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ABSTRACT

Lambda-doubling is the lifting of the degeneracy of a pair of rotational levels of opposite e/ f-symmetry, which is caused by their interac-
tion with rotational levels of an energetically remote electronic state. Historically, this phenomenon has been associated with the symmetry
dependence of the matrix elements that appear in the numerator of a second-order perturbation expression. We show that this effect may be
present even when there is no rotational interaction or when the off-diagonal matrix element of the rotational Hamiltonian is independent of

e/ f-symmetry.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0277788

I. INTRODUCTION

Lambda-doubling is a feature in the rotational spectra of
molecules that is indicative of electronic perturbations by ener-
getically remote states.' " Throughout its long history, A-doubling
has been interpreted as a consequence of the e/ f-symmetry of the
off-diagonal matrix elements of the rotation and/or the spin-orbit
terms in the Hamiltonian. In each of the contributing interactions
e- and f-symmetries are an alternate way of labeling the parity
quantum number.’ In this paper, we show that A-doubling is a
more general phenomenon that may exist even when these matrix
elements are independent of e/ f-symmetry. Lambda-doubling is,
rather, a consequence of the symmetry properties of the perturba-
tion paths, which include both numerator and denominator effects.
(By “path,” we mean the interaction of two states that have the same
e/f-symmetry and the same total angular momentum quantum
number.)

A diatomic molecule is characterized by its parity, its total
angular momentum, J, with a projection of Q% along its internu-
clear axis, its total electron spin, S, and its projection, X%, along that
axis, and the projection, A%, of the total orbital angular momentum.
(The orbital angular momentum itself, L, is not well-defined for a
diatomic molecule.’) Non-X electronic states are orbitally doubly
degenerate, and the rotational levels may be labeled e or f according
to the relation between their parity and the integer or half-integer
value of J.

The symmetrized wave functions of a diatomic molecule that
has an even number of electrons [see Eq. (3.2.95) of Ref. 1] are

|Zs+lAQ,])e,f

= 5P A0 0) £ (07 P A a2

where s = 1 for X7 states and 0 for all other states. The + signs cor-
respond to e- and f-symmetries, respectively.” The corresponding
expression for an odd number of electrons is

‘ZSHAQ:])e,f

_ %I}ZSHAQ)'LQ) N (_1)7S+s+% A o), —Q)]
(2)

[The extra 1/2 term in Eq. (2) comes from the relation between
e/f-symmetry and parity, as explained in Ref. 5 and p. 140
of Ref. 1.]

In the absence of a perturbation, the energies of the states
described by Egs. (1) and (2) are independent of e/ f symmetry and
are therefore degenerate. (An important exception is for 23 states,
which is discussed in Sec. V.) This degeneracy may be lifted by
a perturbation by an energetically remote state of the same e- or
f-symmetry. According to second-order perturbation theory, the
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energy shift of the perturbed state, |i), by a perturbing state, |j), is
given by

SE = hdv = |(i|V|j)*/AEs, 3)

where V is the sum of the spin-orbit Hamiltonian, }i”so, and
the rotational Hamiltonian, J#*, and AE;; = E; - E; is the energy
difference between the perturbed and perturbing states.

The spin-orbit Hamiltonian for n electrons is given by

. Lh o e sty LSS 47
50 = 2 a7 s+ 05) + Y ailise, @)

1 i=1

M:

i

where 4; is an r-dependent, one-electron operator that acts on the
orbital angular momentum of each electron, /¥ are the raising and
lowering operators for the orbital angular momentum of electron i,
and 8} are the raising and lowering operators for the spin angular
momentum of electron i.

The rotational Hamiltonian is given by

=B {2 + (L 1D + (87 - 8) + (L8 +1787)
VAV iy A B AR S 1 5)

This operator is derived from the property that the rotational angu-
lar momentum, R = ] — L — S, is perpendicular to the bond axis.” It is
conventional to omit the 1.2 — ﬁﬁ terms, which are uncoupled from
f and from each other, and instead to add their expectation values
to the electronic term energy. The diagonal terms in Egs. (4) and
(5) define the zeroth-order Hamiltonian in the case (a) basis set, and
the off-diagonal terms in these equations lead to perturbations by
remote electronic states that are responsible for A doubling.

It is also useful to define an operator, .75V, which contains only
the diagonal terms and the spin-uncoupling, off-diagonal terms of
the rotational Hamiltonian,

%Y = Bp, (P -T2 + (82 =85 - (J*S™ +/7$T)}, (6)

and another operator, 'Y which contains the diagonal terms and
the L-uncoupling, off-diagonal terms,

W =B 0P -+ (8- ) - (7L L) )
The lifting of the degeneracy described by Eq. (3) is known
as A-doubling or A-splitting. This splitting may be caused by the
symmetry dependence of the matrix element in the numerator of
Eq. (3) and/or by contributions from different perturbation paths
that give rise to a symmetry-dependent energy difference in the
denominator. The off-diagonal matrix elements of .7 ** and .j#*°
may depend on e/ f-symmetry. The off-diagonal matrix elements of
7" are J-dependent and diagonal in S, whereas the matrix ele-
ments of .#%C are independent of J and may have off-diagonal
contributions in S.
The square of the matrix element in the numerator of
Eq. (3) vyields three terms, [(il32C[j)P% |(il22"|j)* and
2(il525°0j)(jl#*"|i). A sum over intermediate rotational,
vibrational, and electronic states gives rise to the Van Vleck para-
meters, oy(J),p, (J), and q,(J).”” Here, we simplify the problem by
considering only the sum over rotational states.
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If we were to ignore the small rotational symmetry dependence
of the energy denominator, the A-doubling would be determined
entirely by the e/ f-symmetry of the matrix elements in the numera-
tor. We shall see that the sum of |(i.% 5°| j)|* over perturbation paths
is independent of e/ f-symmetry. It follows that for perturbations
with AS # 0 or for which (i|.7 °°|j) is independent of ¢/ f-symmetry,
we would expect the A-doubling to be zero. We show in this study
that even when the numerator is independent of e/f-symmetry,
the symmetry dependence of the energy denominator may produce
A-doubling.

In the following sections, we present three exemplary cases for
which A-doubling is produced exclusively by the energy denomina-
tor. In Sec. 11, we consider the perturbation of a 'IT state by a >~~
state, for which AS # 0. In Sec. 111, we consider the perturbation of
a ' A state by a ‘T state, for which (i|.7#%°'|j) is independent of e/ f-
symmetry. In Sec. IV, we consider the perturbation of a IT state by a
37, This is a much more complex example of a spin-changing inter-
action, which involves eight perturbation paths and both Hund’s
cases (a) and (b) of angular momentum coupling. Finally, in Sec. V,
we treat the perturbation of a *IT state by a X state, for which both
numerator and denominator effects are present. Section VI contains
summary and conclusion.

Il. SPLITTING OF '11 BY 3%~

In this section, we treat the example of the perturbation of
a 'TT state that belongs to a 70 electronic configuration by a *%~
state that belongs to a 7> configuration. The electronic-rotational
wave functions of these states are given by combinations of Slater
determinants,’

1
"My, )e s = ﬁ['lHI;VH> + |1H—1,Vn>]

1 + +
= S [ll7"a 0Bl - [7"B, 0al)IJ. 1)

Flnfroal - wah)
PET e = %[sz) £ ]'57,v)]

1.
=—J||ln"a,m «a|)|],1
Tl e ey 1)
£ |7 B B -1)],
where the upper sign in each equation corresponds to e-symmetry
and the lower sign to f-symmetry.

The perturbation of the 'IT state by the *X~ state is caused by
the spin-orbit term in the Hamiltonian. Applying Eq. (4) to the
wave functions in Eq. (8), we obtain for the matrix element in the
numerator of Eq. (3) for both e- and f-symmetries:

N _ 1
("M, vi, J1.22°CP 21 vs, T) = W/ a(v|vs), 9)

where the spin-orbit matrix element for a single spin-orbital® is
as = (n"|al*|o), (10)

and (vr|vs) is the vibrational overlap integral.
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To evaluate the energy denominator in Eq. (3), we need to cal-
culate the rotational energy levels of the 2~ state. These energies are
obtained by diagonalizing the spin-uncoupling Hamiltonian. The
matrix representation of . 5! for this state is

JJ+1) 2V/J(J+1) 0
2 =Bsy 27T+ 1) [JU+1)+2] o | (au
0 0 JJ+1)

where the rows and columns are in the order 3Zie, 325, . and 32; £

The %y state has e-symmetry, and the *%7 state has pairs of
rotational levels of e- and f-symmetry. It is instructive to com-
pare these symmetries with that of the *2¢ state, which has f-
symmetry, and those of >, which has pairs of rotational levels
of e- and f-symmetry. The eigenvalues of the 2 x 2, e-block of the
Hamiltonian are

E+(J) = F2e(J) = By (J° + 3] +2),

) (12)
E_(J) = Fie(J) = Beys I =),
and the eigenvalue of the 1 x 1, f-block of the Hamiltonian is
EO(])EF]f(])=BZ,V):](]+1)- (13)

We note that, as expected, the sum of the eigenvalues equals the trace
of the matrix.

We introduce a pattern-forming quantum number, N, which
has values of N=J+1 for E;, N=] -1 for E_, and N =] for Ey.
The energies of levels with a common value of N are

Fie(N) =E_.(N=J-1) =By, N(N+1),
Fif(N) = Eo(N =) = Beyy N(N + 1), (14)

Foo(N) = Ex (N =J+1) = Bs,, N(N + 1).
These equations demonstrate why the quantum number N is

“pattern-forming.”

The rotational levels of the 2~ and 'II states are depicted
schematically in Fig. 1. The spin-rotational structure of a X~ state
consists of sets of three-fold degenerate N-levels, given by Eq. (14).

Neighboring sets, with values of the pattern-forming quantum
number equal to N + 1, N, and N — 1, have the energies

E(N+1)=E_(J+2) =E(J+1) = E+(J)
=By, (J+1)(J+2),

E(N)=E-(J+1)=Ey(J) =E+(J-1) =Bsy,J(J + 1),
E(N-1) = E-(J) = Es(J 1) = E+(J - 2) = Bz,s (J = 1)),

(15)

which are expressed as functions of the rigorously good quantum
number, J. The spacings between these sets, which are shown in
Fig. 1, are E(IN+1) —E(N) =2Bsy,(J+1) and E(N) -E(N-1)
= ZBZ,vz] .

Next, we use second-order perturbation theory to calculate the
effects of perturbation of the T levels by the 3%~ state. From Eq. (3),
the energy shift is

(' T1, vr| 2252, v)
En(J) - E=(J)

O0En(J) = (16)
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. FL=E(/+2)
T N+1 f Fy=Eol/ +1)
e Fre= E.(J)
2B,(J + 1)
35 e Fl.=E(+1)
_— N f Fiy= EolY)
Fp=E,-1
ZBZ_/ e 2e +( )
l . Fi=E ()
~ N-1¢ Fiy=Eol/—1)
e - _
AEns F,=E(J-2)
1|'| e 1 2 3
J EY
e P —— V)

FIG. 1. Rotational energy structure of the *~~ and 'IT states. The red and blue
arrows indicate perturbations of a rotational level, J, of the "I state by %™ levels
of e- and f-symmetry, respectively. The path numbers are indicated at the bottom
right of each arrow. Note that for these states, AEy, is negative.

The numerator of Eq. (16) does not depend on either J or e/f-
symmetry, as seen in Eq. (9). The denominator of Eq. (16) is the
symmetry-dependent difference in energy, AEns, between the states
I'T1,,vii,J) and 27, v, J). For F,  levels of f-symmetry, this energy
difference, depicted by the blue arrow in Fig. 1, is

AEnz(Flf,]):(TH—T2)+(BH—Bz)](]+l), 17)

where T1r and T’ are the electronic term energies of the two states.
(Henceforth, for clarity, we drop the v subscript from the rotational
constants.) For the Fi, and Fj levels of e-symmetry, the energy
differences, depicted by the red arrows in Fig. 1, are

AEns(Fa,J) = AEns(Fif,]) = 2Bs(J + 1),

18
AEHE(F1E,]) :AEHE(Flf,]) + 2Bs]. ( )

The energy shifts of states of e- and f-symmetries are deter-
mined by the symmetries of the eigenstates of 775V, We express
these eigenstates as linear combinations of case (a) basis func-
tions with coefficients ¢y, ¢z, and c3, evaluated for the >X state. By
diagonalizing %Y, we find that

B2, ]) = c1(J) P20, 0)e + 2(J) 20, 1)es
IFie,J) = —c2(J) =0, 0)e + a1(J) 20, ))es (19)
Fip ) = P20.0) .

The coefficients of the eigenvectors have the values

1/2
cl(f):[y’”] ,
1 712 (20)
62(1)2[21111]
C3=1.
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Combining Egs. (9), (19), and (20), we obtain”"’

1/2
e<321_xF1e,]|%ﬂso|1H1, ) [2(2]]_'_1)] ll+<VH|VE)/2,
_ 1
s Fup 130 L)) = 72 a+(vlvs)/2, @1
1/2
_ 1
(20, Faor J1525° T, ) :_[2(2111)] ay (vivs)/2.

Combining Egs. (16)-(20), we obtain for the energy shift of the
state with f-symmetry,

3g— 2,501 2
SEns(J) = [0 B 190 L) _ b))
s AEns(Fiy,]) 8 AEns(Fyy,J)

For e-symmetry, both the F;. and F», levels contribute to the energy
shift. The result is

_ . 2
[(21, Fie, J225° 0L, ) ]
AEnz(Flf,]) — ZB):(] + 1)

_ . 2
(55, Fae 5 1L ).
AEnz(Flf,]) + 2Bs]

(SEHE (]) =

, (23)

where the energy denominators are defined in Eq. (18). Substituting
Eq. (21) into Eq. (23), we obtain

_ @ {veln)? L+2e
OFne(J) = ¢ AEHE(plf,])(1+2£4£2](I+ 1))’ (24)

where ¢ = Bs /AEns. Expanding the denominator to second order in
&, we obtain

@ (vslvn)®

0En.(J) =~ m

{1+4JJ +1)}. (25)

We obtain, finally, for the A-splitting,

Sv('TL ~*%7,)) = [8Ens (J) - 8Ene(J)]/h
;B3 (vslvir)®

= “Sh[Ens (R )T JJ+1). (26)

It is insightful to compare this result to the direct splitting of 'TT
by 'S states. The matrix elements in the numerator are

Vn Vz( e>

L71'20,)) = Buao (T T L7125, )
= an,vz bHZ V ](] + 1): (27)

where by = (2|1 7|IT) is a rotation-orbit or gyroscopic parameter.
In this case, there is only one perturbation path. Either the 'I, state
is perturbed by a 'Z} state and the energy of the 'II / state is not
shifted, or the 'TT 1 state is perturbed by a 12} state and the energy of

the 'TI, state is not shifted. The A doubling in this case is

B} biis(vslvn)’

ov('~ =% = F
v /) hA[Eus(F;.]) ]

J(J+1). (28)
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It follows that the ratio of the A-splitting by the denominator effect
in Eq. (26) to the splitting by the numerator in Eq. (28) is

sv(('I~’z7,)) 1 ar \*((vslvn)’
S n TeE gy - T, - ] (29)
61/(( I~ "2%,J) AEns bns

A perturbing state is said to be “energetically remote” when
a+ < AE, in which case, the ratio of the two splttings in Eq. (29)
is very small.

lll. SPLITTING OF 'A BY '1

For the perturbation of ' A by I states, the off-diagonal matrix
element of .#**' is independent of e/ f-symmetry. In this case, the
second-order A-splitting of the 'IT state produces a fourth-order
splitting of the ' A state.

The wave functions of the 'II and 'A states are

'T1,7) USVES R SAS I

ef = \/—{|H
80 )es = f{l M)JL2) £ ['A-) ) -2) )

(30)

and the matrix element in the numerator of the perturbation
equation, &v = |(i|V]j)[*/hAEj;, is

(L1525 Ay) = —= briaBuw, JU+1)-2]2. (31)

1
V2
It is apparent from Eq. (30) that this matrix element has the same
value for e- and f-symmetries. The denominator, however, depends
on e/f symmetry owing to the splitting of the 'II state by the *%

state, which was derived in Sec. I1. The resulting energy shifts for e-
and f-symmetry are

—

2 blz'IA VHVA[](]+ 1) 2]
AEHA"'(SH(])/z
5 bl Bl U0 +1) - 2]
_ 2 VA
0 () = AEHAfdn(])/Z '

OE, (]) =

>

(32)

After some algebra, the A-splitting of the ' A state is found to be

Ova(J) = [6Erf(J) = 6Eac(])]/h

_ bzl'IA VHVA[](]+ 1) 2]
=- 2(AEn ) v ()). (33)

Comparing this result to Eq. (26), we see that, whereas dvi1(J) varies
as J squared, 6va(J) varies as J to the fourth power, which corre-
sponds to a fourth-order perturbation. This result is consistent with
the result derived for direct (numerator) A-doubling of A states by
Brown et al.,'' and in references cited therein.

IV. SPLITTING OF 21 BY “x-
A. Introduction

The A-doubling of a *IT state by an energetically remote =~
state is another example where the interaction is caused exclusively
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by the spin-orbit operator and the splitting is exclusively a denom-
inator effect. This case is complicated by the multiplet structure
of the *X” state and by the angular momentum coupling of
the *IT state.

In calculating the A-doubling, the following points are consid-
ered. First, the spin-orbit selection rule, AQ = 0, requires that the

only possible interactions are M1, ~*37 and XTI, ~*33. Second, in
2 2 2 2

the absence of a perturbation, the 4y~ state is four-fold degenerate. It
is necessary to identify the e/ f-symmetry of each of the four degen-
erate states and to specify the perturbation paths for *II states of the
same J and e/ f-symmetry. Third, to calculate the interaction of the
*T1 state with each of the *X™ multiplet components, it is necessary to
take into account the angular momentum coupling of the 2IT state.
Here we consider the perturbation near the Hund’s case (a) and case
(b) limits of the I state.

B. Properties of the “x states

The spin-uncoupling rotational Hamiltonian is given by

Eq. (6). The matrix representation of this operator for the *X” state
with e-symmetry in the case (a) basis is

JJ+1)-3/4

L5 < By [30-1/2)( +3/2)]:
) B([3<J—1/z)(f+s/z)]l )

JJ+1)-2]+9/4
(34)

where the rows and columns are in the order *=3,*X7. We diago-

nalize the matrix and solve for the roots of the secular ezquation. The
results are
Eer = Bs(J* +2] +3/4),

e g (35)
o = Bs(J* — 2] +3/4).

Similarly, the matrix representation of .%*V for the *X~ state with
f-symmetry is

L apSUL JU+1)-3/4  [BU-1/2)(+3/2)]:
il "”’)‘Bz([su—l/z)(m/z)]i 10+ 1)+ 174 )
(36)
and its roots are
_ 2
Efy =Bs(J* +4] +15/4), )

Ef_ =Bs(J* - 1/4).

We label the states in the order of increasing energy for a
given e- or f-symmetry and a fixed value of J. The states with
energies Ee—,Eer,Ef_, and Ef, are labeled Fies Fae, Fyj, and Fay,
respectively.'” We define the pattern-forming quantum number, N,
such that

N=J-3/2, F.
N=J+1/2, Fa,
N=J-1/2, Fy,
N=J+3/2, Fy.

(38)

ARTICLE pubs.aip.org/aipl/jcp

After substituting Eq. (38) into Egs. (35) and (37), we find that the

energies of all four levels are given by
E(N) = BsN(N + 1), (39)
which reflects the pattern-forming nature of N in case (b).
We note that case (b) coupling is suitable for 43~ states at
all values of J. We also note that interchanging ‘=~ with *=* is
equivalent to interchanging e- and f-symmetries. We may see this

by comparing the H»; matrix elements in Eqs. (34) and (36). The
relevant wave functions are

=L =27 IR 1/2) |+ 120 -1/2) w0
=10 =2 [T + 22 -1/2))

The plus sign in the sum for both wave functions is derived from Eq.
(3.2.94) in Ref. 1. The Q = Q' = 1/2 matrix element for both states is

Hy - Bz[](]+ 1) - 2(%)(;) + B +M]
=Bs[J(J+1)+2] +17/4], (41)

where the underlined term comes from f*$™ + j~$*. Similarly,

=1 s =272 [I'EDI1/2)] - 12,01 -1/2) ),

(42)
'zl =23 'l 1/2)] - 221 -1/2)],
and
Ho = Bz[](]+ 1) 72(%)(%) Ok 1)],
=Bs[J(J+1)-2] +9/4]. (43)

It follows that the matrix representations of 5V for *=} and 42?
are equivalent.
We next derive the wave function associated with each energy
eigenstate by solving the following equation:
ST B )y = BT, FLT), k=12 (44)
The results for *=~ states with e-symmetry and the corresponding
results for *2* states with f-symmetry are

\‘*2‘,&,1)3:(3(’ 1/2)) |4z;,1>e+(“—3/2)% S5

4
4 _ ]+3/2 2 4e— B 3(] 1/2) 4e—
e m)e= (D2) e (212 ) 'S5 e
(45)
where
=) =27 {1 *E)IL1/2) + 'S0 -1/2)

(46)

=30 =27 {1 EL3/2) + 20,1 -3/2) ).

S¥:G¥:91 GZ0Z AInF v1.
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Similarly, the results for *Z” states with f-symmetry (and the
corresponding results for *X* states with e-symmetry) are

|Z JFLT) s = (M) Z;»]>f+(]_1/2)2 |4Z§,])f,

4(J+1) 4(J+1)
i (T2 e (30432 e
(47)
where

)y =2 {2 1/2) - 22 )0 -1/2)
23 0)y =2 {1 ") 32) - 5201, -3/2)

It will be convenient when describing the perturbation paths to refer
to the eigenfunctions in Eqgs. (45) and (47) as the ey, ez, fi, and f>
eigenstates associated with the *X~ state.

(48)

C. Properties of the 2II state

Unlike the *S* states, the angular coupling of *IT evolves from
case (a) toward case (b) with increasing J. Here, we consider the
limits of pure case (a) and pure case (b).

In the case (a) limit, the *IT state functions are

M D =272 [FE32) < P 5/2)
Py =27 [Py >u,1/z>i|2n,%>|1,—1/z>].

The case (b) 2II wave functions are expanded in the case (a)
basis by means of a unitary transformation,

S
LSN,A) = > (S -ZLSN,A),Q,82),  (50)
P

where the quantity in parentheses is a Clebsch-Gordan coefficient,
and it is understood that A = Q — 2. (See p. 130 in Ref. 1.) For a Sl
state,

PILFI,N =] - 1/2)5 =

]_1/2 1/2
( 2] +1 ) yzders

+(]+3/2

1/22
2J+1 ) ‘ H3/2>e/f’

(51)
, J+3/2\'?,
P EN =T 12y = (5T) P

—1/2\?
(2}+1) (h2)ess-

It will be convenient to refer to these functions as the ey, e, fi,
and f, eigenstates associated with the *IT state. We use the symbol N
to designate the pattern forming quantum number and the symbol
Jo = J for the total angular momentum quantum number of the *IT
state, so that the relations between J and N introduced in Eq. (51)
are

No=Jo+1/2, Fa,Fyy,

(52)
No=Jo-1/2, Fi.Fiy.

ARTICLE pubs.aip.org/aipl/jcp

D. Matrix elements for each of the perturbation paths

We use the results of the previous sections to evaluate the
matrix elements that appear in the numerator of the second-order
perturbation theory expression [Eq. (16)] for the energy shift. We
evaluate these matrix elements in the case (a) and case (b) lim-
its. Since there are four eigenstates for [T and %2, there are 16
matrix elements to be considered in each limit. Conservation of
symmetry (i.e., the requirement that e-states perturb only e-states
and f-states perturb only f-states) reduces this number to 8. These
interactions are shown schematically'” in Fig. 2 for case (a), and the
corresponding perturbation paths are depicted in Fig. 3.

The paths that connect rotational levels of *IT and *£~ must
conserve e/ f symmetry and the total angular momentum quantum
number, J. The quantum numbers of the 43~ state, which are listed
to the right of the energy levels in Fig. 3, are determined by invoking
the relation between N and J given in Eq. (38). For example, ] = N —
3/2 for all four f, levels shown in this figure. Path 4 connects the f
level of *T1(F,, Jo) with the f, level of =7 (N = Jp + 3/2). Following
the same reasoning, path 3 connects the same f; level of *IT(Fx, Jo)
with the f; level of =7 (N = Jp — 1/2). We refer to path 4 by the label
f— f> and path 3 by the label f; — fi. The other paths are named
similarly.

Similar reasoning is applied in the case (b) limit of I, except
that in this case, N is a pattern forming quantum number, and
the selection rule AN =0, +1 applies. We denote the correspond-
ing quantum number for the IT state by No. Figure 4 shows that
paths (2) and (8), which involve AN = £2, are not allowed. The
corresponding path diagram is given by Fig. 5.

It is instructive to use Eqs. (35) and (37) to calculate the energy
levels depicted in Fig. 5. The four *T~ levels associated with each
value of N are degenerate. For example, the levels with N = Ny all
have a rotational energy of BsNo(Ng + 1). For the e; level, Egs. (35)
and (38) give ] = Ny + 3/2 and

E(*s7,J,e1) = Bz(J* —2] +3/4) = BsNo(No +1).  (53)

The same result is obtained for E(42_,],f1),E(42_,],e2) and
E(*37, ], f2).

Case (a)

.

]
T

45 NJ+3/2 J+1/2 11/2 13/2

LGP

FIG. 2. Schematic diagram of the spin—orbit interactions of the rotational levels of
the 2I1 and 3~ states in the case (a) limit of the 2IT state. This diagram shows
that 4=~ states of e- or f-symmetry interact only with 2IT states of the same e/ f
symmetry. The red lines and dots correspond to e-symmetry, and the blue ones
correspond to f-symmetry.
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ey J=N+3/2=Jy+3
43-(N =Jy+3/2) fi J=N+1/2=Jy+2
€ J=N-1/2=J4+1
— f, J=N-3/2=J,

e J=N+3/2=J+2
4S—(N = | + f J=N+1/2=Jy+1
27(N=Jo+172) & J=N-1/2=1,

f, J=N-38/2=J-1

FIG. 3. Diagram of the rotational energy levels of the 2I1
and 43~ states in the case (a) limit of the 2IT state. The
arrows indicate the symmetry-allowed paths for spin—orbit
interactions. The path numbers are indicated at the bot-
tom right of each arrow. Paths 1, 2, 5, and 6—shown in

4Bs(J +1)

J=N+3/2=Jy+1

e
45— (N =] — | ' -
2°(N=1Jy—1/2) 2 ﬁ :% * 1; % :jo . red—indicate the interactions of states of e-symmetry, and
4BsJ f22 J'_ N_ 3 /2'_ JO' P paths 3, 4, 7, and 8—shown in blue—indicate the interac-
=N-3/2=/,-

ey J=N+3/2=J; tions of states of f-symmetry. In each of the contributing

£ J=N+1/2=1J-1 interactions, J = Jo, as indicated by the red annotation on
43-(N=1,-3/2) e, J=N-172 =J-2 the right side of the figure. The separations between the e-
f, J=N-3/2=J,-3 and f-energy levels are calculated using Egs. (35) and (37).
AEn; Note that for these states, AEpy is negative.
T z
2N(F3,Jo) 1l c Case (a)
2M(F.Jo) & slefrs o,

Similarly, the four levels associated with the 211 state in case (b)

h the Appendix. The path numbers correspond to those in Figs. 3 and
are degenerate. Diagonalization of %! yields*

5. The paths are labeled s; — s}, where s is the e/f symmetry of the
’T1 level, s’ is the e/f symmetry of the *X” level, and i and j each
equal 1 or 2. We label the matrix elements cg, . . ., cs, for Hund’s
case (a) and cyp, . . ., cg, for Hund’s case (b). A property of these coef-
ficients is that the sum of their squares for a given e- or f-symmetry
is independent of symmetry. For example, &+, =&, +c2,. This
(55) property is important because it implies that even though the off-

diagonal matrix elements of .%°° may depend on e/ f-symmetry,

E. =Bu[(J +1/2)* - A* £ X/2]], (54)

where

Xy = [Yo(Yy - 4) +4(J + 1/2)2]%,
Yy = An/Bn.

The plus sign in Eq. (54) corresponds to e; and f, and the
minus sign corresponds to e; and fi. For Yy =0 or 4, we obtain
Xy/2 =] +1/2. Inserting the relations between Ny and J, given by
Eq. (52) and setting A =1 for a II state, we obtain the energy for
both e- and f-symmetries in case (b):

E=Bu[No(No+1) —1]. (56)

We now have all the tools needed to calculate the off-diagonal matrix
elements of J#° for each path. The results are listed in Table I of

Case (b)

o .

Py $ py i
AN=1 AN=A1 f,
AN=1 AN=-1 e,
7 I )4

1
4370 N=JHB/2 SN2 J-12 J-3/2

M(F,, N=J +1/2)

M(F,, N=J-1/2)

FIG. 4. Schematic diagram of the spin—orbit interactions of the rotational levels of
the 2IT and *X~ states in the case (b) limit of the 21T state. The red lines and
dots correspond to e-symmetry, and the blue ones correspond to f-symmetry. The
labeled dots indicate the AN = 0, +1 selection rule for the matrix elements. This
diagram is a revised version of Fig. 4.69 in Ref. 9.

the square of these matrix elements summed over all paths belong-
ing to a particular perturbation [in this case, paths 1 and 2 for
I (Fae,J)~ *27(J, ) and paths 3 and 4 for *TI(F,7,])~ *27(J, f)]
is the same for both symmetries. [The same property is shown in
Eq. (20) for 'IT ~ *T7.] It follows that if 3% does not introduce
e/ f-symmetry dependence of the numerator (in this case because
AS # 0), the only source of A-doubling is the energy denominator.

E. Calculation of the A-doubling: Case (a)

We use the matrix elements listed in Table I to calculate the
A-doubling. We consider first the case (a) limit of the 211 state. For
the F, state (i.e., for 21'[3 , with Ap > 0 and 2H1/2 with Ap < 0), the
energy shift of the e-levels is the sum of the contributions from paths
1 and 2. The energy denominator is calculated using Eq. (35), which
gives, for these two paths, E(4Z_,]o, e) - E(4Z_,]o, e1) = 4BsJy. The
energy shift from the two paths is

2 2
Cla C2a 1, 2
= ~a. (va|v;
AEns —4Bs]o AEns 4 +{valvz)

X{E(IO—I/Z) 1 +1(]0+3/2) 1 }
4 Jo AEns —4Bs]y 4 Jo AEns

_ ai(vn\VE)z{i(]o— 1/2) Lo 1(}0+3/2)}
4AEns 4 Jo 1-4¢fy 4 Jo

N ai(VH\VZ)Z[
4AEns

OEn(F,e) =

1+3e(Jo-1/2], (57)
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Case (b)
2B,(Ng+1) N=N,+1
43-
N=N,
2B,N,
AEqs N=N,-1

TABLE . Matrix elements for the perturbation paths connecting the 2IT and =~ states.?

e, J=N+3/2=Ny+5/2
f, J=N+1/2=N,+3/2
e, J=N-1/2=N, +1/2
f, J=N-3/2=N,-1/2

€1 J=N+3/2=N,+3/2
f; J=N+1/2=N,+1/2
e, J=N-1/2=N,-1/2
f, J=N=-3/2=N,-3/2

€1 J=N+3/2=N,+1/2
fi J=N+1/2=Ny-1/2
J=N-1/2=Ny-3/2
f, J=N-3/2=N,-5/2

e, J=N,-1/2
f, J=Ny-1/2
e, J=Ny+1/2
£, J=Ng*1/2

ARTICLE pubs.aip.org/aipl/jcp

FIG. 5. Diagram of the rotational energy levels of the 2I1
and =~ states in the case (b) limit of the 2IT state. The
arrows indicate the symmetry-allowed paths for spin—orbit
interactions. The path numbers are indicated at the bot-
tom right of each arrow. Paths 1, 5, and 6—shown in
red—indicate the interactions of states of e-symmetry, and
paths 3, 4, and 7—shown in blue—indicate the interactions
of states of f~symmetry.

S¥:S¥:91 G20Z AInf v1

Path ( J01E,)) ( J01E,)) {*T1(b), No|. 7 *°[*Z7, No)
-1/2 No-1/2
OERE —VN% f\/f/ VR
Qe -a ~L/EE 0 0
J+3/2 J-1/2)(J+3/2
QR \/_\/ L{ \/g\/ ((]+{/;§(}r+{)) NO(N0+1/2)
1/2 J+1/2 o
) f2 _f2 ]+{ \/;\/ ;:r{ \/;\/ Nolil/z
/ J+3/2 T-1/2)(J+3/2 No(No+2
Blei-e s / \/g\/ ¢ 1(/]425/;)/ ) \/g\/ (Nﬂ+01(/z§;N3+1)
(6) er - 1 /] 1/2 \/_ //+1/2 _ % NI:(-:}Z
/ /I 1/2 [No+3/2
@) fi-f ]+{ \/_V Tl}z _\/g N0++{
J+3/2
®) fi-fr 5\/% 0
*The matrix elements are divided by a common factor of a, (vp|vs)/2.
where SE ) = e
) = ABiy — 2By (Jo— 1/2) | AEns — 6Bs(Jo + 1/2)
AEns(Fp,J) = (Tu - Tz) + (Bu - Bs)Jo(Jo + 1), (58) i {valvs)? 7(]o+3/2) 1
" 4AEns Jo+1 J1-2e(Jo-1/2)
and ¢ = By /AEns. 1(Jo—1/2 1
Similarly, the energy shift of the f-levels is produced by paths Z( 1 ) ¢ 17
3 and 4. The energy denominators are calculated from Eqs. (35) and Jo+ —6e(Jo+1/2)
3 R : : 2 2
(37), which give |, @{vilvs) { i(]" + 3»/2)[1 +2e0o - 12)]
4AErsy 4\ Jo+1
ECE 700 fi) —E(*S7, Jo,e1) = 2Bs(Jo — 1/2), _
(4 ’ Ofl) (4 ’ 0 1) E(]O / ) (59) +7(]0 1/2)[1+6€(]0+1/2)]}
E("37,Jo, f2) —E("27, Jo.e1 = 6Bs(Jo + 1/2) 4\ Jo+l
= M[l+3£(}g—l/2]. (60)
The resulting energy shift is 4AEny
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Comparison of Egs. (57) and (60) shows that the denominators do
not generate A-doubling of the F, levels.

We perform a similar calculation of the splitting of the F; levels
of the %I state. For paths 5 and 6, the relevant energy difference,
calculated using Eq. (35), is E(*Z7,e2) — E(*Z7,e1) = 4BsJy. The
energy shift of the e-level is
AEnz + An - 4B):]0 AEH): + Ar[

- Lt (030

4 12 Jo AEns + An —4By)o

+1(]0—1/2) 1
4 ]0 AEnz-i—An

_1ai<vn|VZ>2{1(]0+3/z) 1 +1(]0—1/2)}

OEr(F,e) =

T 4AEps +An | 12\ Jo J1-4] 4\ )

1 ai(valvs)

~ 5 AEnz+AH[1+£ (Jo+3/2)] (61)

where ¢’ = Bs/(AEns + An).

Similarly, for paths 7 and 8, the relevant energy differences are
E(*S7 )0 fi) - ECE 7 Jose1) = 2Bs(Jo - 1/2),
E('27,Jof2) - E(*S7,Jo,e1) = 6Bs(Jo + 1/2).

The shift of the f-level is accordingly,
T
AEns + An - 232(]0 — 1/2)
2
C8a
+
AEns + A — 6Bz(]0 + 1/2)
~ 1a2+(vn|vZ)2{ 1 (]0—1/2) 1

OEn(r,,f) =

4 AEns + A | 12\ Jo+1 J1-2¢(Jo—1/2)

12
1(10+3/2) 1

+7
4\ Jo+1 J1-6€(Jo+1/2)

1 ai(vnlvz)’
T 12 AEns + An

[1+&(500+7/2)]. (63)

Combining Eqs. (61) and (63) gives for the A-doubling of the F;
levels:

1a(vilvz)®
3 AEnz + An
_ 2 ai{vsivn)’

3 (AEHZ + An)2

OEn(,,f) ~ OEn(, ) = £(Jo+1/2)

Bs(Jo +1/2). (64)

This non-zero splitting of the F; levels is in contrast to the zero
splitting of the F levels.

F. Calculation of the A-doubling: Case (b)

Finally, we turn to the splitting of the *IT levels in the case (b)
limit, which are depicted in Fig. 5.

The shift of the e-levels is produced by paths 1, 5, and 6. The
result is

ARTICLE pubs.aip.org/aipl/jcp

2 2 2
6EH(e) = ‘1b + Csb + S6b 5 (65)
AEH): AEHZ + ZBzNo AEUZ - ZBz(N() + 1)

where
AEns(No) = (T — T ) + (B — Bz)No(No + 1). (66)

The shift of the f-levels is produced by paths 3, 4, and 7. The result

1S

2 2 2
‘76 C3p Cap (67)
AEmns AEns + 2BsNy AEns — ZBz(NO + 1)’

OEn(s) =

In the limit of large Ny, the coefficients listed in Table I have
the values ¢}, = ¢, = tai(vn|vs)’, ¢, = c3, = 5 at(vnlvz)’, and
cip = Cgp = 3a3(vn|vz)®, and the A-doubling, 8Er s — 8Er), van-

ishes. At intermediate values of Ny, the A-doubling is

2 2(2 No+1/2
OEn(y) = OEn(e) ~ Gxivnjvs) { ot/

4AEns | 3 No(No+1)
1 N§+N0+1

s o

6N()(N0 + 1/2)(N0 + 1)

1

! (1+2£)}

C2No+1/2

(1-2¢)

_ ai{valvs)?

~ . (68)
12 AEns No

The A-splitting vanishes as a4 — 0 and Ny — oo.

V. SPLITTING OF 211 BY 23+

The numerator effect is absent in the examples that we have
considered so far because, in those cases, the off-diagonal matrix ele-
ment of the rotational Hamiltonian is either zero or independent of
e/ f symmetry. In this section, we show that both the e/ f-symmetry
dependence of the numerator, which is responsible for the conven-
tional A-doubling effect, and the J-dependent denominator effect
may exist simultaneously for the same state.

We consider here the perturbation of the *IT state by the 2X*
state. The conventional A-doubling of the OH(X?IL)) state has been
studied extensively.'”'® The rotational energy levels of these states
are shown schematically in Figs. 6 and 7 for Hund’s cases (a) and
(b), respectively. There are four possible symmetry-preserving paths,
which are named e; —e, », — f,e1 —e, and fi — f, where the sub-
scripted letter denotes the *IT level, and the unsubscripted letter
denotes the 2Z* level. The matrix elements for these paths [see
Eqgs. (3.5.28) and (3.5.29) in Ref. 1] are collected in Table II in the
Appendix.

Ignoring for the moment the denominator effect, the second-
order energy shifts for the 211, state in case (a) are

2

1
OE, = [ Zai(vnm)z + By o bis(J - 1/2)°

 Buyssbzas (vaz) - 1/2)|JAE,
. (69)
8F; = [ Lo (vmive)? + B, b () + 3/2)°

+ By, bissas (vivs) (J + 3/2)] JAE,
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Case (a)

zzf+(J) - f
25,00) .

AEp,
MNF,)) 4 12 3 |4 o
An f2
2N(F, ) —I— e
f,

FIG. 6. Diagram of the rotational energy levels of the 2IT and 2=+ states in the
case (a) limit of the 2IT state. The arrows indicate the symmetry-allowed paths.
The path numbers are indicated at the bottom right of each arrow. Paths 1 and
3—shown in red—indicate the interactions of states of e-symmetry, and paths 2
and 4—shown in blue—indicate the interactions of states of f-symmetry.

where
AE = Ty = Ty + (Bu - Bs)(J + 1/2), (70)
and the second-order A-splitting is
vy = [4B3,, 4, bl + 2By, bris as (vinlvs) J(J + 1/2) /hAE. (71)

For the *TT 5 state (paths 1 and 2), the coefficients c1, and ¢, are equal
2
and, accordingly, there is no A-splitting.
We derived & by assuming that the 2%} and ZZ; states
are degenerate. But, in fact, their energies, which are obtained by
diagonalizing 5 [see Egs. (3.5.21) and (3.5.22) in Ref. 1], are

ECEY ) = Te+Bs[JU+1) +1/47 (J+1/2)],  (72)

Case (b)

ARTICLE pubs.aip.org/aip/jcp
and their difference is
ECx}J) - ECEL.T) = 2Bs(J +1/2). (73)

This difference stems from the property that the spin-uncoupling
matrix element, (*T1|f~S$*|*2*, ) = J + 1/2, is not zero.
2 2

A consequence of the energy difference between the 22} and

23} energies is that the perturbations of the *II ¢ and 11, states
have different energy denominators. This property is accounted for
by multiplying 8E; in Eq. (69) by the factor 1 + 2¢(J + 1/2), where
€ = By /AE. The total A-splitting is given by

1
Sv(J) »~ (?von(]) + Zai(vlﬂvz)z + B‘Z,n)va%[Z(]+ 3/2)2

26(J + 1)2)
AV

+ an,vz bnz a+ (VH|V2)(] + 3/2) hA

(74)

In the low-] limit (i.e., ] < a4 /4B), we retain only the first term
in the brackets in Eq. (74). The additional splitting caused by the
denominator effect is then given by

() = 3% (J) = %ai(vn|vz)sz(]+ 1/2)/h(AE). (75)

In this limit, AE ~ Ty — T, and the ratio of the additional splitting
caused by the denominator effect to the total splitting is approxi-
mately —a4(J +1/2)/4(Ts — T). We note that the contributions
to the splitting from both the numerator and denominator are lin-
ear in J. These results may be compared to the splitting of *IT(F;)
by *=*, which is also linear in J, whereas the splitting of 'IT by >~~
is quadratic in J, and the splitting of 'A by 'II varies as the fourth
power of J.

In the case (b) limit, we define a pattern forming quantum
number, N, such that N =] -1/2 for states of e-symmetry and
N =]+ 1/2 for states of f-symmetry. Equation (72) shows that the
rotational energy levels of the X" state are two-fold degenerate, with
energies E(*X%,N,e) = E(*Z%,N, f) = BsN(N + 1). These energy

N=N0+1 f J=N-1/2=Ny+1/2
2B;(Ng+1) € J=N+1/2=Ny+3/2
25+ 1
| N=N, [ I=N=1/2=No-1/2
2B;N, JEN+1/2=No+172 FIG. 7. Diagram of the rotational energy levels of the 21T
and 23+ states in the case (b) limit of the 2IT state. The
AE arrows indicate the symmetry-allowed paths. The path num-
nz N=N,-1 f 1! =-’XI +11// 22 i’\A’Io— y/ 22 bers are indicated at the bottom right of each arrow. Paths
& JEN-UE=No= 1 and 3—shown in red—indicate the interactions of states
of e-symmetry, and paths 2 and 4—shown in blue—indicate
the interactions of states of f-symmetry.
2
L 1 12 18 14 o j=Ngq1r2
No f, J=Ng1/2
e, J=N,+1/2
f, J=Ny+1/2
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TABLE II. Matrix elements for the perturbation paths connecting the 21T and 2= states.

<2H(b)‘d,¢fRot+J,¢fSO|ZZ+>

Path (T(a)| ™ + S0Pz

(1) ey —e -bsn sz,vn\/(]_l/z)(]+3/2)
(2) fZ _f _bZJ'I BV).'>V11 (] - 1/2)(] + 3/2)
B)er—e ~bs1 Buswy (J = 1/2) + ax{vn|vs)/2
(4)f1 —f hz,n sz,vn(]+3/2)+a+(V1‘[|Vz)/2

1
(N?T?)z 27 ay(vnlv)
(222) "2} bun BuowNo+27F au{vilvs)]
N? N Ve,V 4 Y0 +\VII|VZ
(NI(,\]-?-I)Z [—2% bz,n BVz,Vn (N() + 1) + 2_% a+(V1‘[|V2):|

1
(ijil ) 273 a+{vrlvs)

levels are shown schematically in Fig. 7 for three consecutive values
of N.
The energy shifts produced by the four paths are

SE. = s i N ¢ty (1 - 2¢No) . G
¢ AEHZ + ZBzNO AEHZ AEH): AEHZ ’
2 2
OE; Cab + 2 (76)

- AErns — 2BE(N0 + 1) AEns
N cib[1+2£(N0+1)] N cgh
AEHZ AEHZ.

It is apparent that the denominator effect in case (b) is pro-
duced by paths 1 and 4. After some algebra, we obtain for the
A-doubling

dvir = 8vy — Ove
_ {_L +26(No + 1/2)}52/hAEnz
No
+ {—NLEZ £ 4By, v, bris £(No + 1/2)}/hAEHZ’ 77)
o

where the + signs correspond to regular (A >0) and inverted
(An < 0) I states, respectively. (Here and in the following equa-
tion, we use the notation & = a, (vri|vs)/2.) The first term on the
right-hand side of Eq. (77) is the contribution from the denomina-
tor, and the second term is the contribution from the numerator.
The ratio of the contributions from the denominator and numerator
is

1
ek e
_N% + 4By v, bz (No + 1/2) 2By, v bris 4bns AEns

We find that the denominator effect depends very weakly on N and
vanishes in the case (b) limit when a; — 0.

VI. SUMMARY AND CONCLUSIONS

The second-order energy shift of a rotational level that is per-
turbed by an energetically remote electronic state is given by the
square of the matrix element of the perturbing terms in the Hamil-
tonian divided by the energy difference between the perturbed and
perturbing states. With the exception of *T states, unperturbed
rotational states that differ only in their e/f-symmetry are degen-
erate. The lifting of this degeneracy by an electronic perturbation is

known as A-doubling. The conventional explanation of A-doubling
is that it is caused by the e/f-symmetry dependence of the off-
diagonal matrix element in the numerator of the perturbation
expression.

In this study, we have shown that A-doubling may also have
contributions from the energy denominator. The symmetry depen-
dence of the denominator is a consequence of the requirements
that the perturbed and perturbing states have both the same e/f-
symmetry and the same total angular momentum, J. Satisfaction of
these two requirements leads to the possibility that either the rota-
tional or the electronic energy of the perturbing state may be e/f
symmetry-dependent. The denominator effect is important because
it can lift the degeneracy of a state even when the matrix elements
of the perturbing terms in the Hamiltonian are independent of ¢/ f
symmetry.

In this study, we provide six examples of how the e/ f-symmetry
of the denominator can arise, as follows:

(i) In the perturbation of 'II by *Z~ states, there are three paths:
two with e-symmetry and one with f-symmetry. The larger
number of paths with e-symmetry produces a net splitting.
Figure 1 shows that the energy difference of these paths fol-
lows from the e/f-symmetry of the rotational levels of the
%~ states. An example where denominator effects may be
important is the perturbation of the A'II state of CO."” In
that case, the full effective Hamiltonian includes all of the per-
turbing states, and the denominator effects from very remote
perturbing states cannot be distinguished from numerator
effects.

(i) In the perturbation of 'A, by 'TI states, there are two energy
paths: one with e-symmetry and one with f-symmetry. The
energy difference of these paths is a consequence of the A-
doubling of the 'IT state. Lambda-doubling of the 'A state is,
therefore, a higher order consequence of the symmetry depen-
dence of the rotational levels of the 'TT states. We note that, as
shown in Ref. 11, the ' A, state can also be split directly by a =
state.

(iii) In the perturbation of the F; levels of the 21 state by the
23" state, there are again only two energy paths: one with
e-symmetry and one with f-symmetry. Figure 6 shows that
the energy difference of these paths is a consequence of the
electronic energy difference between the X% and 2=} states.
This energy difference is produced by the spin-uncoupling
terms in the Hamiltonian. The same effect occurs for the F;
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levels of a *II state. For these perturbations, both numerator
and denominator effects exist simultaneously.

(iv) In the case (b) splitting of the 1 state by the 23t state,
there are four paths, two of each symmetry. The splitting
depends very weakly on N and vanishes when a; goes
to zero.

(v) In the perturbation of the F, levels of the *II state by the
3" state, there are four energy paths: two with e-symmetry
and two with f-symmetry. Figure 3 shows that the energy dif-
ferences of these paths are a consequence of the rotational
properties of the *= state. The same is true for the F, levels
of °II state.

(vi) Finally, in the case (b) splitting of the 1 state by the iy
state, there are six paths, three of each symmetry. This splitting
depends very weakly on N and vanishes when either a; = 0 or
N — oo.

The main finding of this study is that A-doubling may be
significant even where there is no rotational interaction (e.}g.,
for AS #0), or when the off-diagonal matrix element of R
is independent of e/f-symmetry. We have shown that the A-
doubling for 'IT~°3” is proportional to a%B*J*/(AE)* [see
Eq. (26)]; for 'A ~'II, it is proportional to a%B*J*/(AE)* [see
Eq. (33)]; and for I1(F, )~ *£7, it is proportional to a BJ / (AE + A)*
[see Eq. (64)].

When the spin-orbit interaction is strong, the energy denom-
inator effects are large and systematically observable. This is espe-
cially true for molecules containing heavy atoms, where Hund’s
case (c) is applicable. In that case, the spin quantum number is
not specified, and A-doubling is replaced by Q-doubling. For this
type of doubling, which has not been systematically studied, e/f-
splitting will provide a spectrum-only path toward reconstruction
of partial L, A, and S characters of the states. The denominator
effect may also play a major role in the A-doubling of high Ryd-
berg states, where the energy spacing between electronic states
is small.
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APPENDIX: OFF-DIAGONAL MATRIX ELEMENTS
OF 759 4+ Rot

For three electrons, the electronic configuration of a regular IT
state is 027, and for an inverted 21T state, it is 77°. The electronic wave
functions for these states are given by the following combinations of
Slater determinants:

1

|2H%,], azn)e)f = [|n+ﬁ, oo, df||],1/2) £ |~ a, o, o‘[)’W,fl/Z)],

2

-5

|2H%,], azﬂ)e,f = —[|n+oc, oo, af||],1/2) £ |n” o, o, af|J, —1/2)],

N

st m o Bl|IJ, -1/2) ],
1

V2

+ |n+[j’, n a7 B|J,-1/2) ]

Ty =

|2H%,],7T3)e,f = [|7‘[+0£, "B, all,1/2)

(A1)
The wave functions for the components of >2* and *Z* states
are

|22}])e,f = %[(W% n B,oo| = | B o 0a])|J,1/2)] £ (| B, 0|~ | B e, 0/3|)|L—1/2>]’

_ 1 - - -
|22%,])e,f = —=[Q@r" a1 a,0f| - |7, B,oa| - [n* B, ", 0at])], 1/2)

V12

+ (27" g, ool = |n" o m” B, 0p| ~ 7" B B, ~1/2)],

1

4
255 )ef =
| E]>’f \/g

(A2)

[(|n+0¢, o, of| + |nte, n B, oal + |n B, 0])|], 1/2)

S¥:G¥:91 GZ0Z AInF v1.

+ (|n* B Booa| + | B, af| + |n B e, o)), —1/2)],
55 e = %Uﬂﬂx, 7w 0al)l,3/2) + 7 B B ol ~3/2)].
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Using these wave functions, we calculate the matrix elements of the spin-orbit operator for both the ¢?7 and 7’ configurations. The

results are

(ZH%,azn % 5°|42§) =

N - 1
<2H;,7I3 pSopisyy = L

2
SO4s:
II,, n
R
<2H%,T[3 }Zﬂso“*zg) 57(|7T a7t B al|alysy”

a+(vluvs).

s\

The factor of \/3 is a consequence of the presence of three
Slater determinants for the *S7 state, only one of which [under-
2

lined in Eq. (A3)] has a non-zero matrix element. The minus
signs on the right-hand sides of these equations come from
rearranogmg the spin-orbitals into standard order after operation
by J¢°

Next, we derive the off-diagonal matrix elements that appear
in the numerator of the perturbation expression. We consider
first the perturbation of the *IT state by the 'S~ state. For
this case, where AS # 0, the matrix elements of ket

are zero.

From Eq. (A3), we know that (*IT, | 3#5C|*23) = —ay (vi|vs)/2V/3
2

and (?

1|50 ET) = —a+(vn|vz)/2. We then use the elec-
2 2
tronic/rotational wave functions for |*I1, J),, 1 given by Eq. (51) and

the wave functions for |*%; 7)e.s given by Egs. (35) and (37) to calcu-
late the off-diagonal matrix elements of .% 5. The results are given
in Table I.

The paths listed in column 1 of this table correspond to the
numbered arrows in Fig. 3. The matrix elements in columns 2 and 3
correspond to Hund’s cases (a) and (b) for the 211 state, respectively.
They are consistent with Eqs. (4.3.2-5) and (4.3.2-6) in Ref. 9. In col-
umn 4, the matrix elements for case (b) are expressed as functions of
the pattern-forming quantum number, Ny. The relation between N
for the *2~ state and Ny for the *IT state is obtained from Eqs. (38)
and (52). These equations yield N = No — 1 for Fi., N = Ny for Fy
and Fy., and N = Ny + 1 for Fyy.

The matrix elements in column 2 of Table I are labeled
Cla ... Cgq in the body of the paper, and those in columns 3 and 4 are
labeled ¢y, ... cgp in the body of the paper. We illustrate the calcula-
tion of the matrix elements for path 6. For case (a), the “II(e; ) wave
function is |*IT}/2), and the matrix element equals —a. (vii|vs)/2v/3
times the coefficient of the 421 function. For the e; — e; path, the

2

result is

a2 30-12) 1 [I-1)2
“TTT A \/ 4 ‘_4\/ 4 “*<V“|VEE'A4)

Replacing ] by Ny + 1/2 gives the value of cs, in the table.
For case (b), the I wave function is given by Eq. (51), and the
matrix element listed in Table I is

(|7* B, oo, of||als 2~ x [||7T+oc, e, 0f| +|nt o, B, oal + |77 B, nfoc,mx|)] =

1 A A = _
5" e 00 0Bllals s |l @, n” 00l = ~au{vlnv) /2,

<|7T+(X, B al|aly sy ||t e, 0a]) = —as (Vinvs) /2,

L 4 (vlvs)
2\/5 a+\vinnvg ), (A3)

[||7r+0c, na,0f| + |nt e Boal + |nt B a, aoc\)]

30-1/2) [T-1)2
\ 20+1/2)

a+(v|vs)/2

Cep = —
6b \/5

J+3/2
2(J+1/2)

—\/; /! *II/ 2 o (viilvs) 2 (A5)

Setting J = No + 1/2 gives the value of ¢4, listed in the table.

We confirm by explicit calculation of these matrix elements
that (* 2#5C1*£7) = 0 for paths 2 and 8 (which are intention-
ally missing in Fig. 5), in accord with the selection rule AN =0, 1
for case (b).

The matrix elements for the perturbation of *IT state by the *=*
state are calculated in a similar fashion and are listed in Table IL
The matrix elements in this table are for the regular *IT state. For the
inverted state, a+ should be replaced by —a., and ¢3, and ¢4, should
be interchanged.

J+3/2

- ﬂ+<VH|V2>/2\
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