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The present paper proposes a reconstruction of the epidemic curves from the fractal interpolation point
of view. Looking at the epidemic curves as fractal structures might be an efficient way to retrieve miss-
ing pieces of information due to insufficient testing and predict the evolution of the disease. A fractal
approach of the epidemic curve can contribute to the assessment and modeling of other epidemics. On
the other hand, we have considered the spread of the epidemic in countries like Romania, Italy, Spain,
and Germany and analyzed the spread of the disease in those countries based on their fractal dimension.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

In the last 100 years, there have been many pandemics from
the Spanish Flu (1918-1919), Asian Flu (1957), Hong Kong Flu
(1968), etc. (see [27]) Most of them have occurred due to differ-
ent influenza virus serotypes. Coronaviruses are known for being
pathogens that affect mostly the animals. Recently, an increasing
number of tests and researches have been performed to identify
the outcome of human infection with coronavirus serotypes. Coro-
naviruses are endemic in some areas, generating mild diseases, but
in the last years, some strains have emerged leading to severe-
lethal diseases like Severe Acute Respiratory Syndrome coronavirus
(SARS-CoV-1) 2003 and Middle East Respiratory Syndrome coron-
avirus (MERS-CoV) 2012 (see [28]).

At the end of December 2019, China has reported to the World
Health Organization (WHO) an outbreak of a severe respiratory in-
fectious disease in Wuhan. WHO has announced, on January 70,
that the genome of the viral pathogen has been identified as a
new coronavirus (nCov/ novel coronavirus/ COVID-19/ SARS-CoV-
2). During January and the first week of February SARS-CoV-2 has
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been developing as an epidemic in the region, affecting mostly
China, but also Japan, Thailand, Vietnam, etc. Few cases have been
reported in the same period also in some other parts of the globe
as, for example, France, Germany, Spain, and Italy in Europe, the
United States of America, Australia. From that moment, in just
one month, the epidemic has been reclassified as a pandemic (see
[28]). Now it has affected all the countries of the world in a differ-
ent proportion.

The source of the new coronavirus is still unidentified, but Zhou
et al. (see [31]) have observed that the genome of the SARS-CoV-
2 is 96% similar to RaTG13, coronavirus sampled from Rhinolo-
phus affinis bat. Zhang et al. (see [30]) have suggested that some
coronaviruses identified from pangolin species are similar in the
receptor-binding domain with SARS-CoV-2. Reviewing all the data,
Andersen et al. (see [2]) have concluded that the natural selec-
tion of the virus could have happened in animals, before zoonotic
transmission, or in humans, after zoonotic transmission.

In the battle with this viral infectious disease, humanity has
had to find some basic epidemiological data about the pathogen,
such as the way of transmission, reproduction number, incubation
period, the population mostly affected, etc. Out of those data, we
should mention the reproduction number (Ry) which means how
many new cases will be generated by an infected person among
healthy people. A high Ry suggests that the virus is still spread-
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ing, while a low Ry indicates that the epidemic may extinct (see
[11]). The scientists have used the data gathered recently and have
tried to model the epidemic so that they can predict the evolution
of the disease (see [16,18]). Also, by using these models, the spe-
cialists may recommend a set of rules to reduce the impact of the
virus within the population. Active surveillance of positive cases,
and contact finding is one of the best ways to control the pan-
demic (see [8]). Not only surveillance but also social distancing has
shown great results in flattening the curve. It is utmost important
that those two strategies are combined for the best impact (see
[23]), as Ghosh et al. (see [14]) have observed through a Stochas-
tic Computational Simulation Model, the combination of social dis-
tancing, increase detection rates and improvement in hospital bed
numbers can reduce the impact of the Covid-19 in the population.
To evaluate if those measures have helped and have reduced the
reproduction rate, we may compare the epidemic curves generated
for prediction to the real ones, obtained from WHO or from each
country’s public health department.

The epidemic curves are represented on an xOy graphic, where
Ox axis corresponds to Time, while the Oy axis is the number of
people infected. There are three types of epidemic curves i.e. point
source outbreak, common source outbreak, propagated outbreak.
The last one is characteristic for SARS-CoV-2, as the pathogen is
spreading from person to person. The epidemic curve can be pro-
jected during the outbreak using stochastic methods to predict the
evolution of the epidemic or can be plotted after the end of the
epidemic to understand the dynamic of the disease better. The
stochastic method is used more and more for predicting the evo-
lution of the outbreak. The dynamic modeling, in which data is
obtained from heterogeneous sources, is constantly improving and
is going to be done through fully stochastic transmission models
(see [9]). The big challenge is to obtain a method to predict the
development of an infectious outbreak when data is not always
complete and it is highly noisy (see [12]). We have observed that
the noisy information can present a pattern, resembling a fractal.
Through this article we try to evaluate the epidemic curves using
a fractal point of view, searching for new information that can be
useful for comparing different outbreaks or predictions. The pan-
demic is still active so that the final epidemic curves may be dif-
ferent in the end, as rectifications are usually done some months
after the outbreak's extinction.

Analyzing the expansion of the Covid-19 disease from the frac-
tal analysis point of view might help in getting a better insight into
the complexity of the disease and the way it differed from other
epidemics that the world has encountered in the past. Although
there have been articles that model how the epidemic has spread
(see [24], [19], [3]), or analyze and predict (see [13], [1], [17]) the
epidemic, the current paper presents a fractal perspective, which
has not been considered yet, which brings interesting outcomes.
Considering the spread of the epidemic as a fractal structure might
benefit the medical community in a better understanding not only
of the present medical crisis generated by Covid-19 but it can also
be a useful tool in further assessing other epidemics and their evo-
lution.

2. Materials and methods

All the data considered for daily cases and daily tests is gath-
ered from ourworldindata.org (see [33]).

One of the main classes of fractals consists of the graphs of con-
tinuous functions which are not derivable at any point. These types
of functions have a very jagged outlook while keeping a great deal
of similarity.

One example of such fractal is provided by the Blancmange
curve (see [37]). This curve was described by Teiji Takagi in 1901
and it is also known as the Takagi curve, after him. We can con-

struct the curve with the aid of the function 6 : R — R which
measures the distance from every point x to its closest integer:
6 (x) =dist(x, 7).

We compute the graph of an approximation of the Takagi func-
tion for an n great enough in Fig. 1(a). This graph is a classical
example of a fractal.

Modifying the form of this function as

n
T =) %G(Zix), for every x € [0, 1],
i—0

with ¢ varying between (-2,2) we obtain new functions. The
graph in Fig. 1(b) is obtained for computing the function t*(x) for
100 linearly spaced points in the interval [0,1], with ¢ randomly
chosen in (-2, 2) at each iteration. The Python code used is listed
below

import matplotlib.pyplot as plt
import numpy as np

from math import modf

def theta(x):
if math.modf(x)[0] <= 0.5:
return math.modf(x)[0]
else:
return l—math.modf(x)[0]
def f_n(x,n):

return theta (2#*xnxx)/(2x*n)
def f(x,m):

f=0

for 1 in range(m):

f =14+ fn(x,1)
return f
xi=np.linspace (0,1,10000)
fs =[]
for x in xi:
fs.append(f(x,1000))
plt.plot(xi,fs, color=’black’)
plt.savefig (’Takagi.png’, dpi=500)

The outlook of the newly obtained curve is rather jagged and
although it possesses a significantly less amount of similarity, it
still has a fractal structure.

Taking a look at the data of the daily new cases of Covid-19
for various countries, the graph tends to have a rather jagged and
irregular form. The daily new cases recorded in Romania are rep-
resented in Fig. 2.

The graph in Fig. 1(b) of a classical fractal can be compared to
the graph of the daily number of cases recorded in Romania in

Fig. 2. The case is similar for most of the countries where Covid-19
cases were recorded.
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Fig. 1. Examples of fractals.
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Fig. 2. Daily cases of Covid-19 reported in Romania.

Taking into account the noticeable similarity between the frac-
tal in Fig. 1(b) and the daily new cases recorded for Romania in
Fig. 2, considering the daily new Covid-19 cases recorded for each
country as a fractal is well justified.

Fractal interpolation of data requires a continuous function that
is to cross through each of the points on the dataset. The tech-
nique of fractal interpolation has been a subject of interest for
many papers. A survey on fractal interpolation, containing a signif-
icant amount of results in the field of fractal interpolation, can be
consulted in Fractal interpolation functions: a short survey (see [25]).
The mathematical foundation of fractal interpolation has been laid
in articles and books such as [21], [5], [6], [7]. Fractal interpolation
has applications in a variety of areas (see [22]), from curve fitting
(see [20]), to reconstructing satellite images (see [10]), and many
others.

We have a set of points which have on the first component, x;,
the index of the date of the outbreak, where xy is 0 and represents
the first day of the outbreak and x, is N and corresponds to the
last entry in each of the datasets considered, and on the second
component, y;, represented by the corresponding number of cases
recorded in the i-th day of the outbreak.

In order to interpolate the data, we need to build the fractal in-
terpolation function. The program used to interpolate the data is
an implementation in Python of the algorithm presented by Barns-
ley in Fractals everywhere, Chapter IV (see [4]).

We consider the following equations

Xn—Xn_
an — 4n n—1
XN—Xp
b, = XNXn1—%oXn
T XN—Xo
Cr = Yn—Yn-1 —d YN—Yo (1)
n XN X0 T Xy—Xq
e, — XnYn—1—Xo¥n __ XNY0—XoYn
n= _ n — 5
XN—Xo XN—Xo

where dj, is random, but fixed in (0,1).

To interpolate the data set, we based our program mainly on
the numpy package which allows an easy way to work with arrays.
Each of the equations from (1) were built separately as an array
(A, B, C E) which stores all N values. We considered O an array
of zeros of length N—1 and D an array of the same dimensions
filled with 0.1. The individual arrays were transformed in column
arrays and concatenated in the order A, O, B, C, D, E. Based on this
matrix we constructed the interpolation function by implementing
the following formula:

)= 2+
y Ck dk €k

The box-counting dimension, or Minkowski dimension, or
Minkowski-Bouligand dimension, is a way of measuring the frac-
tal dimension of an object. Briefly, it is computed by counting how
many boxes of a certain length are required to cover the object.

Given a subset S of R2, the box-counting dimension of S is given
by the formula

In(N(s)
dhox—counting(x) = IIE(]))

S

where N(s) represents the number of sets of the form [mys, (m; +
1)s] x [mys, (my + 1)s], where my, m, € N and s > 0, which inter-
sect S.

For computing the box-counting dimension, we built a program
in Python, based on the code in [29].

To determine how fractal the spread of Covid-19 is across the
territory of a country, a map of the confirmed cases per region is
needed. For Romania, using GeoGebra (see [15]), we built such a
map of the number of cases for each region, based on the data
available (see [32]).

For Italy, Germany, and Spain, we also considered maps, that
we created in GeoGebra, of the number of cases per region based
on data available at [34] and analyzed their fractal dimensions.

For the assessment of the degree of fractality based on this map,
we used the box-counting dimension.



4 C.-M. Pdcurar and B.-R. Necula/Chaos, Solitons and Fractals 139 (2020) 110073

Table 1
Data recorded per country.

Country First case Number of days since ~ Number of days
confirmed  first confirmed case with confirmed cases

Romania Feb 27 98 95

Italy Jan 31 127 106

Spain Feb 1 125 103

Germany Feb 1 126 110

Sweden Jan 28 130 101

The main tool used in analyzing the data collected regarding
Covid-19 and in computing all the graphics is Python programming
language, more specifically, the pandas package.

3. Results
3.1. Fractal interpolation of daily cases data

Analyzing the data of the daily cases reported for Romania,
Italy, Spain, Germany, and Sweden, the irregularities are highly vis-
ible. Thus, the idea of choosing fractal interpolation of the data is
significantly relevant.

The daily data of recorded cases are interpolated with the aid of
a program in Python that interpolates the data according to Egs. 1,
where dj is considered 0.1. The starting point xy is 0O and corre-
sponds to the day of the first recorded case of Covid-19 for the
considered country. A more detailed description of the first con-
firmed case and the number of entries in the database can be vi-
sualized in Table 1.

Thus, Fig. 3 depicts the interpolated data of the daily confirmed
cases in the specified country.

Hence, the considered data interpolated as in Fig. 3 can be re-
garded as a fractal.

3.2. Fractal interpolation of daily testing data

Since the significance of testing data for each day is indis-
putable in analyzing the complexity of the evolution of Covid-19,
we collected the data for Romania and Italy - Germany, Spain, and
Sweden did not give publicly the daily testing data - for compari-
son.

Hence, Fig. 4 depicts the result of the fractal interpolation of
daily testing data recorded for Romania and Italy.

3.3. Fractal dimension of covid-19

The map of reported cases in a country might give us an inside
upon the manner Covid-19 disease has spread in that territory. The
understanding of how complex the spreading of the virus within a
country is can be a useful tool in further assessing not only how
affected a certain area has been, but also how well the authorities
responded to the crisis.

For the first analysis, let us consider the confirmed cases per
each county in Romania. To assess the fractal dimension of Covid-
19 in Romania, we marked the main border points which have
functioned as the main vector origins for the viral dissemination
over the country. Mapping the border crossing points which re-
mained open and connecting the adjacent counties is highly rele-
vant if we evaluate the relationship of the Covid-19 cases in Roma-
nia, in Fig. 5(a)'. The relationship of the confirmed Covid-19 cases
in Romania clearly indicates the existence of interconnected clus-
ters.

T image taken from https://covid19.geo-spatial.org/statistici/relationare-cazuri,
accessed on 15 May 2020

Table 2
Data recorded per country.

Country Fractal dimension computed
Italy 1.2193
Spain 1.2865
Germany 1.3222

Computing the fractal dimension on the map Fig. 5(b), we get a
dimension of 1.4, which might give us an inside of the complexity
of the spread of Covid-19 when compared to other countries.

In order to make a comparison between the fractal dimension
in different countries, we considered the maps of cases per region
as per the situation on May 21 2020, for Italy, Spain and Germany,
and computed their fractal dimension. The results of the computed
dimensions for the maps in Fig. 6 are noted in Table 2.

4. Discussions

The relevance of approaching the epidemiological curve as a
fractal has advantages from two points of view.

First of all, since the daily increase in the number of cases is
rather irregular and hard to predict, the perspective of it as be-
ing a fractal might open a new way of predicting the evolution of
the epidemic. Since the graph is fractal, besides being jagged and
broken, it possesses some kind of fractal architecture that is prone
to self-similarity. This similarity is a key element in assessing the
current condition and predicting the next modifications in the epi-
demiological curves.

On the other hand, regarding the epidemiological curve as a
fractal and computing it as the result of fractal interpolation might
be an effective means in reconstructing pieces of data that have
not been recorded. In this respect, we need to underline that the
number of cases recorded is highly dependent on the number of
tests performed by each country on a certain day. Analyzing the
data employing fractal interpolation we can cover some pieces of
data that might be missing to get a better picture of the epidemic.

Computing the fractal dimension of the epidemic curves, one
will obtain similar results because of the d, parameter. Eventually,
the fractal dimension of the epidemic curves, selected for this pa-
per, will not reveal exactly the evolution of the epidemic in Italy,
Spain, Germany, Romania, and Sweden. Even though we have not
obtained relevant information by computing the fractal dimension,
we have demonstrated that the epidemic curves resemble a fractal
structure. It has been observed that fractal statistic study may re-
veal further information (see [26]), but this has not been the sub-
ject of this paper.

4.1. An outlook of covid-19 in the world

Since Covid-19 has become a pandemic, an outlook upon the
evolution of the disease for the entire world is necessary. The
daily cases recorded globally since the first case was announced
are graphed in Fig. 7(a).

Since globally testing has been difficult in many areas and con-
firmed cases are inconsistent in some places, reconstructing the
data through fractal interpolation might give a better insight into
how the cases have evolved. Moreover, fractal interpolation of the
daily cases can complete some missing pieces of information for
certain days.

Thus, Fig. 7(b) shows the result of the fractal interpolation of
data for daily confirmed cases globally.
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Fig. 4. Fractal interpolation of daily tests per country.
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Fig. 5. Map of Covid-19 cases in Romania counties.
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Fig. 6. Map of Covid-19 cases in specified country.
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4.2. Fractal dimension

In terms of the fractal dimension of the Covid-19 disease spread
on the territory of a country, two points of view are to be analyzed.

Firstly, we can consider a map, as in Fig. 5(b), where we have
taken into consideration the connections between certain clusters
of infection. Computing the fractal dimension, in this case, gives
us an inside upon the spread of the disease in Romania based on
the variety of ways the virus has traveled. The computed dimen-
sion of 1.4 signals that the complexity of the spread of the disease
is rather high and it is influenced by the existing connections be-
tween infection clusters.

On the other hand, computing the fractal dimension based on
the map of cases available at [34], we can get an inside of how
affected a country has been.

From an epidemic point of view, observing the fractal dimen-
sion of each map we may comment on some epidemic character-
istics of this disease. The crucial information about the SARS-CoV-
2 that can be obtained from the fractal dimension of the map is
how the virus has spread inside a country. While Italy has had
an important cluster in the North, Lombardy region with almost
40% of the positive cases, with less important clusters scattered in
each region (see [35]), the fractal dimension computed has been
1.21. In Spain, two main clusters, Madrid and Cataluna, had more
than 52% of the positive cases (see [36]). The other 48% have been
located in small clusters. The fractal dimension of Spain is 1.28
which suggests a higher complexity of case distribution. Germany,
even though not so affected by this novel coronavirus, has a higher
value for the fractal dimension, 1.32, because there have been 3
main clusters and other medium and small (see [34]). It is impor-
tant to mention that from the graphs in Fig. 6 we may observe
the distribution but not how many people have been infected. The
complexity of distribution can be used to backtrack the source of
the epidemic and to assess whether the lockdown measures have
been useful and have limited the spreading.

5. Conclusion

To sum up, fractals can be used to assess an epidemic outbreak.
As we have observed, the epidemic curves can be recreated using
fractal methods, more precisely, fractal interpolation techniques.
Even though the idea of using fractals to observe an epidemic is
not new, recreating the epidemic curve employing fractal interpo-
lation has not yet been applied. Moreover, we have tried to see

whether the complexity of an outbreak can be quantified by using
the fractal dimension. By comparing the regions in every state, we
may observe whether the measures to reduce the spreading had
been useful or not. It is important to mention that a final conclu-
sion of this idea can be drawn only after the end of the epidemic,
after the last rectifications. At this moment we can just observe if
the disease has dispersed uniform inside a country or it has been
located mostly in one source.

This paper has tried to model the SARS-CoV-2 pandemic as a
fractal structure. We have used retrospective data to create those
models. The next step should be the generation of a fractal predic-
tion method that takes into account the variables of this epidemic.
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