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By combining Barrell and Sears’ measurements in the visible and Koch’s and Traub’s in the ultraviolet,
a dispersion formula for standard air has been derived, viz.,

(n—1)108=6432.8+2 949 810(146— 21425 540(41 —¢?)7,
o being vacuum wave number in u~!, which should satisfy all needs of precision spectroscopy, in particular

for converting wavelengths in air into vacuum valtes.

INTRODUCTION

HE standard wavelengths, on which all spectro-
scopic measurements are based, are by definition
referred to ‘“‘standard air,” uiz., dry air, containing
0.03 percent by volume of COs, at normal pressuref and
a temperature of 15°C. On the other hand, atomic and
molecular energy levels derived from these measure-
ments, and all energy relationships in spectra, must be
expressed in wave numbers} in vacuum,

Ovac™= 1/>\vac= 1/n}\air,

# being the refractive index of standard air. For the
conversion of wavelengths in air into wave numbers
in vacuum spectroscopists have been using almost
universally for the past 27 years Kayser's Tabelle der

* Contributed in condensed form to the meeting of the Joint
Commission for Spectroscopy in Rome, September, 1952. The
publication of this paper has been subsidized by the International
Council of Scientific Unions.

T 760 mm Hg at 0°C (g=980.665 cm/sec?).

IIn compliance with the Joint Commission’s recent recom-
mendations ¢ (instead of ») is used in this paper as symbol for
wave number, and the unit cm™ is abbreviated K (=kayser).

Schwingungszahlen,! which is based on the dispersion
formula of Meggers and Peters.?

During 1934-1939 three independent and remarkably
accurate determinations of the refraction of air for
visible radiations were published by Késters and
Lampe,? Pérard,* and Barrell and Sears.® The dispersion
formulas derived show a reasonably good mutual agree-
ment throughout the wavelength region that was
actually covered by observations. In comparison with
these results Meggers and Peters’ formula gives re-
fractivity values which are too low by an amount
ranging approximately from 50 to 100X10—8 within
the visible region. The significance of this discrepancy
may be judged by recalling that wavelength measure-
ments are now approaching an accuracy of one part in
50 000 000, thus calling for the same accuracy in the
refractive index of air, that is 42X 1078, It is evident,
therefore, that Meggers and Peters’ formula is no longer

1H. Kayser, Tabelle der Schwingungszahlen efc. (B. G. Teubner,
Leipzig, 1925). .

2W. F. Meggers and C. G. Peters, Natl. Bur. Standards U. S.
Sci. Papers 14, 724 (1918).

3 W. Kosters and P. Lampe, Physik. Z. 35, 223 (1934).

4 A, Pérard, Trav. Bur. int. Pds. Mes. 19, 78 (1934).
. gllg-.lég];arrell and J. E. Sears, Trans. Roy. Soc. (London) A238,
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TaBLE I.
108 (z—1), observed 108 (12 —-1),
Barrell formula
Avae o%vao and Sears Koch Traub

6 440.25 24110 27 634.1 27 633.6
5877.25 2.8050 27711.0 27 711.5
5462.26 3.3516 27785.8 27784.6 277859 27785.6
5087.24 3.8640 27 870.1 27 869.5
491740  4.1355 27916.1 27 914.3
4 801.25 4.3380 279484 27 947.8
467946  4.5668 27 985.7 27 985.9
447273  4.9987 28057.2 28 058.1
4 359.55 5.2616 281023 281024 281020 281024
4078.96 6.0104 28 230.9 28 229.8
404770  6.1036 28 243.7 28245.6 282458
3907.51 6.5494 28 319.3 28 322.7
3651.18 7.5012 28 488.2 28 489.1
334244  8.9510 287489 28748.0 287488
3132.59 10.1905 28977.8 : 28 977.3
3126.57 10.2297 28 986.7 28 984.6
3022.38 10.9472 29 120.1 29 119.9
2968.14 11.3509 29197.0 29 196.5 29 196.9
2926.26 11.6781 29 260.8 29 259.9
289444 11.9363 29 310.5 29 309.9
2 857.81 12.2443 29 369.2 29 370.0
2760.53 13.1224 29 545.6 29 543.6
2753.59 13.1887 29559.0 29556.9 29 556.9
2699.65 13.7209 29 663.7 29 664.2
2675.78 13.9669 29717.7 29 714.2
2577.07 15.0573 29941.2 29 939.9
2573.81 15.0955 29946.2 29948.0
2464.81 16.4601 30239.4 30 240.1
2447.65 16.6917 302914 30290.8
2400.11 17.3596 30435.1 304389
2379.06 17.6681 30 507.6 30508.3
2313.55 18.6828 307419 30741.2
2145.06 21.7330 314922 314910
2026.16 24.3586 322119 322124
1990.52 25.2387 32474.8 324748
1935.85 26.6844 32935.0 329343
1862.77 28.8192 33692.6 33697.3
1854.73 29.0696 33 800.8 33795.2

sufficiently accurate, and precision spectroscopists have
for some time been faced with the problem of finding an
adequate substitute, covering not only the visible range
but also the ultraviolet.® A solution to this problem is
proposed here.

SELECTION OF OBSERVATIONAL MATERIAL

In the choice between the recent dispersion formulas,
viz., Kosters and Lampe’s (b), Pérard’s (c), and Barrell
and Sears’ (d), it should be observed that usual criteria
would give a weight to (d) nearly ten times higher than
that of (c), while the weight of (b) cannot be stated
with certainty because the necessary details have never
been published. By comparing the three formulas (see
Fig. 2), one finds for the visible region that (c) and (d)
are practically coincident as regards the average ab-
solute values of #, while (b) and (d) agree very closely as
to dispersion but differ in absolute values by an amount
of approximately 8.5)X1078. This difference seems to be
considerably larger than the uncertainty in Barrell and
Sears’ measurements as estimated from the detailed
description of their experiments, and remains unex-

6 See Trans. Intern. Astron. Union 6, 87 (1938).
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plained as long as the relevant data for Kosters and
Lampe’s experiments are unknown. In this situation
I have preferred to choose Barrell and Sears’ results
rather than a weighted mean of the different formulas.

Recently, Dr. E. Engelhard of the Physikalisch-Technische
Bundesanstalt, Braunschweig, kindly informed me that Késters
and Lampe, as far as he knew, had been using a “synthetic” air
obtained by mixing the pure components of air according to its
average percentage composition. He pointed out, that a possible
reason for the difference between the NPL and the PTR results
could be the presence of impurities such as moisture, carbonoxides,
hydrocarbons, or, principally, vapors of heavy hydrocarbons. Dr.
Engelhard also reported several details showing that the relative
values of Késters and Lampe should be at least as accurate as
those of Barrell and Sears. It is gratifying, particularly in view
of this information, that the two formulas are practically identical
as regards dispersion.

It is obvious from the general shape of the dispersion
curve (n—1=A-+B/N+C/N\4- - - ) that an extrapola-
tion toward shorter wavelengths is definitely precarious
(see Fig. 2). For instance, with ¢?(=1/A?) as the ap-
propriate abscissa, any one of the curves (b), (c), or (d)
would have to be extrapolated 4 times its observed
length to reach 2500A. It is clear that any reliable ex-
tension of the dispersion curve in that direction has to
be based on actual observations in the region concerned.

Now, a critical study of existing literature has
revealed two sets of measurements, and only two,
which may be judged as acceptable for this purpose.
They are by J. Koch? (Uppsala, 1912), range 5460-
2378A, and W. Traub?® (Tiibingen, 1920), range 5460
1854A. Both investigators used a method, based on the
Jamin refractometer, which is of intrinsically high
accuracy, and the careful execution is testified by small
scattering and by close agreement as to dispersion in
overlapping regions, both mutually and with Barrell
and Sears. Koch and Traub give the relative number
of interference fringes s passing in different wavelengths
when the pressure is changed from atmospheric to zero
value. These s values are derived directly from fringe
positions on photographic spectrum plates covering
in one exposure the whole wavelength region investi-
gated and are independent of pressure and temperature
measurements. The refractivities are proportional to
AXs and can be obtained as soon as the value is known
for one of the wavelengths observed.

I have derived refractivity values from the s values
given by Koch and Traub by choosing the propor-
tionality factor so as to get the best possible fit to
Barrell and Sears’ observations in the common region,
5460-4358A. The data-are collected in Table I, referred
to dry, CO, free air at 760 mm Hg and 15°C. Barrell
and Sears’ values were obtained by multiplying the
figures labeled “adjusted” in Table VII of their paper®
by the factor 720.8826, obtained from their formula

(5.12). Koch’s measurements were then adjusted to the

7J. Koch, Arkiv Mat. Astron. Fysik 8, No. 20 (1912).
8 W. Traub, Ann. Physik 61, 533 (1920).
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Fic. 1. Observed refractivity minus formula (1) versus wave number. Observations:
Barrell and Sears [, Koch X, Traub O.

same scale by means of the relation
(n—1)108=>5.08665\s,

where \ is expressed in u in vacuum, and correspond-
ingly for Traub (#—1)103=>5.08689\s. In this way 46
different observed values of »—1 (Barrell and Sears 8,
Koch 24, and Traub 14) at 38 different wavelengths,
ranging from 6438 to 1854A, have become available
for determining the dispersion curve.

DERIVATION OF THE DISPERSION FORMULA

When trying to derive a formula fitting the observed
values in Table I, one finds immediately that the
Cauchy form, n—1=a-5/A2+c¢/\*, is not able to cover
this extended region without undue systematic devia-
tions. Theoretically a dispersion formula should have,
theformn—1=3" A,(¢2— o®™!, where o; are resonance
frequencies of the gas. It was used by Koch and Traub
with 2 terms (4 adjustable parameters). Although
Traub’s formula represents fairly well his observations
from 5460 to 1854A, it is impossible to get a perfect
fit for the entire set of observations with only two terms.
When a 3-term formula is used it turns out, however,
that one of the resonance frequencies will become very
large, and that an equally good result is obtainable when
a® is neglected in one of the terms. Besides, the values
for o; need to be given to 2 or 3 significant figures only.
The following formula was finally accepted as the
simplest and the best representation of the observed
values:

" 2049 330

25 536
(n—1)108=6431.8+ '

146—0?  41—g?

o being the vacuum wave number expressed in u~l.
The values calculated with this formula are shown in
the last column of Table I.

The deviations of the 46 individual observations from
the formula are plotted against wave number in Fig. 1.
The diagram will serve to indicate the accuracy of the
observations and of the formula fitted to them. The
last two points, at 1850, fall outside the region of

immediate interest and are of lower accuracy than the
rest, according to Traub. Some of Koch’s values show
relatively large deviations. It is interesting to note that
if one would choose the wavelengths recently published
by Burns, Adams, and Longwell® for natural mercury
instead of those from the M.I.T. compilation!® which
were ‘actually used in computing the product As, the
two largest deviations, namely for A2675 and A2400,
would be reduced from 3.5 to 2.4 and from —3.8 to
—2.7, respectively. In general, however, the uncertainty
of X has no significant influence on the values of #—1 in
Table I. As judged from the diagram it seems justified
to assume that formula (1) gives the refractivity
through the visible and ultraviolet down to at least
2000A with an accuracy of about 41X 1078 as regards
relative values. The uncertainty in the absolute values,
depending directly on Barrell and Sears’ data, should
not be much larger. A small constant error would in
any case be of secondary importance as affecting only
the magnitude of the wave-number unit. When con-
verting wavelengths into vacuum by means of the
relation Avao=#Xuir, an error dn=-£1X10"% would
cause the corresponding errors dA=\dn, or do= — dn,
the magnitudes of which are illustrated by the following
figures (K=cm™):

AMA)  dNA) o(K)  do(K)
10 000-£0.00010 10 0005F0.0001
5 000=£0.00005 20 000F0.0002
2 000-0.00002 50 000F0.0005

These errors are clearly below present error limits of
spectroscopic wavelength determinations. The possi-
bility of hidden, systematic errors may, of course, not
be overlooked. The assumption that »—1 is propor-
tional to As presupposes that the density factor,
p(1+Bp)(1-+15a)/760(1+7608) (1+ at), is independent
of wavelength, which may not be strictly true. How-
ever, even if a and 8 would, unexpectedly, be subject
to some dispersion, this would have a very small effect in
the present case because Koch and Traub had chosen

° Burns, Adams, and Longwell, J. Opt. Soc. Am. 40, 339 (1950).
W M.IT, Wavelength Tables (New York, 1939).
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TasLE II. Recurring intervals in the spectrum of Hg 198 calcu-
lated by means of dispersion formula (2) from wavelength meas-
urements by Meggers and Kessler and by Burns and Adams.

Pair of lines Interval. cm™!
AN

M and K Band A Mean
4046 -4 358 1767.2183 7.2174 7.2179
2967 -3131.5 7.2173 7.2204 7.2189
2752 ~2893 7.2190 7.2201 7.2195
4358 ~5460 4 630.6765 0.6786 0.6776
3131.8-3 663.2 0.6785 0.6754 0.6770
3131.5-3 662.8 0.6779 0.6748 0.6764
3125 -3654 0.6777 0.6789 0.6783
2893 -3341 0.6791 0.6767 0.6779
2655 -3027 0.6811 0.6740 0.6775
3 663.2-5 790 10 025.7678 5.7678 5.7678
3654 -5769 5.7677 5.7685 5.7681
3027 -4347 5.7687 5.7692 5.7689

the pressure limits in their experiments so as to eliminate
the influence of 8 altogether, and, by a fortunate coin-
cidence, made all their observations at temperatures
quite close to 15°C.

Formula (1) refers to CO, free air. In order to apply
to “standard air” it must be adjusted for the specified
amount of 0.03 percent CO; by means of the relation

NCO; — Mair
(n—1)standard air= ( 1+ 0.0003————)

(n— l)air

X (n—' 1)COz free air.

BENGT EDLEN
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From Koch’s!! measurements on CO;, the conversion
factor is found to be constant to the required accuracy
over the whole wavelength range and equal to 1.000162.
The formula for standard air then finally becomes

2949810 25 540
146—g®  41—g?

(n—1)108=6432.8+

THE COMBINATION PRINCIPLE

Meggers and Kessler? applied the combination
principle to their measurements in the Hg 198 spec-
trum, using two different dispersion formulas, and found
deviations that could be explained as arising only from
errors in these formulas. The application of this test
on the present formula (2), using the same lines as
were used by Meggers and Kessler, is shown in Table IIL.
The recent observations by Burns and Adams® are also
included. The intervals come out constant to complete
satisfaction, especially from the mean of the two meas-~
urements, in which case the close agreement must
indeed be partly fortuitous. In this connection it should
be remembered that while a correct dispersion formula
must of course stand the test of the combination prin-
ciple, one may not conclude from this test alone that a
formula is correct. This is due to the obvious fact that
wave-number errors of the form As=aoc+0b, corre-
sponding to errors of refractive index of the form
An=a-+b/oc=a-+b\, cannot be revealed in this way.

+ 4+ + +
= A ea =
o N H O
O O O O
T

+

[e]

o

1
<«— \6438
<— 24358

24 M2
-{+160
-+140
—-+120
-+100
-1+ 80
1+60
-1+40
-+20

0

{ 1 !

4-20
--40
4- 60
- 80
+4-100
+-120

1A 054 033 1

!
0.25/:. QQ/L

Fi1e. 2. Various dispersion formulas minus formula (2) versus o>
Note that vertical scale is 10 times smaller than in Fig. 1.

1 J, Koch, Arkiv Mat. Astron. Fysik 10, No. 1 (1914).

2 W, F. Meggers and K. G. Kessler, J. Opt. Soc. Am. 40, 737 (1950).

13 K., Burns and K. B. Adams, J. Opt. Soc. Am. 42, 56 (1952).
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This, incidentally, invalidates Barrell’s* arguments -

regarding the accuracy of his proposed formula. It is of
interest to note that the original formulas of Koch and
Traub as well as that of Kosters and Lampe all satisfy
the combination principle when applied to the lines of
Table II.

CONCLUSIONS

A comparison of various dispersion formulas is dis-
played in Fig. 2, where the deviation from formula (2)
of the present paper is plotted against o2 After having
been reduced, when necessary, to the appropriate condi-
tions (15°C, 0.03 percent CO,) the formulas shown in
Fig. 2 are:

Meggers and Peters

(n—1)108=27 264.34122.955+3.5600%, (a)
Késters and Lampe

(n—1)108=27 274.74+150.1962+1.83554, (b)
Pérard (n—1)108=27 286.04-140.1462+2.998¢¢, (c)
Barrell and Sears

(n—1)108=27 258.54- 154.3702+ 1.293¢%, (d)
Barrell (mean of b, ¢, d)

(n—1)108=27 272.94+148.230>+ 2.0415* (e)

(¢=vacuum wave number in u).

For convenient comparison the first 3 terms in the series
development of formula (2) are 27 259.9-+153.5842
+1.318¢*. This simplified form is identical with (2)
within 1X10~® for wavelengths longer than 5000A.

The graph demonstrates the impossibility of a trust-
worthy extrapolation toward shorter wavelengths of
formulas based on observations in the visible only. At
the same time it shows that long waves can be reached
arbitrarily by a short and comparatively safe extrapola-
tion. This would be even more evident if instead of
An one would plot the spectroscopically more relevant
Ag, in which case all curves would run quickly together
with increasing wavelength. Of existing refractivity ob-
servations in the infrared there is none that can be
judged as sufficiently accurate to furnish any improve-
ment on the extrapolation from formula (2).

The curve referring to Meggers and Peters’ formula
is of special interest in view of the enormous amount of
spectroscopic measurements that have been reduced
with that formula. The deviation ranges from An=
—106X107% around 3700A to +155X10~8 at 2000A.
The corresponding wave-number error ranges from
Aoc=+4-0.031K to —0.078K. It cannot be expressed in
a simple form. In order to preserve the usefulness of
Kayser’s Tabelle der Schwingungszahlen, the corrections
have been computed and collected in Table III in a

¥ H. Barrell, J. Opt. Soc. Am. 41, 295 (1951).
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TaBLE IIL. Systematic corrections to be applied to the wave
numbers given in Kayser’s Tabelle der Schwingungszahlen for dif-
ferent wavelength regions. The wavelength \ is expressed in A
and Ac in m™ as in Kayser’s table.

A Ao N Ac A Ac A Ac
10000 4230 2539 2236
—0.2 —24 —-04 +4.0
9880 4140 2520 2225
—-0.3 —2.5 —0.2 +4.2
8900 4040 2500 2214
—-04 —-2.6 +4.4
8170 3940 2483 2204
- 2.7 0 +4.6
7630 3850 2465 2194
—0.6 —2.8 +0.4 4.8
7190 3740 2449 2184
-0.7 -29 0.6 5.0
6830 3620 2433 2174
—-0.8 3.0 +0.8 +5.2
6520 3470 2418 2164
-09 -3.1 +1.0 +5.4
6250 3150 2154
—-1.0 -3.0 +1.2 +5.6
6020 3060 2390 2143
—1.1 —-29 +1.4 +5.8
5820 3000 2376 2133
- —2.8 +1.6 +6.0
5630 2927 2363 2122
—-13 —-2.6 +1.8 6.2
5460 2860 2350 2112
—14 —24 +2.0 6.4
5300 2807 2338 2101
-1.5 —2.2 +2.2 6.6
5160 2763 2325 2090
—1.6 -2.0 +2.4 6.8
5030 2726 2313 2078
~1.7 —18 +2.6 +7.0
4900 2691 2301 2066
—18 —-1.6 2.8 +7.2
4770 2660 2290 2050
-19 —14 3.0 +74
4660 2632 2278 2034
~2.0 —-12 +3.2 +7.6
4550 2606 2268 2011
—21 -1.0 +34 +7.8
2582 2257 2000
—~2.2 —0.8 +3.6
4330 2560 2246
—2.3 —0.6 +3.8
2539 2236

4230

convenient form, corresponding to the accuracy of
Kayser’s table. ) .

Tables for the vacuum correction, AN=N.;(n—1),
have been computed in order to facilitate the use of
formula (2). The larger one, “Vacuum corrections for
wavelengths from 2000 to 13 500A,” gives A\ to 5
decimals for every angstrom from 2000 to 10 000A,
and to 4 decimals for every 10 angstrom from 10 000
to 13 500A. In the great majority of spectroscopic
work, however, a 3-decimal accuracy is ample. For that
purpose a more convenient table has been prepared,
“Vacuum corrections to three decimal places for
A2000—13 900A.” It is constructed so as to avoid all
interpolation. Mimeographed copies of these tables are
available.

Finally, a word may be said about the reduction to
standard conditions of wavelength measurements made
in uncontrolled air. The question has been thoroughly
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discussed by Meggers and Peters? and recently by
Babcock,'s using the elaborate density factor of Barrell
and Sears.’ In work aiming a highest precision, the
deviations from standard conditions of temperature
and pressure are never extreme. Consequently in all
practical cases the accuracy will be amply satisfied by
the following simple relation:

p 140.00367X15
—————1), @)

)\20— >\2= )\2(7120— %10) ('—— .
760 14-0.00367X¢

where \® is the unknown wavelength at standard
conditions, A; the same as actually measured, #,° and
ny® the refractive index at standard conditions for
unknown and reference wavelength, respectively, p and
¢ actual pressure and temperature. This may also be
written

, 0.0013882p
Aod—Ag= (ANa— AN1- Aa/A1) ( ~1

S —— ©
1+0.00367

where \; is the reference wavelength, and AX, and
A\, are the vacuum corrections for A; and A; listed in

the tables mentioned above. The direct calculation by -

means of this formula will very probably be found more
convenient than using any kind of special tables. The
value for the correction \o°— X, will be slightly different
when using Meggers and Peters’ dispersion formula,
and the difference will not always be negligible.

In high precision work an additional correction must be applied
because of the water vapor in uncontrolled air. Following Barrell
and Sears (reference 5, page 52) we may express the difference
in refractive index between moist air, containing f mm Hg of
water vapor, and dry air at the same temperature and total
pressure as follows:

(")mqist air— (#)dry air=An= —(a—be?) f/(1+af). (5)

Inserting this value for Ax in the general expression for the cor-
rection to a wavelength \, measured at nonstandard conditions,

15 1, D. Babcock, Astrophys. J. 111, 60 (1950).
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2iz A®—Aa=AA=Ay(An2—An,), we obtain the correction owing

to water vapor:
A)\=)\2b(0'22—0’12)f/(1+at), (6)

where o2 and o are the wave numbers of the unknown line and
the reference line, respectively. Using the value for b given by
Barrell and Sears, b=--0.068X 103, and approximating 14af to
an average value, 1420a=1.07, we have finally

AAX 105=40.63(1-Ae/A1) (02— 00 f, )]

where A\ is expressed in angstrdm and o in g%, By way of illus-
tration, assume that Ap=4046A(02=2.471x") has been measured
against \;=6438A(s1=1.553x7") in air containing 10 mm water
vapor, a usual value for laboratory conditions. Then the correc-
tion would be AAX105=+0.63%X1.63X0.92X10=+94, or
AX=-0.00009A.

Barrell and Sears’ observations on moist air were confined to
the range 6438-4358A, and it would be hazardous to assume
their differential dispersion factor, a—be?, to hold for wavelengths
far outside of these limits, especially to the short-wave side. A
formula recently published by Newbound,® who observed also
the ultraviolet, is in serious disagreement with that of Barrell
and Sears. The difference seems difficult to explain, and it must be
concluded that present knowledge of the dispersion of water vapor
is insufficient for properly correcting ultraviolet wavelengths
measured in moist air.

The dispersion formula discussed in the present
paper was derived in the spring of 1951, and the tables
were calculated in the summer of that year. A short
abstract was published in the proceedings'” of a physics
conference in Lund, June, 1951. At the meeting in
Rome, September, 1952, the Joint Commission for
Spectroscopy decided to recommend the formula for
converting wavelengths in standard air to wavelengths
in vacuum.

I am greatly obliged to Dr. Meggers, Dr. Barrell,
Dr. Engelhard, and Mrs. Sitterly, who have read the
manuscript of the present article and suggested several
improvements that have been incorporated in the
final issue.

18 X, B. Newbound, J. Opt. Soc. Am. 39, 835 (1949).
17 Arkiv Fysik 5, 127 (1952).



