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SHORT COMMUNICATION

IMPROVEMENT WITHOUT COMPUTER ASSISTANCE
OF THE GRAPHICALLY ESTIMATED PARAMETERS OF
THE LINEAR ONE-COMPARTMENT OPEN MODEL
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INTRODUCTION

In a one-compartment open model with first-order absorption and
elimination the plasma drug concentration (C, ) is defined generally by
equation (1),

(Co) = PKe (o) 1)

Vd(ka—k)

in which ¢ is time, k, and k are absorption and elimination rate constants,
respectively, F is the fraction of dose D absorbed, and V, is the apparent
volume of distribution of the drug. Techniques used to obtain values for the
parameters which make up equation (1), include manual methods and
computer-based non-linear regression calculations'~> using least-squares and
maximum likelihood criteria. The manual methods, known as the method of
residuals® and the Wagner~Nelson method,’” are used mainly to provide initial
estimates for the parameters of the model. These are then further utilized as
the starting points for the iterative algorithms of the non-linear estimation.
This procedure is entirely satisfactory if suitable computer programs and
services are available.

The inherent drawback of all graphical techniques is that they do not
provide a unique set of parameter estimates; they are subject to the bias of
the investigator. This bias can be removed by using an appropriate algorithm
on a computer. The accuracy of the estimates and the rate of convergence
depend on the goodness of fit of the model to the observed data and the
nature of those data, e.g. the number of minima and the contour. In some
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cases, however, programs for non-linear regression analysis may fail to yield
convergence when the graphical estimates are poor.® Moreover, improve-
ment of the estimates becomes impossible when either computer facilities or
the special pharmacokinetic modelling program needed is unavailable.

It would therefore be of value to establish an alternate method which,
without computer assistance, gives more accurate estimates of the parameters
than those obtained by the graphical techniques.

THEORETICAL SECTION

Recently, it was found® that a method based on equation (2),
kv ko

(Gv) & : @
) S T K- e -
b, " )

is superior to the conventional method of residuals when applied to the
analysis of the linear one-compartment model in cases where the rate
constants have comparable values.

This equation can be written in a linearized form:

k,+ k

In [(Gp,)/t] = In (FDk,/Vy) ~ f (3)
which shows that a plot of In [(Cy,)/f] versus time gives a straight line with an
intercept equal to In (FDk,/V,) and a slope of — (k, + k)/2.
By dividing equation (1) by equation (2) and rearranging the following
equation is obtained:
ko ko ko k

—_— —_

(Gy) e 2 —e 2
(G, (k,—k) t

or, more simply:
(Ch,) B eWI - e—W{

(Cbz) 2Wt (4)

where W = (k, — k)/2. This step eliminates FD/V4 from the equations and
yields equation (4) which is monoparametric. In fact, for a given time, ¢,
(Cb )/(Cy,) is solely determined by W, i.e. half the difference between the rate
constants. Accordingly, equation (4) can be employed to give the
corresponding (C,,) values for all experimental (Cy,, £) data points, provided
that W is known or postulated.

The steps for estimating the parameters of the model, using equations (1),
(3), and (4), are as follows:
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1. Apply a graphical method to determine initial estimates for the model’s
parameters. Calculate the sum of the squared deviations, SS, by the following
equation where (Cy, ); is the observed concentration, (Cb ); is the calculated
drug concentration, and » is the total number of data points:

5= 3 1(Go)i— CP

Calculate the value of W from the graphical estimates of k, and k.

2. From a concentration-time plot of the experimental data along with the
generated data based on the parameter estimates obtained in step 1, evaluate
visually the goodness of fit as well as the overestimation or underestimation of
W. Compute (C,) values for all [(Cy, ), #] data points from equation (4) using
values of W in the neighbourhood of the initial estimate.

3. Using equations (3) and (4), calculate [(C, ), f] values and determine sets
of estimates for the parameters of the model, 1.e. FD/V, k, and k.

4. Compute the (Cp ) values from equation (1) for each set of the model
parameter estimates obtained in step 3. Calculate the sum of the squared
deviations, SS, between the observed concentrations and the concentrations
predicted by the model for each set of parameter estimates. Select the set of
parameter estimates which yield the lowest value of SS.

The model described assumes that drug absorption commences at ¢ = 0 but it
is sometimes desirable to incorporate a lag time (¢,) to allow for delay in the
onset of the process. The model now becomes,

(Cbl) - __F__Dﬁ__ [e—k(t—m)_e‘k;.(r—m)] (5)
Valk,~k)

Applying the method,’ used to derive equation (2) from equation (1), to
equation (5), gives:

ko + k
- (r — 1)

ka(t - t()) - e :

FD
(Co,) =

d

which can be written in a linearized form
k, + k
n [(G,)/(t—t0)] = In (FDky/Vy) — T (t—t) (6)

The concentration ratio equation can be obtained in an analogous manner,
i.e.

(Cb ) eW(rfm)_e—W(r——m)
1 —

(C)  2Wl—1) )
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Equations (6) and (7) should be utilized whenever lag-time corrections are
necessary. Early data points of the absorption phase can provide an estimate
for .

RESULTS AND DISCUSSION

An Example. Simulated data were utilized to illustrate the application of the
method. One set of data with 5 per cent random noise was generated using
equation (1) with FD/V4 = 10, k, = 0-495 and k& = 0-330 (Table 1).

Application of the graphical method of residuals, using the three last points
of the terminal phase to estimate &, yielded the values for FD/Vy, k,, k, W,
and SS listed in Table 2. The data generated from equation (1), using these
estimates along with the simulated data of Table 1, are presented in Figure 1.
From Figure 1, it is clear that the magnitude of the difference between rate
constants, i.e. W = (k, — k)/2, is overestimated by the method of residuals.
This means that a lower value of W, than the estimate 0-1845 (Table 2,
encircled), would fit the data more closely.

To test this argument and obtain a set of parameter estimates capable of
giving a better fit, six values close to the graphically-determined value were
assigned to W (Table 2). The data were analysed as described in the
Theoretical Section and the results obtained are also listed in Table 2. As
anticipated, the higher value for W, 0-230, gave worse estimates than the
method of residuals, demonstrated by the high value of S§ (Table 2). A
general view of the influence of varying W on the goodness of fit is shown in
Figure 2 by the plot of $§ versus W. As can be seen, the lower value of S§S
obtained corresponds to the value of 0-080 for W which also gives the lower
per cent errors for the parameter estimates (Table 2).

Table 1. Simulated concentration data using equation (1)

Time Concentration with Concentration with
rounding error 5% noise
0-25 1-12 1-13
05 2:01 2-02
1-0 3.28 3.25
2:0 436 429
3.0 4.35 4.35
4-0 3-87 4-12
5-0 3.24 314
6-0 2-60 2-44
8-0 1-57 156
10-0 0-89 0-90

12-0 0-49 0-50




391

PARAMETER ESTIMATION

"sasayjuaied ul sajewnSI Iajawiesed oY) JO JOLID JUID 19

(z-81) (z-L1) (1-81)
00110 - 06£-0 0140 1811 0100 =M
(6:€1) (6-€1) (6-€1)
9801-0 - 9.0 9ZH-0 6611 S70°0 = M
(g2) (€9 (0-L)
67010 - ¥SE-0 ¥$¥-0 0L-01 0500 = M
9-0) (9-0) (£-0)
6201-0 - ZEE0 600 £0-01 080-0 = M
(1-6) (1-€1) (s-6)
9.Z1-0 - 00€-0 095-0 $0°6 0E1-0 = M
-22) 9-tt) €2)
096€£-0 - 95Z-0 910 99-/ 0£20 =M
:3uruisse poylow sy,
(6-€1) (6°1¢) (9-€1)
ZIET-0 e v87-0 £59-0 ¥9-8 S[enpisal JO POyIS
- $780-0 0£€-0 S6b-0 01 sonfea [y
s§ ¢ = Y " N
y -5y

M JO onfea o) Fuwik1ea £q poyiauw SIy) pue S[ENPISI JO POYIdW Y} AQ PIUIBIQO SIN[BA PIJRWIISI pue [gal jo uosuedwo) "7 djqe],



392 P. E. MACHERAS

(c,)
A
A
A
r-%
44
A
A
A
'y
3_.
4
r'y
24 -
A
A

'y

A
14

2
'Y
é 16 TIME

Figure 1. Experimental data (A), and data generated from equation 1 (A) using the parameter
estimates obtained by the method of residuals

The example considered indicates that the key step for the improvement of
the parameter estimates relies on the appropriate choice of the initial
estimates for W. Undoubtedly, a concentration—time plot of the experimental
data along with the generated data based on the graphical estimates, would be
of great value. This sort of graph is critical in deciding whether higher or
lower values than the grapbhically estimated W should be utilized. When
conclusive information from the plot cannot be drawn, it is advisable to
allocate both higher and lower values to W and treat the data as shown in
Figure 2. Thus, a parabola will be delineated and the choice of the
appropriate value(s) for W will be facilitated. In the example, the low
theoretical value of W used, i.e. 0-0825, produced a long, gently sloping
valley at the left-hand side of the S versus W plot. In cases, however, where
a high value for W was assumed, the curves of the $$ versus W plot were
parabolas with sharp minima.
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The method described here appears to be the best approach to improving
upon the graphically-determined estimates of the parameters of equation (1)
when computer facilities are unavailable. Although essentially new, the
method can be handled computationally by repeated calculations of a simple
and universally available linear least-squares routine supplemented by a few
additional calculations, as illustrated in the example. The method does not
provide ‘the best fit’, as computer programs do; however, remarkable
improvement of the estimates can be achieved. The determination of the
importance of this method of parameter estimation in pharmacokinetics will
require further experimentation, which it is hoped, this report will facilitate.
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