurdle that one encounters when the classic rates defined by the first

derivatives are changed to fractional derivatives, is that the units of the rate

constants, used in the linear models, change from ‘‘per time’’ to ‘‘per time to the

power of alpha’’, where alpha is the order of the derivative found on the left hand

side of the FDE. An obvious problem arises when the same rate constant appears in

more than one FDE, each of which is of different order, because the same parameter

has different units in different parts of the system. This inconsistency means that

there is something fundamentally wrong with the system setup. It is tempting to try

to correct the problem by removing the units altogether, by normalizing these

parameters, as Popovic et al. [6] have done, but this change alone does not solve the

problem. The problem is not the units, in fact the units help to reveal the problem,

which is simply that a rate of order one, for example, is a different kind of rate than

the rate of order one-half, much the same way as the rate of order one, of the

distance covered by a moving body, which is its velocity, is different from the

corresponding rate of order two, which is its acceleration. And clearly, in this case,

to normalize by dividing by a time constant may correct the units, but it will not

address the fact that these two rates, velocity and acceleration have a different

physical meaning and hence cannot be used interchangeably. In this vein, caution

should be exercised when reporting mean values of estimates for rate constants

expressed in units ‘‘(time)-a’’. When the individual values do not have identical

units, as happens to be the case for the values of the rate constants reported in

Table 1 of Ref 6, a mean value cannot be defined.

In compartmental kinetics, fluxes are defined, which describe the rate of mass

transfer, from one compartment to the other. When a model is being built, typically

an outgoing mass flux is by definition an incoming flux to the next compartment. An

outgoing mass flux that is defined as a rate of fractional order, cannot appear as an

incoming flux into another compartment as a rate of a different fractional order. This

has been done in ref. [6] and we believe produces inconsistent fractional systems,

with the exception of the special case, when all the FDEs of the system are of the

same order. We will now demonstrate, in a simple two-compartment system, that

this approach leads to violation of mass balance when the orders of the

corresponding FDEs for each of the two compartments are different, a1 and a2,

respectively. Let the amounts in each of the compartments be q1 and q2 and

assuming J12, J21, J10, J20 to represent the fluxes, with normalized units or not,

describing mass transfer between the two compartments and the elimination from

each of the compartments, respectively. Note that we prefer to use the standard PK

convention where J12 corresponds to the transfer from the first to the second

compartment and not the other way around as in Popovic et al. [6] where the

‘‘engineering’’ convention is followed. Then, the system is written as follows using

ordinary derivatives:

dq1

dt
¼ �J12 þ J21 � J10

dq2

dt
¼ J12 � J21 � J20

ð1Þ
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Changing ordinary derivatives on the left hand side of Eqs. 1 to fractional deriva-

tives of order a1 and a2, respectively, following the rationale of Popovic et al. [6],

we obtain the following system:

sa1�1
1

C
0 Da1

t q1 ¼ �J12 þ J21 � J10

sa2�1
2

C
0 Da2

t q2 ¼ J12 � J21 � J20

ð2Þ

where s1 and s2 are time constants used to balance the units, such that fluxes Jij have

‘‘mass per time’’ units; the operator C
0 Da

t f ðtÞ denotes the Caputo derivative of order

a of the function f(t) with respect to t, defined as follows [5]:

C
0 Da

t f ðtÞ ¼ 1

Cð1� aÞ

Z t

0

f 0ðsÞ
ðt � sÞads ð3Þ

where C(x) is the Gamma function and f0(s) = df/dt. The exact functional form of

the fluxes Jij is typically assumed to be linear of the form Jij = kijqi [2], but it can

also be non-linear or even constant. To make things simpler, we assume that the

system is closed, so we set J10 and J20 equal to zero and we also assume that J21 is

zero, such that the transfer is unidirectional and that J12 is constant. Then, the

system can be written in the following trivial way:

sa1�1
1

C
0 Da1

t q1 ¼ �J12 ð4aÞ

sa2�1
2

C
0 Da2

t q2 ¼ J12 ð4bÞ

Also, let, q1(0) = 1 and q2(0) = 0, which means that the ‘‘dose’’ is normalized to 1

and appears initially in the first compartment. For as long as compartment 1 has not

emptied, i.e., q1(t) C 0, the solution of each one of Eqs. 4, independently, yields:

q1ðtÞ ¼ 1� J12

sa1�1
1 Cð1þ a1Þ

ta1

q2ðtÞ ¼
J12

sa2�1
2 Cð1þ a2Þ

ta2

ð5Þ

which is trivial to verify since the Caputo derivative of order a1 of the first equation

is (–J12), while the Caputo derivative of order a2 of the second equation is J12 [2].

Plausibly, the solution of this system should satisfy at any time, the condition

q1 tð Þ þ q2 tð Þ ¼ 1 ð6Þ

which simply means that since nothing is lost the total amount in the two

compartments should be the initial amount available. But one can immediately spot

that the condition of Eq. 6, only holds when a1 = a2, and also s1 = s2. In the

general case, the principle of mass balance is violated. Note that the normalizing

time constants of s1 and s2 fix the units such that J12 has consistent units in both

equations, but do not solve the problem of mass balance. The main conclusion here

is that the method of fractionalization of the classic models by changing the

ordinary derivatives of the left hand side of the ODEs to fractional derivatives,
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produces inconsistent systems. In our simplified example the constant a1-rate of the

outgoing flux, J12, cannot be defined also as a constant a2-rate.

As a second example we will use the two compartment system found in page 6 of

Popovic et al. [6]:

Da1 q1 ¼ �k12q1 ð7aÞ
Da2 q2 ¼ k12q1 � k20q2 ð7bÞ

with q1(0) = d1 and q2(0) = d2. Note that we have used again the pharmacokinetic

notation for the indices of the rate constants. This model clearly has an inconsis-

tency with the units since k12 appears in the first equation with units ‘‘per time to the

power of a1’’ and in the second equation with units ‘‘per time to the power of a2’’. In

[6] it is claimed that the rate constants are in fact ‘‘dimensionless’’ since the time

factors s1 and s2 have been incorporated into them such that k12 ¼ K12=s
a1�1
1 , where

K12 is the original rate constant. However this suggests multiple definitions of k12,

since for Eq. 7b, k12 is defined differently as k12 ¼ K12=s
a2�1
2 . Also, these rate

constants are not ‘‘dimensionless’’ and instead have units ‘‘per time to the power of

ai’’. So to overcome these problems we will retain the constants s1 and s2 explicitly

and use the following system:

sa1�1
1 Da1 q1 ¼ �k12q1

sa2�1
2 Da2 q2 ¼ k12q1 � k20q2

ð8Þ

The solution of the above system in the Laplace domain is

q̂1ðsÞ ¼
sa1�1d1

sa1 þ k12s
1�a1

1

ð9aÞ

q̂2ðsÞ ¼
k12s

1�a2

2 sa1�1d1

ðsa1 þ k12s
1�a1

1 Þðsa2 þ k20s
1�a2

2 Þ
þ sa2�1d2

sa2 þ k20s
1�a2

2

ð9bÞ

which appears on page 7 of [6] without the constants s1 and s2. Setting the elimi-

nation rate constant, k20 equal to 0, we obtain a closed system, which allows us to

check mass conservation. Then, Eq. 9b becomes:

q̂2ðsÞ ¼
k12s

1�a2

2 sa1�1d1

ðsa1 þ k12s
1�a1

1 Þsa2

þ s�1d2 ð10Þ

Adding Eq. 9a and 10 gives

q̂1ðsÞ þ q̂2ðsÞ ¼
sa1�1d1

sa1 þ k12s
1�a1

1

þ k12s
1�a2

2 sa1�1d1

ðsa1 þ k12s
1�a1

1 Þsa2

þ s�1d2

¼ sa1�1ðsa2 þ k12s
1�a2

2 Þd1

ðsa1 þ k12s
1�a1

1 Þsa2

þ s�1d2

ð11Þ

For the special case of a1 = a2 and s1 = s2, Eq. 11 collapses to:

q̂1ðsÞ þ q̂2ðsÞ ¼ s�1ðd1 þ d2Þ ð12Þ
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This is the expected result, because the system is closed and therefore the sum of the

two quantities, q1 ? q2, in the time domain, should be equal to the entire amount,

d1 ? d2, which in the Laplace domain is (d1 ? d2)/s. But in the general case of

a1 = a2 and/or s1 = s2, Eq. 11 does not collapse to Eq. 12, which means that the

system is not well formulated and there is a violation of mass balance.

In this commentary we take the opportunity from the recently published article of

Popovic et al. [6] to argue that an intuitive way of fractionalization of models, by

simply changing the order of the derivatives of a system of ODEs, thus obtaining a

system of FDEs, leads to inconsistent systems, unless all the FDEs are of the same

fractional order. This does not mean that mixing fractional orders in systems of

FDEs is not possible. Building more complex, compartmental models is indeed

feasible, without violation of mass balance or unit inconsistencies. In a future, full

length article, we will present a general approach of how to fractionalize multi-

compartmental models.

References

1. Sokolov I, Klafter J, Blumen A (2002) Fractional kinetics. Phys Today 55:48–54

2. Magin R (2004) Fractional calculus in bioengineering, parts 1–3. Crit Rev Biomed Eng 32:1–377

3. Macheras P (1996) A fractal approach to heterogeneous drug distribution: calcium pharmacokinetics.

Pharm Res 13:663–670

4. Weiss M (1999) The anomalous pharmacokinetics of amiodarone explained by nonexponential tissue

trapping. J Pharmacokinet Biopharm 27:383–396

5. Dokoumetzidis A, Macheras P (2009) Fractional kinetics in drug absorption and disposition processes.

J Pharmacokinet Pharmacodyn 36:165–178

6. Popovic JK, Atanackovic MT, Pilipovic AS, Rapaic MR, Pilipovic S, Atanackovic TM (2010) A new

approach to the compartmental analysis in pharmacokinetics: fractional time evolution of diclofenac. J

Pharmacokinet Pharmacodyn (in press). doi:10.1007/s10928-009-9147-3

J Pharmacokinet Pharmacodyn (2010) 37:203–207 207

123

http://dx.doi.org/10.1007/s10928-009-9147-3

	A commentary on fractionalization  of multi-compartmental models
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


