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ABSTRACT

All reduced Wigner rotation matrix elements dJM′M(θ) can be evaluated very efficiently as a linear combination of either cos(Nθ) or sin(Nθ)
terms as N runs in unit steps from either 0 or 1

2 to J. Exact, infinite-precision formulas are derived here for the Fourier coefficients in
these dJM′M(θ) expressions by finding remarkable analytic solutions for the normalized eigenvectors of arbitrarily large matrices that rep-
resent the ĴY angular momentum operator in the basis of ĴZ eigenstates. The solutions involve collections of numbers WJ

m,n for (m, n)
= (J–M, J–N) ∈ [0, 2J] that satisfy the recursion relation (m + 1)WJ

m+1,n − 2(J − n)WJ
m,n + (2J − m + 1)WJ

m−1,n = 0. These quantities,
designated here as Wigner numbers, are proved to be integers that exhibit myriad intriguing mathematical properties, including various
closed combinatorial formulas, (M, N) sum rules, three separate M-, N-, and J-recursion relations, and a large-J limiting differential equa-
tion whose applicable solutions are products of a polynomial and a Gaussian function in the variable z = −21/2(J + 1)−1/2M. Accordingly,
the Wigner numbers constitute a new thread of mathematics extending outside the context of their immediate discovery. In the midst of
the WJ

m,n proofs, a class of previously unknown combinatorial summation identities is also found from Wigner number orthonormalization
conditions.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5135721., s

INTRODUCTION

The theory of angular momentum in quantum mechanics
is permeated by the Wigner name. Of particular interest are the
Wigner rotation matrices, D J

M′M(ϕ, θ, χ) = e−iM
′ϕdJM′M(θ)e

−iMχ ,
which find wide application in fields such as molecular spectroscopy,
quantum chemistry, nuclear structure, scattering theory, quantum
metrology, geodesy, and the theory of irreducible tensor opera-
tors.1–4 These functions depend on the Euler rotation angles (ϕ, θ, χ)
and are indexed by the quantum numbers for angular momentum
J ∈ {0, 1

2 , 1, 3
2 , 2, 5

2 , 3, ...} and its Z-components (M′, M) ∈ {−J, −J + 1,
. . ., J − 1, J}. The reduced Wigner matrices dJM′M(θ) can be obtained
by several established means, including explicit expressions, dif-
ferential equations, recursion relations, projection methods, and
boson operator techniques.4 New research regarding these matrices
continues to be published in recent years.5–19 The phase conven-
tions for dJM′M(θ) vary in the literature and thus warrant careful
attention.20

Equivalent to the original Wigner formula is the expression21

dJM′M(θ) =
√
(J + M′)!(J −M′)!(J + M)!(J −M)!

min[J−M′ ,J−M]

∑
σ=max[0,−(M′+M)]

×
(−1)J−M−σ[cos( 1

2θ)]
M′+M+2σ

[sin( 1
2θ)]

2J−M′−M−2σ

σ!(M + M′ + σ)!(J −M′ − σ)!(J −M − σ)!
,

(1)

in which σ is an integer index. The hypergeometric function 2F1
provides another explicit dJM′M(θ) equation,

dJM′M(θ) =
(−1)M

′
−M

(M′ −M)!

¿
Á
ÁÀ(J −M)!(J + M′)!
(J + M)!(J −M′)!

×[cos( 1
2θ)]

2J+M−M′
[sin(1

2θ)]
M′−M

× 2F1[M′ − J,−M − J,M′ −M + 1;−tan2
(1

2θ)], (2)
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which assumes that M′ ≥M. A related expression,

dJM′M(θ) =

¿
Á
ÁÀ (J −M)!(J + M)!
(J + M′)!(J −M′)!

[cos( 1
2θ)]

M+M′
[sin( 1

2θ)]
M−M′

×P(M−M
′ ,M+M′)

J−M (cos θ), (3)

invokes the Jacobi polynomials P(M−M
′ ,M+M′)

J−M given by

P(p,q)
m (x) = 2−m(m + p)!(m + q)!

min[m+p,m]

∑
σ=max[0,−q]

×
(x + 1)σ(x − 1)m−σ

σ!(m + p − σ)!(q + σ)!(m − σ)!
, (4)

when p, q, and m are integers. Alternative dJM′M(θ) formulas exist
that are analogous to Eqs. (2) and (3) but contain no half-argument
( 1

2θ) trigonometric functions.9

Two principal recursion relations for reduced Wigner matrices
are

2(M cos θ −M′)dJM′ ,M(θ) =
√
(J −M)(J + M + 1) sin θ dJM′ ,M+1(θ)

+
√
(J + M)(J −M + 1) sin θdJM′ ,M−1(θ)

(5)

and

(M −M′) cot( 1
2θ)d

J
M′ ,M(θ) =

√
(J + M)(J −M + 1) dJM′ ,M−1(θ)

+
√
(J + M′)(J −M′ + 1) dJM′−1,M(θ).

(6)

Another recursion formula2,8,16 exploited in the fast multipole
method is derived from Eq. (6) in the supplementary material. The
dJM′M(θ) functions can also be built up iteratively by applying the
differential equations,

√
(J ∓M′)(J ±M′ + 1) dJM′±1,M(θ)

= csc θ(M −M′ cos θ)dJM′ ,M(θ) ±
d
dθ

dJM′ ,M(θ) (7)

and
√
(J ∓M)(J ±M + 1)dJM′ ,M±1(θ)

= csc θ(M cos θ −M′)dJM′ ,M(θ) ∓
d
dθ

dJM′ ,M(θ). (8)

Finally, an elegant but inefficient projection operator scheme gives
the entire (2J + 1) × (2J + 1) reduced Wigner matrix as

dJ(θ) =
J

∑
N=−J

e−iNθ
J

∏
N′=−J
(≠N)

⎛

⎝

J(J)Y −N
′I(J)

N −N′
⎞

⎠
, (9)

where J(J)Y is the matrix of the ĴY operator in the basis of ĴZ eigenstates
and I(J ) is the corresponding identity matrix.

None of the equations given above provides an entirely satis-
factory means of ascertaining reduced Wigner rotation matrices for
arbitrary J. In particular, the original Wigner formula suffers from
well-documented catastrophic numerical errors for large values of
the angular momentum quantum number because loss of signifi-
cance occurs when large terms of the opposite sign in Eq. (1) nearly
cancel one another.10,11 To circumvent this large-number problem,
recursion algorithms have often been employed. Since these recur-
sion methods also require remedies for numerical instability, a num-
ber of procedures have been developed.8,14–19 Nevertheless, the most
effective general approach for dJM′M(θ) evaluation appears to be
Fourier representation.

Two recent papers10,11 on Fourier series for reduced Wigner
matrices are especially noteworthy. Tajima10 derived a closed com-
binatorial formula for dJM′M(θ) Fourier coefficients that involves
double summations, but the equation suffers from serious numerical
errors in ordinary floating-point calculations. Symbolic manipula-
tion software proved prohibitively time consuming for obtaining
exact summation results, and thus, high-precision arithmetic using
up to 74 digits for J ≤ 100 was carried out to obtain practical numer-
ical solutions. The time required to calculate the Fourier coefficients
for all dJM′M(θ) elements for a given J rose steeply with the angu-
lar momentum quantum number, and for J = 100, this task required
43 h of central processing unit (CPU) time on a 3.3 GHz Intel core-i7
3960X processor. Feng and co-workers11 addressed the Fourier coef-
ficient inefficiency and numerical instability problems via a straight-
forward approach utilizing standard numerical methods to obtain
the eigenvectors of the ĴY operator in the basis of ĴZ eigenstates. They
reported accurate evaluation of dJM′M(θ) matrices and their deriva-
tives for J values up to a few thousand. Notwithstanding the overall
success of the method, a numerical issue persists in that large rela-
tive errors occur in peripheral (M′, M) cases for which dJM′M(θ) is
already minute.

As detailed below, the Fourier series approach to dJM′M(θ)
evaluation is readily apparent from the defining equations for
the Wigner rotation matrices. Executing the procedure for very
small values of J has been a pedagogical exercise in some grad-
uate quantum mechanics classes for decades. From the perspec-
tive of analytic mathematics, extension of the method to practi-
cal systems has been blocked by the need to find the eigenvectors
of the matrix of the ĴY operator. In response, this paper reports
exact, analytic solutions for the normalized ĴY eigenvectors that
hold for any value of J. These solutions involve combinatorial fac-
tors and a new class of integers WJ

m,n named here Wigner num-
bers. Rigorous mathematical proofs and analyses are devoted in this
paper to discovering the properties of Wigner numbers, and the
wealth of their characteristics gives them a life of their own. A new
thread of mathematics is thereby developed that may find applica-
tion well beyond the exact and universal determination of dJM′M(θ)
functions.

WIGNER ROTATION MATRICES FROM Ĵ Y
EIGENVECTORS

The Wigner rotation matrices are defined as matrix elements
of the operator R̂(ϕ, θ, χ) for Euler-angle rotations in the basis of ĴZ
eigenstates,
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D J
M′M(ϕ, θ, χ) = ⟨JM′∣R̂(ϕ, θ, χ)∣JM⟩

= ⟨JM′∣e−iϕĴZe−iθĴYe−iχĴZ ∣JM⟩

= e−iM
′ϕe−iMχdJM′M(θ). (10)

The reduced dJM′M(θ) functions are given by

dJM′M(θ) = ⟨JM
′
∣e−iθĴY ∣JM⟩ =

J

∑
N=−J

CJ
M′ ,N(C

J
M,N)

∗e−iNθ, (11)

where CJ
M,N denotes the eigenvector coefficients for eigenvalue N of

the matrix ⟨JM′∣ĴY∣JM⟩. These coefficients are precisely those com-
puted by Feng et al.11 using standard numerical methods. The large-
number problem in evaluating Wigner reduced rotation matrices is
solved by Eq. (11) because the CJ

M,N coefficients are elements of nor-
malized eigenvectors, and thus, the magnitude of the summand in
these equations cannot exceed unity.

Standard ladder-operator techniques in angular momentum
theory1–3 provide the matrix elements,

⟨JM∣ĴY∣JM′⟩ = 1
2i

√
(J −M + 1)(J + M) δM−1,M′

− 1
2i

√
(J + M + 1)(J −M) δM+1,M′ , (12)

and hence the eigenvectors of the ĴY matrix satisfy

1
2i

√
(J −M + 1)(J + M) CJ

M−1,N −NC
J
M,N

− 1
2i

√
(J + M + 1)(J −M)CJ

M+1,N = 0. (13)

A recursion procedure for the eigenvector coefficients is established
by adding the boundary conditions CJ

J+1,N = C
J
−J−1,N = 0. We require

the eigenvectors to be normalized and choose the phases such that if
J is integral, CJ

J,N is positive real, and if J is half-integral, CJ
J,N is pos-

itive imaginary. The CJ
M,N coefficients obey the following symmetry

properties:

CJ
M,N = (−1)M+N−JCJ

−M,N = (−1)J−MCJ
M,−N

= (−1)2J
(CJ

M,−N)
∗
= (−1)M+J

(CJ
M,N)

∗, (14)

as readily seen from Eq. (13).
Equation (14) yields the following dJM′M(θ) symmetry relations

straightforwardly:

dJM′M(θ) = d
J
−M,−M′(θ) = (−1)M−M

′

dJMM′(θ)

= dJMM′(−θ) = (−1)J+M
′

dJ
−M′ ,M(θ − π). (15)

From Eqs. (11) and (14),

dJM′M(θ) = (−1)M+J
J

∑
N=−J

CJ
M′ ,NC

J
M,Ne

−iNθ, (16)

which can be reduced to trigonometric functions by defining

N0 =

⎧⎪⎪
⎨
⎪⎪⎩

0 J integral,
1
2 J odd half - integral.

(17)

In particular, Eq. (16) combined with Eq. (14) yields

dJM′M(θ) = (−1)M+J
J

∑
N=N0

1
1 + δN,0

(CJ
M′ ,NC

J
M,Ne

−iNθ

+CJ
M′ ,−NC

J
M,−Ne

iNθ
) ⇒ (18)

dJM′M(θ) = (−1)M+J
J

∑
N=N0

CJ
M′ ,NC

J
M,N

1 + δN,0
[e−iNθ + (−1)M

′
−MeiNθ

] (19)

because J −M must be an integer, whence (−1)M
′+M−2J

= (−1)M
′
−M .

From Eq. (19), we conclude that

dJM′M(θ) = 2(−1)M+J
J

∑
N=N0

CJ
M′ ,NC

J
M,N

1 + δN,0
cos(Nθ) (M′ −M even)

(20)
and

dJM′M(θ) = −2i(−1)M+J
J

∑
N=N0

CJ
M′ ,NC

J
M,N sin(Nθ) (M′ −M odd).

(21)

Ĵ X AND ĴY EIGENVECTORS FROM WIGNER NUMBERS

The eigenvector coefficients can be represented as

CJ
M,N = i

J−M+2N0αJNW
J
J−M,J−N

√
(J + M)!(J −M)!, (22)

in which

αJN =
1

2J
√
(J + N)!(J −N)!

(23)

is a normalization constant whose form is proved below. The first
step to determine the unknown quantities WJ

J−M,J−N is to insert
Eq. (22) into Eq. (13) and then divide out iJ−M+2N0αJN . Subsequently,
all factorial terms can be collected under square roots, and the
common factor 1

2

√
(J + M)!(J −M)! can be factored out.

The resulting recursion formula for M ∈ [−J, J] is

(J −M + 1)WJ
J−M+1,J−N − 2NWJ

J−M,J−N

+ (J + M + 1)WJ
J−M−1,J−N = 0, (24)

provided that the boundary conditions

WJ
0,J−N = 1 and WJ

−1,J−N = 0 (25)

are affixed. The associated properties arising from Eq. (14) are that
WJ

J−M,J−N must be real and

WJ
J−M,J−N = (−1)J−MWJ

J−M,J+N = (−1)J−NWJ
J+M,J−N

= (−1)M+NWJ
J+M,J+N . (26)

The indices in Eq. (24) can be streamlined by designating m = J −M
and n = J − N so that

(m + 1)WJ
m+1,n − 2(J − n)WJ

m,n + (2J −m + 1)WJ
m−1,n = 0 (27)

for (m, n) = 0, 1, . . ., 2J. This recursion equation is consistent with
WJ

m,n = 0 whenever m lies outside the range [0, 2J]. The WJ
m,n
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quantities satisfying Eq. (27) are designated here as Wigner num-
bers. It is transparent from the recursive formula that WJ

m,n is always
a rational number, but further investigation discussed below reveals
that all WJ

m,n values are in fact integers.
The matrix elements of the ĴX operator are given by

⟨JM∣ĴX∣JM′⟩ = 1
2

√
(J −M + 1)(J + M) δM−1,M′

+ 1
2

√
(J + M + 1)(J −M) δM+1,M′ . (28)

Hence, the eigenvector coefficients corresponding to eigenvalue P
are determined by

√
(J −M + 1)(J + M) CJ

M−1,P − 2PCJ
M,P

+
√
(J + M + 1)(J −M)CJ

M+1,P = 0. (29)

The same approach employed above for the ĴY eigenvectors yields
the solution to Eq. (29) as

CJ
M,P =

i2N0WJ
J−M,J−P

2J

¿
Á
ÁÀ(J + M)!(J −M)!
(J + P)!(J − P)!

, (30)

where WJ
J−M,J−P is also a Wigner number.

WIGNER ROTATION MATRICES FROM WIGNER
NUMBERS

Because (−1)2N0 i2J−M
′
−M
= (−1)J−M

′+2N0 iM
′
−M , the product of

two eigenvector coefficients from Eq. (22) can be written as

CJ
M′ ,NC

J
M,N = (−1)J−M

′+2N0 iM
′
−MnJM′n

J
Mc

J
M′M(N), (31)

where

cJM′M(N) =
WJ

J−M′ ,J−NW
J
J−M,J−N

(J + N)!(J −N)!
(32)

and

nJM = 2−J
√
(J + M)!(J −M)!. (33)

If M′ −M = 2p is even, then

dJM′M(θ) = 2(−1)pnJM′n
J
M

J

∑
N=N0

cJM′M(N)
1 + δN,0

cos(Nθ). (34)

Otherwise, if M′ −M = 2p − 1 is odd, then

dJM′M(θ) = 2(−1)pnJM′n
J
M

J

∑
N=N0

cJM′M(N) sin(Nθ). (35)

Equations (34) and (35) show that dJM′M(θ) can always be repre-
sented without approximation as a linear combination of a finite
number of either cos(Nθ) or sin(Nθ) terms. An additional merit is
that once this representation is known, then arbitrary-order deriva-
tives of dJM′M(θ) can be derived trivially, in contrast to the circum-
stances of Eq. (1). The Fourier coefficients in the dJM′M(θ) expres-
sions are given exactly by Eqs. (32) and (33), averting the need for
numerical determination of ĴY eigenvectors. The requisite Wigner
numbers can be computed very efficiently by the recursion formu-
las [Eq. (24) or (27)], although explicit closed-form expressions for
these integers exist, as derived below. These calculations should be
executed using integer arithmetic rather than floating-point oper-
ations in order to prevent possible loss of precision. It is apparent
from Eqs. (32)–(35) that a convenient and maximally reduced way
to exactly express and record Fourier series for the Wigner rotation
matrices is

dJM′M(θ) =
√

ρJ,M
′M

0

J

∑
N=N0

ρJ,M
′M

N,1

ρJ,M
′M

N,2

f (Nθ), (36)

where all of the ρJ,M
′M quantities are integers and f (x) = [cos(x),

sin(x)], whenever M′ −M is (even, odd). In fact, our exhaustive tests
lead to the following conjectures for J > 0: the prime factorization
of ρJ,M

′M
0 contains 2 no more than once, ρJ,M

′M
N,1 is an odd num-

ber, and ρJ,M
′M

N,2 equals 2 raised to a non-negative integral power less
than 2J.

For all dJM′M(θ) cases with J ≤ 50, our Fourier representa-
tions were confirmed to be mathematically identical to those given
by Mathematica based on Eq. (1);22 however, onerous trigono-
metric substitutions implemented within the FullSimplify com-
mand of Mathematica are necessary to demonstrate this equiva-
lence. In addition, our Fourier coefficients reproduce to standard
double precision all the numerical values for J ≤ 50 given as sup-
plementary data by Tajima.10 To illustrate the infinite precision
of our method, Table I lists some example terms appearing in
Eq. (36) for selected dJM′M(θ) cases with J = 80. Although these
terms have been maximally reduced, integers are found therein
with as many as 44 digits. Some example sets of ρJ,M

′M integers
are given in the supplementary material for J = 500, 800, 1000,
and 5000; in the latter case, the integers have as many as 2294
digits.

TABLE I. Some exact Fourier contributions [Eq. (36)] to selected dJM′M(θ) matrix elements for J = 80.

(M′, M) = (−14, 68) 2−155
(16 084 549 869 640 104 875)

√
839 949 057 558 148 542 034 690 372 778 065 cos(73θ)

(M′, M) = (−21, 64) 2−150
(123 880 549 096 465 021 374 191 311 135)

√
20 649 343 335 219 713 852 083 693 347 sin(31 θ)

(M′, M) = (−80, 78) −2−154
(50 147 594 357 793 823 553 977 616 732 735 263 859 755 855)

√
795 cos(3 θ)

(M′, M) = (1, 0) −2−153
(8 066 175 552 027 489 352 731 945 121 584 871 325 410 005)

√
5 sin(8 θ)

(M′, M) = (−52, 64) 2−152
(42 211 582 681 175 906 077 299 959 132 386 535 235)

√
21 288 074 485 cos(28 θ)
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SUM RULES FOR WIGNER NUMBERS

The CJ
M,N coefficients comprise the orthonormal eigenvectors

of the Hermitian matrix ⟨JM′∣ĴY∣JM⟩. Thus, the CJ
M,N quantities

collectively form a unitary matrix; whence,

J

∑
M=−J

CJ
M,N′(C

J
M,N)

∗

= δN′ ,N (37)

and

J

∑
N=−J

CJ
M′ ,N(C

J
M,N)

∗

= δM′ ,M . (38)

Substituting Eq. (22) into Eqs. (37) and (38) provides two sum rules
for Wigner numbers,

J

∑
M=−J

WJ
J−M,J−N′W

J
J−M,J−N(J + M)!(J −M)! =

δN,N′

(αJN)
2 (39)

and

J

∑
N=−J

WJ
J−M′ ,J−NW

J
J−M,J−N(α

J
N)

2
=

δM′ ,M
(J + M)!(J −M)!

. (40)

If Eq. (23) is adopted for the normalization constants αJN , these sum
rules become

J

∑
M=−J

WJ
J−M,J−N′W

J
J−M,J−N(J + M)!(J −M)! = 4J(J+N)!(J−N)! δN′ ,N

(41)
and

J

∑
N=−J

WJ
J−M′ ,J−NW

J
J−M,J−N

4J(J + N)!(J −N)!
=

δM′ ,M
(J + M)!(J −M)!

. (42)

NORMALIZATION AND N -RECURSION OF WIGNER
NUMBERS

The customary raising (Ĵ+) and lowering (Ĵ−) operators for the
eigenstates of ĴZ are ubiquitous in angular momentum theory. Cyclic
permutation of the (X, Y, Z) axes in the expressions for Ĵ± yields cor-
responding ladder operators Ĵ(Y)

±
for the ĴY component. Specifically,

Ĵ(Y)
±
= ĴZ ± iĴX = ĴZ ± 1

2 iĴ+ ±
1
2 iĴ−, (43)

whose effects on the eigenstates of ĴY and ĴZ, respectively, are
given by

Ĵ(Y)
±
∣JN⟩ =

√
(J ∓N)(J ±N + 1) ∣J,N ± 1⟩ (44)

and

Ĵ(Y)
±
∣JM′⟩ =M′∣JM′⟩ ± 1

2 i
√
(J −M′)(J + M′ + 1) ∣J,M′ + 1⟩

± 1
2 i
√
(J + M′)(J −M′ + 1) ∣J,M′ − 1⟩. (45)

In the representation of the eigenstates of ĴY in the |JM′⟩ basis,

∣JN⟩ =
J

∑
M′=−J

CJ
M′ ,N ∣JM

′
⟩, (46)

Ĵ(Y)
±

can be applied to both sides via Eqs. (44) and (45) to yield

J

∑
M′=−J

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

[
√
(J ∓N)(J ±N + 1)CJ

M′ ,N±1 −M
′ CJ

M′ ,N]∣JM
′
⟩

∓ 1
2 iC

J
M′ ,N

√
(J −M′)(J + M′ + 1) ∣J,M′ + 1⟩

∓ 1
2 iC

J
M′ ,N

√
(J + M′)(J −M′ + 1) ∣J,M′ − 1⟩

⎫⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎭

= 0.

(47)

Projection of ⟨JM| onto Eq. (47) produces

J

∑
M′=−J

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

[
√
(J ∓N)(J ±N + 1)CJ

M′ ,N±1 −M
′ CJ

M′ ,N]δM,M′

∓ 1
2 iC

J
M′ ,N

√
(J −M′)(J + M′ + 1) δM,M′+1

∓ 1
2 iC

J
M′ ,N

√
(J + M′)(J −M′ + 1) δM,M′−1

⎫⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎭

= 0.

(48)

The Kronecker delta factors in Eq. (48) cause the summation to
collapse into three terms, providing an initial N-recursion formula,

√
(J ∓N)(J ±N + 1)CJ

M,N±1

=MCJ
M,N ±

1
2 iC

J
M−1,N

√
(J −M + 1)(J + M)

± 1
2 i C

J
M+1,N

√
(J + M + 1)(J −M). (49)

Equation (49) can be converted into a Wigner number relation by
inserting Eq. (22) for the eigenvector coefficients and dividing out
√
(J + M)!(J −M)! from both sides. The result can be written as

RJ
N,±W

J
J−M,J−N∓1 =MWJ

J−M,J−N ∓
1
2(J −M + 1)WJ

J−M+1,J−N

± 1
2(J + M + 1)WJ

J−M−1,J−N , (50)

where

RJ
N,± =

√
(J ∓N)(J ±N + 1)(

αJN±1

αJN
) =

βJN±1

βJN
(J ∓N) (51)

and

βJN = α
J
N

√
(J + N)!(J −N)!. (52)

The WJ
J−M+1,J−N term can be eliminated from the right side of

Eq. (50) via Eq. (24); hence,

(J ∓N)βJN±1W
J
J−M,J−N∓1 = (M ∓N)β

J
N WJ

J−M,J−N

±(J + M + 1)βJN WJ
J−M−1,J−N . (53)

In the particular case of M = J and N ≠ ±J, Eq. (53) yields
βJN±1W

J
0,J−N∓1 = β

J
NW

J
0,J−N . Remembering Eq. (25), we conclude that

βJN±1 = βJN = βJ , demonstrating that this quantity is independent of
N. Therefore, the βJ terms can be divided out of Eq. (53) to obtain

(J ∓N)WJ
J−M,J−N∓1 = (M ∓N)W

J
J−M,J−N ± (J + M + 1)WJ

J−M−1,J−N .

(54)
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By adding the plus and minus variants of Eq. (54), we arrive at a final
N-recursion formula,

(2J − n)WJ
m,n+1 − 2(J −m)WJ

m,n + nWJ
m,n−1 = 0, (55)

where m = J − M and n = J − N as before. According to Eq. (97)
presented below,

WJ
m,0 = (

2J
m ), (56)

which is sufficient to start a recursive algorithm based on Eq. (55)
with n = 0 because the term involving WJ

m,−1 vanishes.
To ascertain βJ , Eq. (40) can be applied when M′ = M = J,

J

∑
N=−J
(WJ

0,J−N)
2
(αJN)

2
= (βJ)2

J

∑
N=−J

1
(J + N)!(J −N)!

=
1
(2J)!

. (57)

However, elementary sum rules23 for binomial coefficients yield

J

∑
N=−J

1
(J + N)!(J −N)!

=
1
(2J)!

J

∑
N=−J
(

2J
J + N)

=
1
(2J)!

2J

∑
q=0
(

2J
q ) =

4J

(2J)!
. (58)

Combining Eqs. (57) and (58) reveals that βJ = 2−J , and placing this
simple result into Eq. (52) proves Eq. (23). This general derivation
of the normalization constant is meritorious not merely for ele-
gance because direct attempts to evaluate αJN on a case-by-case basis
encounter daunting algebraic complexity.

WIGNER NUMBERS AS INTEGERS FROM
J -RECURSION

Developing a J-recursion formula for the Wigner numbers
requires evaluation of the change in WJ

m,n occurring when the quan-
tum number J is incremented by the minimum allowed amount of
1
2 . Specifically, an equation must be found for the quantity,

D J
m,n =W

J+ 1
2

m,n −W
J
m,n. (59)

Starting with the M-recursion formula for W
J+ 1

2
m,n obtained by making

the replacement J → J + 1
2 in Eq. (27) and then employing Eq. (59),

we arrive at

(m + 1)WJ
m+1,n − (2J + 1 − 2n)WJ

m,n + (2J + 2 −m)WJ
m−1,n

+ (m + 1)D J
m+1,n − (2J + 1 − 2n)D J

m,n + (2J + 2 −m)D J
m−1,n = 0.

(60)

Furthermore, Eq. (27) can be utilized again to eliminate WJ
m+1,n from

Eq. (60) and ascertain

WJ
m−1,n −W

J
m,n + (m + 1)D J

m+1,n − (2J + 1 − 2n)D J
m,n

+ (2J + 2 −m)D J
m−1,n = 0. (61)

An incisive rearrangement of terms in Eq. (61) gives

mD J
m+1,n − (2J − 2n)D J

m,n + (2J + 2 −m)D J
m−1,n

= D J
m,n −W

J
m−1,n −D

J
m+1,n + WJ

m,n. (62)

The right side of Eq. (62) vanishes manifestly if D J
m,n = WJ

m−1,n for
all m; moreover, this equivalence also causes the left side of Eq. (62)
to vanish as a consequence of Eq. (27). Hence, a remarkably simple
solution is discovered for J-recursion,

W
J+ 1

2
m,n =W

J
m,n + WJ

m−1,n, (63)

which is valid for m ∈ [0, 2J + 1] and n ∈ [0, 2J], recognizing that
WJ
−1,n =W

J
2J+1,n = 0.

An additional J-recursion equation is required to completely

determine all W
J+ 1

2
m,n values because the n = 2J + 1 case is not cov-

ered by Eq. (63). For this purpose, we go to Eq. (54), make the
replacement J → J + 1

2 , and choose the lower sign to find that

(2J + 1 − n)W
J+ 1

2
m,n+1 = (2J + 1 −m − n)W

J+ 1
2

m,n − (2J −m + 2)W
J+ 1

2
m−1,n.

(64)

Equation (63) can be used to eliminate W
J+ 1

2
m,n and W

J+ 1
2

m−1,n from the
right side of Eq. (64), providing

(2J + 1 − n)W
J+ 1

2
m,n+1 = (2J + 1 −m − n)WJ

m,n − (n + 1)WJ
m−1,n

−(2J −m + 2)WJ
m−2,n. (65)

According to Eq. (27), the replacement (2J − m + 2)WJ
m−2,n → (2J

−2n)WJ
m−1,n−mWJ

m,n can be made on the right side of Eq. (65), and
subsequent extensive cancellation of terms reveals that

W
J+ 1

2
m,n+1 =W

J
m,n −W

J
m−1,n, (66)

with the same (m, n) ranges of validity as in Eq. (63). Setting n = 2J

in Eq. (66) provides the quantities W
J+ 1

2
m,2J+1 that are not given by

Eq. (63).
The complementary recursion relations of Eqs. (63) and (66)

allow all Wigner numbers to be built up by successive additions from
the root quantity W0

0,0 = 1. This fact proves that all Wigner num-
bers are integers, a nontrivial conclusion from the perspective of the
defining condition alone [Eq. (27)]. To illustrate the characteristics
of Wigner numbers, arrays of WJ

m,n values are given in Table II for
J = 5 and J = 11

2 , while more extensive tabulations appear in the
supplementary material for all allowed J values between 0 and 12.

COMBINATORIAL FORMULAS FOR WIGNER NUMBERS

The first combinatorial equation proved here for the Wigner
numbers takes the form

WJ
m,J−N =

m

∑
q=0
(
N
q )

⌊
1
2 (m−q)⌋

∑
p=0

Am
q,p(

J
p), (67)

in which the Am
q,p coefficients are chosen to satisfy the defining recur-

sion relation [Eq. (27)]. For convenience in formal manipulations,
Am
q,p can be set to 0 if either of the subscripts lies outside the ranges

0 ≤ q ≤ m and 0 ≤ p ≤ ⌊ 1
2(m − q)⌋. Inserting Eq. (67) into Eq. (27)

gives
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TABLE II. Arrays of Wigner numbers WJ
m,n for J = 5 and 11

2 .

J = 5 n
0 1 2 3 4 5 6 7 8 9 10

0 1 1 1 1 1 1 1 1 1 1 1
1 10 8 6 4 2 0 −2 −4 −6 −8 −10
2 45 27 13 3 −3 −5 −3 3 13 27 45
3 120 48 8 −8 −8 0 8 8 −8 −48 −120
4 210 42 −14 −14 2 10 2 −14 −14 42 210

m 5 252 0 −28 0 12 0 −12 0 28 0 −252
6 210 −42 −14 14 2 −10 2 14 −14 −42 210
7 120 −48 8 8 −8 0 8 −8 −8 48 −120
8 45 −27 13 −3 −3 5 −3 −3 13 −27 45
9 10 −8 6 −4 2 0 −2 4 −6 8 −10

10 1 −1 1 −1 1 −1 1 −1 1 −1 1

J = 11
2 n

0 1 2 3 4 5 6 7 8 9 10 11

0 1 1 1 1 1 1 1 1 1 1 1 1
1 11 9 7 5 3 1 −1 −3 −5 −7 −9 −11
2 55 35 19 7 −1 −5 −5 −1 7 19 35 55
3 165 75 21 −5 −11 −5 5 11 5 −21 −75 −165
4 330 90 −6 −22 −6 10 10 −6 −22 −6 90 330

m 5 462 42 −42 −14 14 10 −10 −14 14 42 −42 −462
6 462 −42 −42 14 14 −10 −10 14 14 −42 −42 462
7 330 −90 −6 22 −6 −10 10 6 −22 6 90 −330
8 165 −75 21 5 −11 5 5 −11 5 21 −75 165
9 55 −35 19 −7 −1 5 −5 1 7 −19 35 −55

10 11 −9 7 −5 3 −1 −1 3 −5 7 −9 11
11 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1

(m + 1)
m+1

∑
q=0
(
N
q )

⌊
1
2 (m−q+1)⌋

∑
p=0

Am+1
q,p (

J
p) − (m − 1)

m−1

∑
q=0
(
N
q )

⌊
1
2 (m−q−1)⌋

∑
p=0

Am−1
q,p (

N
q )

= 2
m

∑
q=0

N(Nq )
⌊

1
2 (m−q)⌋

∑
p=0

Am
q,p(

J
p) − 2

m−1

∑
q=0
(
N
q )

⌊
1
2 (m−q−1)⌋

∑
p=0

Am−1
q,p J( Jp). (68)

The general theorem

Z(Zr ) = r(
Z
r ) + (r + 1)( Z

r + 1) (69)

can be used for both (Z, r) = (N, q) and (Z, r) = (J, p) on the right side of Eq. (68). Thus,

(m + 1)
m+1

∑
q=0
(
N
q )

⌊
1
2 (m−q+1)⌋

∑
p=0

Am+1
q,p (

J
p) − (m − 1)

m−1

∑
q=0
(
N
q )

⌊
1
2 (m−q−1)⌋

∑
p=0

Am−1
q,p (

J
p)

= 2
m

∑
q=0
[q(Nq ) + (q + 1)( N

q + 1)]
⌊

1
2 (m−q)⌋

∑
p=0

Am
q,p(

J
p)

− 2
m−1

∑
q=0
(
N
q )

⌊
1
2 (m−q−1)⌋

∑
p=0

Am−1
q,p [p(

J
p) + (p + 1)( J

p + 1)], (70)
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which can be rearranged to

m+1

∑
q=0
(
N
q )

⌊
1
2 (m−q+1)⌋

∑
p=0

(
J
p)[(m + 1)Am+1

q,p − (m − 1)Am−1
q,p − 2qAm

q,p + 2pAm−1
q,p ]

= 2
m

∑
q=0
(q + 1)( N

q + 1)
⌊

1
2 (m−q)⌋

∑
p=0

Am
q,p(

J
p) − 2

m−1

∑
q=0
(
N
q )

⌊
1
2 (m−q−1)⌋

∑
p=0

Am−1
q,p (p + 1)( J

p + 1). (71)

Finally,

m+1

∑
q=0
(
N
q )

⌊
1
2 (m−q+1)⌋

∑
p=0

(
J
p)[(m + 1)Am+1

q,p − (m − 1)Am−1
q,p − 2qAm

q,p − 2qAm
q−1,p + 2pAm−1

q,p + 2pAm−1
q,p−1] = 0 (72)

is obtained by reindexing the summations on the right side of
Eq. (71) and employing the aforementioned Am

q,p boundaries to bring
all summation limits into confluence.

In order to satisfy Eq. (72) for all N and J, the Am
q,p coefficients

must obey

(m+ 1)Am+1
q,p = (m−2p−1)Am−1

q,p + 2q(Am
q,p +Am

q−1,p)−2pAm−1
q,p−1. (73)

This condition can be simplified by making the substitution

Am
q,p = 2q(−1)pBm−2p,q (74)

to obtain

(s + 1)Bs+1,q = (s − 1)Bs−1,q + q(2Bs,q + Bs,q−1), (75)

where s = m − 2p. It is straightforward to show from the definition
of binomial coefficients that the desired solution to Eq. (75) is

Bs,q = (
s − 1
q − 1). (76)

Therefore, for 0 ≤ q ≤m and 0 ≤ p ≤ ⌊ 1
2(m − q)⌋,

Am
q,p = 2q(−1)p(m − 2p − 1

q − 1 ). (77)

In summary, the Wigner numbers are given explicitly by the combi-
natorial formula,

WJ
m,J−N =

m

∑
q=0

2q(Nq )
⌊

1
2 (m−q)⌋

∑
p=0

(−1)p(m − 2p − 1
q − 1 )(

J
p), (78)

which works even for negative N and half-integral J. In fact, Eq. (78)
is valid for continuous values of N; hence, it allows WJ

m,J−N to be
differentiated with respect to N. The q = 0 terms in the summation

for WJ
m,J−N are not problematic because (m − 2p − 1

−1 ) = δm,2p.

The order of summations in Eq. (78) can be reversed upon care-
ful analysis of the index ranges to obtain a second combinatorial
formula,

WJ
m,J−N =

⌊
1
2 m⌋

∑
p=0
(−1)p( Jp)

m−2p

∑
q=0

2q(Nq )(
m − 2p − 1

q − 1 ). (79)

Moreover, as proved in the supplementary material,

s

∑
q=0

2q(Nq )(
s − 1
q − 1) = (2N)2F1(1 −N, 1 − s, 2, 2) = 2P(1,−N−s)

N−1 (−3)

(80)

for s > 0, where 2F1 denotes the (Gaussian) hypergeometric func-
tion and P(p,q)

m (x) is a Jacobi polynomial. Therefore, Eq. (79) yields a
third combinatorial relation that is best represented by the following
pair of equations:

WJ
2k,J−N = (−1)k( Jk) + 2

k−1

∑
p=0
(
J
p)(−1)pP(1,2p−2k−N)

N−1 (−3) (81)

and

WJ
2k+1,J−N = 2

k

∑
p=0
(
J
p)(−1)p P(1,2p−2k−N−1)

N−1 (−3), (82)

in which k ∈ [0, J] and k ∈ [0, J − 1] for the even and odd m cases,
respectively.

These combinatorial formulas can be profitably reduced for
cases in which N is a small integer. Such results generated from
Eqs. (81) and (82) can be cast into the following forms:

WJ
2k,J−N = (−1)k( Jk){1 −

2kεN+1

J + δJ,0
−
K(J −N)!

2J!

×[(J − 2k)εN+1 + εN]PE,N(J,K)} (83)

and

WJ
2k+1,J−N = 2(−1)k( J − 1

k ){N(1 −
2kεN

J − 1 + δJ,1
)

−
L(J −N)!
(J − 1)!

[(J − 2k − 1)εN + εN+1]PO,N(J,L)}, (84)
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TABLE III. Polynomials PE,N (J, K) and PO,N (J, L) specifying the Wigner numbers WJ
m,J−N for N = 0–9.

N PE,N(J,K) PO,N(J,L)

0 0 0
1 0 0
2 1 0
3 2 1
4 4(J2 − J + 2) − K 2
5 2(3J2 − 5J + 20) − 2K 5J2 − 19J + 28 − L
6 9J4 − 30J3 + 191J2 − 138J + 184 8(J2 − 5J + 12) − 2L−2K(3J2 − 3J + 20) + K2

7 4(3J4 − 14J 3 + 133J 2 − 154J + 392) 2(7J4 − 70J 3 + 361J 2 − 762J + 696)
−2K(5J2 − 7J + 70) + 2K2 −L(7J2 − 29J + 82) + L2

8 16(J6 − 7J5 + 91J4 − 205J3 + 796J2 − 484J + 528) 4(5J4 − 62J3 + 431J2 − 1206J + 1704)−4K(5J4 − 14J3 + 191J2 − 150J + 616) −4L(3J2 − 15J + 62) + 2L2
+8K2(J2 − J + 14) − K3

9 4(5J6 − 45J5 + 777J4 − 2403J3 + 13 578J2 − 12 888J + 26 176) 6(5J6 − 93J5 + 977J4 − 5123J3 + 16 226J2 − 25 960J + 18 624)
−6K(5J4 − 18J3 + 327J2 − 354J + 2128) −L (27J4 − 270J3 + 1961J2 − 5230J + 8496)

+2K2(7J2 − 9J + 168) − 2K3 +L2(9J2 − 39J + 184) − L3

where

εp = 1
2 [1 + (−1)p] =

⎧⎪⎪
⎨
⎪⎪⎩

1 p even

0 p odd
, (85)

K = 16k(J − k), (86)
L = 16k(J − k − 1), (87)

and PE,N(J, K) and PO,N(J, L) are polynomials listed in Table III for N
= 0–9. A benefit of the results in Table III is that the leading Fourier
coefficients in Eqs. (34) and (35) for the Wigner rotation matrices
and be readily computed for arbitrarily large integral values of J, M′,
and M.

These explicit Wigner number formulas give rise to a new class
of summation identities as an unexpected benefit. Setting N′ = 0 in
the sum rule of Eq. (41) gives

J

∑
k=0

WJ
2k,JW

J
2k,J−N(2J − 2k)!(2k)! = 4J(J!)2 δN,0; (88)

moreover,

WJ
2k,J = (−1)k( Jk) and WJ

2k+1,J = 0 (89)

are obtained from Eqs. (83) and (84) when N = 0. Combining
Eqs. (83), (88), and (89) produces the following summation condi-
tion:

J

∑
k=0
(
J
k)

2

(2J − 2k)!(2k)!SN(J, k) = 4J(J!)2 δN,0, (90)

in which

SN(J, k) = (J − 2kεN+1)
(J − 1)!
(J −N)!

− 1
2K[(J − 2k)εN+1 + εN]PE,N(J,K).

(91)
The SN(J, k) quantities can be recast in the form

SN(J, k) =
J!

(J −N)!
+

N

∑
p=1

bN,pkp, (92)

where the bN ,p coefficients are defined for N ≥ 1 as polynomi-
als in J that are independent of k. The diagonal coefficients are
merely bN ,N = (−1)N22N−1, whereas the off-diagonal bN ,p coeffi-
cients are tabulated in the supplementary material for 2 ≤ N ≤ 9 and
1 ≤ p ≤ N − 1.

Upon inserting Eq. (92) into Eq. (90) and defining

TJ,p =
1

4J(J!)2

J

∑
k=0
(4k)p( Jk)

2

(2J − 2k)!(2k)!, (93)

the summation condition becomes

J!
(J −N)!

TJ,0 +
N

∑
p=1

4−pbN,p TJ,p = δN,0. (94)

Equation (94) yields
TJ,0 = 1 (95)

for N = 0 and

TJ,N = 2(−1)N+1
⎡
⎢
⎢
⎢
⎢
⎣

J!
(J −N)!

+
N−1

∑
p=1

TJ,p4−pbN,p

⎤
⎥
⎥
⎥
⎥
⎦

(96)

for N > 0. Iterative application of Eq. (96) for successively larger val-
ues of N produces the set of results reported in Table IV. These
remarkable summation identities appear to not have been pub-
lished heretofore, and their existence would be an enigma with-
out knowledge of the mathematical machinery of Wigner num-
bers. Analogously, a previous paper7 on the mathematical form
of Wigner rotation matrix elements reported closed forms for a
series of simpler summations involving products of two binomial
coefficients.
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TABLE IV. A class of summation identities arising from Wigner number orthonormalization.

TJ,p =
1

4J(J!)2

J
∑
k=0
(4k)p(Jk)

2
(2J − 2k)!(2k)! = 1

2J
J
∑
k=0
(4k)p (2J−2k−1)!!(2k−1)!!

k!(J−k)!

TJ ,0 = 1
TJ ,1 = 2J
TJ ,2 = 2J(3J + 1)
TJ ,3 = 4J2(5J + 3)
TJ ,4 = 2J(35J3 + 30J2 + J − 2)
TJ ,5 = 4J2(63J3 + 70J2 + 5J − 10)
TJ,6 = 2J(462J5 + 630J4 + 70J3

− 150J2
− 4J + 16)

TJ,7 = 4J2
(858J5 + 1386J4 + 210J3

− 490J2
− 28J + 112)

TJ,8 = 2J(6435J7 + 12 012J6 + 2310J5
− 5880J4

− 525J3 + 2268J2 + 36J − 272)
TJ,9 = 4J2

(12 155J7 + 25 740J6 + 6006J5
− 16 632J4

− 2037J3 + 9660J2 + 324J − 2448)

A final combinatorial formula for the Wigner numbers is moti-
vated by analyses10,15,24 that have related the coefficients in a Fourier
representation of dJM′M(θ) to special values of these functions given
by Eq. (1) for θ = 1

2π. Comparing our Eqs. (34) and (35) to
Eqs. (11)–(13) of Ref. 10 or Eq. (5) of Ref. 24 leads to the following
ansatz:

WJ
m,n =

min[m,2J−n]

∑
σ=max[0,m−n]

(−1)m+σ
(

2J − n
σ )(

n
m − σ ) (97)

or its alternative form

WJ
m,n = (−1)mn! (2J − n)!

min[m,2J−n]

∑
σ=max[0,m−n]

×
(−1)σ

σ!(2J − n − σ)!(m − σ)!(n −m + σ)!
. (98)

These formulas can be proved by showing that Eq. (98) obeys the J-
recursion conditions for Wigner numbers. Outside the summation
limits of Eq. (98), at least one factorial argument is a negative inte-
ger, giving an unbound quantity in the denominator and hence zero
contribution to the sum; therefore, summation limits need not be
considered in the proof.

For an incremented J, Eq. (98) provides

W
J+ 1

2
m,n = (−1)mn! (2J − n)!∑

σ

(−1)σ

σ!(2J − n − σ)!(m − σ)!(n −m + σ)!

×[
(2J − n + 1)
(2J − n − σ + 1)

]. (99)

The term in brackets in Eq. (99) is equivalent to 1 + σ(2J − n − σ
+ 1)−1 so that

W
J+ 1

2
m,n =W

J
m,n + (−1)mn! (2J − n)!∑

σ

×
(−1)σ

(σ − 1)!(2J − n − σ + 1)!(m − σ)!(n −m + σ)!
. (100)

Setting σ → ν + 1 to reindex the summation yields

W
J+ 1

2
m,n =W

J
m,n + (−1)m−1n! (2J − n)!∑

ν

×
(−1)ν

ν!(2J − n − ν)!(m − 1 − ν)!(n −m + 1 + ν)!
. (101)

Because the summation on the right side of Eq. (101) gives WJ
m−1,n,

Eq. (63) is satisfied. Now returning to Eq. (98),

W
J+ 1

2
m,n+1 = (−1)mn! (2J − n)!∑

σ

(−1)σ

σ!(2J − n − σ)!(m − σ)!(n −m + σ)!

×[
n + 1

(n −m + 1 + σ)
]. (102)

The term in brackets in Eq. (102) equals 1 + (m − σ)(n − m + 1
+ σ)−1; thus,

W
J+ 1

2
m,n+1 =W

J
m,n + (−1)mn! (2J − n)!∑

σ

×
(−1)σ

σ!(2J − n − σ)!(m − σ − 1)!(n −m + 1 + σ)!
. (103)

The summation on the right side of Eq. (103) is equal to −WJ
m−1,n,

showing that Eq. (66) is also satisfied. Finally, Eq. (98) clearly repro-
duces the root quantity W0

0,0 = 1. In summary, all the J-recursion
conditions are obeyed, proving that Eqs. (97) and (98) are valid
combinatorial formulas for Wigner numbers.

WIGNER NUMBERS AS N -POLYNOMIALS

A different representation of the Wigner numbers can be
derived by repeatedly applying the M-recursion formula [Eq. (27)]
with successively smaller values of m. To demonstrate the approach,
we adopt the shorthand notation u = 2N, v = 2J + 2, and wm =WJ

m,n
and write the recursion relation as

J. Chem. Phys. 151, 244122 (2019); doi: 10.1063/1.5135721 151, 244122-10

Published under license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

mwm = uwm−1 + (m − v)wm−2. (104)

Using the same equation to replace wm−1 on the right side of
Eq. (104) gives

m(m − 1)wm = [u2 + (m − 1)(m − v)]wm−2 + u(m − 1 − v)wm−3.

(105)

Iterating this procedure two more time yields

m(m − 1)(m − 2)wm

= u[u2 + (m − 1)(m − v) + (m − 2)(m − 1 − v)]wm−3

+ [u2 + (m − 1)(m − v)](m − 2 − v)wm−4 (106)

and then

m(m − 1)(m − 2)(m − 3)wm =

⎡
⎢
⎢
⎢
⎢
⎣

u4 + u2
(m − 1)(m − v) + u2

(m − 2)(m − 1 − v)

+u2
(m − 3)(m − 2 − v) + (m − 1)(m − 3)(m − y)(m − 2 − v)

⎤
⎥
⎥
⎥
⎥
⎦

wm−4

+ [u2 + (m − v)(m − 1) + (m − 2)(m − 1 − v)](m − 3 − v)uwm−5. (107)

After a total of m − 1 iterations in this manner, the Wigner numbers
appearing on the right side of the equation forwm becomew0 = 1 and
w−1 = 0. The coefficient of the former divided by m! thus comprises
a formula for wm as a polynomial in u. This formula can be written
in full notation as

WJ
m,J−N =

1
m!

⌊
1
2 m⌋

∑
q=0

GJ
m,q(2N)

m−2q, (108)

where the structure of theGJ
m,q coefficient, evident after iterating well

past Eq. (107), is

GJ
m,q =

m

∑
k1≥k2≥⋯≥kq≥2q

q

∏
j=1
(kj − 2j + 1)(kj − 2j − 2J). (109)

An alternative approach to finding N-polynomials for Wigner
numbers is to represent GJ

m,q as

GJ
m,q =

2qm!
(2q + 1)!(m − 2q)!

QJ
m,q (110)

within Eq. (108); hence,

WJ
2k,J−N = 4k

k−1

∑
q=0

QJ
2k,qN

2(k−q)

2q(2q + 1)!(2k − 2q)!
+

2kQJ
2k,k

(2k + 1)!
(111)

and

WJ
2k+1,J−N = 22k+1

k

∑
q=0

QJ
2k+1,qN

2(k−q)+1

2q(2q + 1)!(2k − 2q + 1)!
. (112)

Plugging Eq. (110) into Eq. (108) and inserting the result for WJ
m,J−N

into Eq. (27) provides

(m + 1)
⌊

1
2 (m+1)⌋

∑
q=0

2m+1−qQJ
m+1,qN

m−2q+1

(2q + 1)!(m − 2q + 1)!

−

⌊
1
2 m⌋

∑
q=0

2m−q+1QJ
m,qNm−2q+1

(2q + 1)!(m − 2q)!

+ (2J −m + 1)
⌊

1
2 (m−1)⌋

∑
q=0

2m−q−1QJ
m−1,qN

m−2q−1

(2q + 1)!(m − 2q − 1)!
= 0. (113)

Two modifications can be made to collect terms in Eq. (113). First,
the upper index on the second summation can be changed from
⌊ 1

2m⌋ to ⌊ 1
2(m + 1)⌋. If m is even, this change is immaterial; if m is

odd, then we encounter the case q = 1
2(m+1), which does not appear

in Eq. (108) so that we can define G J
m, 1

2 (m+1)
= 0 and QJ

m, 1
2 (m+1)

= 0
under these circumstances. Second, the lower limit on the third sum-
mation can be extended to q = −1, recognizing that [(−1)!]−1

= 0;
then, this summation can be reindexed with the replacement q → q
+ 1. The net result of these modifications is

⌊
1
2 (m+1)⌋

∑
q=0

[(m + 1)Q J
m+1,q + q(2q + 1)(2J −m + 1)QJ

m−1,q−1

−(m − 2q + 1)Q J
m,q]

2m−q+1Nm−2q+1

(2q + 1)!(m − 2q + 1)!
= 0. (114)

The solution for QJ
m,q which satisfies Eq. (114) is clearly

(m + 1)Q J
m+1,q = Q

J
m,q(m − 2q + 1) + q(2q + 1)(m − 2J − 1)QJ

m−1,q−1

(115)

for 0 ≤ q ≤ ⌊ 1
2(m + 1)⌋ and all m ≥ −1, with the initial conditions

QJ
m,0 = 1 and Q J

m,−1 = 0. Table V collects explicit algebraic QJ
m,q

formulas for q = 1–5.
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TABLE V. Leading coefficients for the representation of Wigner numbers as N-polynomials.

QJ
m,1 = m − 3J − 2

QJ
m,2 = 5J(3J − 2m + 5) + 1

3(m − 4)(5m − 7)
QJ

m,3 = 105J2
(m − J − 3) − 7J(5m2

− 32m + 42) + 1
9(m − 6)(35m2

− 147m + 124)
QJ

m,4 = 315J3
(3J − 4m + 14) + 63J2

(10m2
− 74m + 117) − 2J(70m3

− 819m2 + 2747m − 2565)

+ 1
15(m − 8)(175m3

− 1470m2 + 3509m − 2286)
QJ

m,5 = 3465J4
(5m–3J–20)–1155J3

(10m2–84m + 155) + 55J2
(70m3–924m2 + 3587m–4020)

− 11
3 J(175m4–3220m3 + 19 679m2–46 484m + 34 980) + 1

9(m–10)(385m4–5390m3

+ 24 959m2–44 242m + 24 528)

ASYMPTOTIC DIFFERENTIAL EQUATION FOR WIGNER
NUMBERS

By viewing m as a continuous quantity, WJ
m±1,n can be

expressed as the series expansion

WJ
m±1,n =Wn(J;m) ±W′

n(J;m) + 1
2W

′′

n (J;m)

± 1
6W

′′′

n (J;m) + 1
24W

(4)
n (J;m) +⋯. (116)

Using Eq. (116) to eliminate WJ
m±1,n from Eq. (27) provides the

following differential equation:

(n + 1)Wn(J;m) + (m − J)W′

n(J;m) + 1
2(J + 1)W′′

n (J;m)

= − 1
6(m − J)W

′′′

n (J;m) − 1
24(J + 1)W(4)

n (J;m). (117)

In terms of the variable,

z =
√

2(m − J)
√
(J + 1)

=
−
√

2M
√
(J + 1)

, (118)

Eq. (117) takes the form

(n + 1)Wn(J; z) + zW′

n(J; z) + W′′

n (J; z)

= −
1

6(J + 1)
[2zW′′′

n (J; z) + W(4)
n (J; z) +⋯]. (119)

In the limit of large J, the right side of Eq. (119) goes to 0. Thus, a
Wigner-number approximation W̃n(J; z) is obtained as a solution
to a second-order ordinary differential equation,

(n + 1)W̃n(J; z) + zW̃′

n(J; z) + W̃′′

n (J; z) = 0. (120)

Into this asymptotic equation, we can substitute

W̃n(J; z) = ωn,0Un(z)e−
1
2 z

2

, (121)

in which ωn ,0 is a constant, and thus arrive at a differential equation
for Un(z),

U′′n (z) − zU
′

n(z) + nUn(z) = 0. (122)

The series solution

Un(z) =
∞

∑
p=0

an,pzp (123)

yields the function Un(z) that modulates the Gaussian factor in
the asymptotic form of the Wigner numbers. Employing Eq. (123)
within Eq. (122) produces the condition

∞

∑
p=0
[an,p(n − p) + an,p+2(p + 1)(p + 2)]zp = 0, (124)

which requires the coefficients to obey the recursion relation

an,p+2 =
an,p(p − n)
(p + 1)(p + 2)

. (125)

Equation (125) shows that the power series for Un(z) truncates when
p = n; moreover, each coefficient is independent of its immediate
predecessor. Accordingly, Un(z) must be either an even or odd poly-
nomial of order n. If the coefficient of the highest power of z in Un(z)
is chosen to be 1, then Eq. (125) yields the following explicit formulas
for 0 ≤ k ≤ ⌊ 1

2n⌋:

an,2k =
(−1)n/2−kn!
(2k)!(n − 2k)!!

(n even) (126)

and

an,2k+1 =
(−1)(n−1)/2−kn!

(2k + 1)!(n − 2k − 1)!!
(n odd). (127)

Table VI presents the Un(z) polynomials for n = 0–9. It is evident
from Table VI and straightforward to prove from Eqs. (126) and
(127) that the Un(z) polynomials obey the simple recursion relation

Un+1(z) = zUn(z) − nUn−1(z). (128)

The class of functions W̃n(J; z) becomes completely specified if
each ωn ,0 constant in Eq. (121) is chosen to reproduce the nonzero
WJ

m,n integer whose corresponding m value is closest to or coincides
with the central point at z = 0. Even at low J, these W̃n(J; z) functions
provide a valuable means of interpreting the WJ

m,n quantities and
suggest a continuous representation Wn(J;z) of the Wigner numbers
that is exact and physically sound. In particular, the asymptotic form
of W̃n(J; z)motivates the basis set expansion
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TABLE VI. Polynomials modulating the Gaussian factor in the asymptotic form of the
Wigner numbers.

n Un(z)

0 1
1 z
2 z2 − 1
3 z3 − 3z
4 z4 − 6z2 + 3
5 z5 − 10z3 + 15z
6 z6 − 15z4 + 45z2 − 15
7 z7 − 21z5 + 105z3 − 105z
8 z8 − 28z6 + 210z4 − 420z2 + 105
9 z9 − 36z7 + 378z5 − 1260z3 + 945z

Wn(J; z) =
2(J+μ)

∑
p=0

cpn zpe−
1
2 z

2

, (129)

where the coefficients cpn are chosen to reproduce the WJ
m,n integers

at the points zm. This approach proves superior to spline interpola-
tion by producing results that are devoid of superfluous undulations
and more faithful to the asymptotic profiles.

The expansion coefficients are solutions to a linear system of
equations,

WJ
m,n =

2(J+μ)

∑
p=0

Fmp cpn, (130)

involving a matrix F whose elements are

Fmp = zpme
−

1
2 z

2
m . (131)

The fitting points comprise the genuine Wigner integers for 0 ≤ m
≤ 2J augmented by damping values WJ

m,n = 0 for −μ ≤ m ≤ −1
and 2J + 1 ≤ m ≤ 2J + μ. The 2μ additional points prevent any

artificial, unphysically large oscillations in Wn(J; z) in the large |z|
regions where the distribution should decay to zero. Our investiga-
tions found that μ = ⌊ 1

2 J⌋ is an efficacious choice for this purpose. In
summary, the expansion coefficients in Eq. (129) are determined as

cpn =
2J+μ

∑
m=−μ
(F−1
)pmW

J
m,n. (132)

Extra high numerical precision is usually required to invert F accu-
rately. Because the Wn(J; z) functions have symmetry, Eq. (129) will
include only even or odd powers of z. Therefore, the set of fitting
points can be restricted to m ≥ J with concomitant reduction in the
dimension of the F matrix by a factor of 2.

Illustrative Wn(J; z) functions that define the Wigner numbers
for continuous values of m are plotted in Fig. 1 for J = 21

2 and n
= 0, 1, 2, and 3; scaling by the corresponding WJ

m,n point of largest
magnitude is performed therein to allow all the curves to appear on
the same figure. The Wn(J; z) functions display a striking resem-
blance to quantum-mechanical stationary-state wave functions that
would appear in a symmetric binding potential. In particular, as n
increases, theWn(J; z) curves incrementally develop more nodes and
alternate between even and odd functions; in this respect, n acts like
a vibrational quantum number. The Wn(J; z) functions resemble but
are not equivalent to harmonic-oscillator wave functions; although
both contain overarching Gaussian factors, the modulating poly-
nomials are different. In proceeding from the central value of m,
the Un(z) polynomials yield local extrema that successively dimin-
ish in magnitude, quite unlike the profiles given by the Hermite
polynomials.

Representative plots are presented in Fig. 2 that compare the
exact Wn(J; z) and asymptotic W̃n(J; z) functions for J = 50 and
n = 0, 5, and 10. Even for such a modest J, the near coincidence of
Wn(J; z) and W̃n(J; z) across the range of m is remarkable for the
lowest n values. As n increases, the accord between the two functions
starts to diminish. For n values significantly larger than shown in
Fig. 2, the exact and asymptotic curves maintain very similar shapes
but begin to exhibit substantial phase shifts.

FIG. 1. For the J = 21
2 case, scaled

Wigner numbers are plotted as contin-
uous functions of m for the lowest four
values of the quantum number n; cor-
responding scaled WJ

m,n integers are
shown as discrete points.
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FIG. 2. For the J = 50 case, the exact
Wn(J; z) (colored traces) and asymp-
totic W̃n(J; z) (black curves) functions
are compared for the n = 0, 5, and 10
quantum numbers.

SUMMARY

The key findings in this paper have been obtained by rigorous
mathematical proofs and analyses. For all allowed values of the angu-
lar momentum quantum number J, a sequence of integers WJ

m,n for
(m, n) ∈ [0, 2J] can be generated via M-recursion [Eq. (27)] by start-
ing with the boundary conditions WJ

0,n = 1 and WJ
−1,n = 0. These

solutions constitute an alluring class of quantities designated here as
Wigner numbers. The normalized eigenvectors of the ĴX and ĴY oper-
ators represented in the basis of ĴZ eigenstates are given exactly in
terms of Wigner numbers by Eqs. (30) and (22), respectively, which
are efficacious for arbitrarily large J. Thus, Wigner numbers obvi-
ate the need to ever diagonalize ĴX and ĴY matrices by numerical
methods. Moreover, by means of Eqs. (32)–(35), the WJ

m,n integers
allow any reduced Wigner rotation matrix element dJM′M(θ) to be
obtained as a linear combination of either cos(Nθ) or sin(Nθ) terms
as N runs in unit steps from either 0 or 1

2 to J. These exact, infinite-
precision Fourier representations that involve only ⌊J + 1⌋ terms
fully eliminate longstanding problems in computing dJM′M(θ) ele-
ments for large J values. For J > 0, the Fourier coefficients therein

appear to always take the simple form (ρJ,M
′M

0 )
1/2

ρJ,M
′M

N,1 (ρJ,M
′M

N,2 )
−1

,

where ρJ,M
′M

0 is an integer whose prime factorization contains 2 no
more than once, ρJ,M

′M
N,1 is an odd integer, and ρJ,M

′M
N,2 equals 2 raised

to a non-negative integral power less than 2J.
The Wigner numbers exhibit a wide variety of notable mathe-

matical properties. The WJ
m,n integers obey the m- and n-sum rules

specified by Eqs. (41) and (42). Remarkably, the definingWJ
m,n recur-

sion equation can be solved to obtain various explicit combinato-
rial formulas, Eqs. (78), (79), (81), and (82); the first two solutions
entail double summations over a product of three binomial coeffi-
cients, while the last two equations require single summations over
a binomial coefficient multiplied by a Jacobi polynomial of the form
P(1,q)
N−1 (x) evaluated at x = 3. Equations (81) and (82) can be prof-

itably reduced for cases in which N is a small integer to provide
Eqs. (83)–(87) and Table III that compactly formulate the Wigner

numbers WJ
m,J−N for the cases N = 0–9. An unexpected consequence

of Eqs. (41), (83), and (84) is the class of novel summation identi-
ties shown in Table IV. The most efficient combinatorial formula is
Eq. (97), although none of the explicit WJ

m,n equations can match
the speed of the M-recursion approach. Finally, the Wigner num-
bers can be written explicitly as N-polynomials as in Eq. (108) or
Eqs. (111) and (112); the polynomial coefficients can be obtained by
either Eq. (109) or Eq. (115) and Table V.

The Wigner numbers not only obey the defining M-sequence
[Eq. (27)] but also follow the N-recursion formula of Eq. (55).
Moreover, the J-recursion relations of Eqs. (63) and (66) allow all
Wigner numbers to be constructed by successive additions from
the root quantity W0

0,0 = 1, proving that all WJ
m,n values are inte-

gers, a property not at all evident from Eq. (27) or the first three
combinatorial formulas. The Wigner numbers can be generalized
into continuous functions Wn(J; z) that depend on the variable
z = 21/2(J + 1)−1/2(m − J) and resemble quantum-mechanical
stationary-state wave functions bound by a symmetric potential. In
the limit of large J, these functions satisfy a second-order differen-
tial equation and become products of a polynomial Un(z) (Table VI)
and a Gaussian factor e−

1
2 z

2
.

In order to confirm the extensive derivations presented in this
paper, exhaustive testing of the new formulas has been carried out
over all possible (m, n) combinations for all integral and half-integral
J values up to 50. The Mathematica program WignerNumbers writ-
ten for this purpose is provided in the supplementary material to
facilitate independent validation of our final equations. The pro-
gram can generate complete WJ

m,n matrices for J as large as 1200 in
less than one CPU minute on a 2.8 GHz processor. Nevertheless,
the most efficient means of deriving a specific dJM′M(θ) element is
to only compute the J–M′ and J–M rows of the WJ

m,n matrix using
N-recursion based on Eqs. (55) and (56). Even for J = 25 000, the
program yields in this manner the Fourier coefficient integers of
Eq. (36) for any particular dJM′M(θ) element in less than 8 CPU min-
utes. In practical applications that require dJM′M(θ) elements to be
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calculated for J values less than a few hundred, all the Fourier coef-
ficients in Eq. (36) can be easily precomputed by means of Wigner
numbers and stored on disk or in memory as floating-point num-
bers. In the J = 200 example, the double-precision Fourier coeffi-
cients of all unique dJM′M(θ) elements require as little as 32 MB of
storage. Hence, for any argument θ, each dJM′M(θ) quantity is given
as a simple dot product of a precomputed Fourier coefficient vector
and a vector of trigonometric values cos(Nθ) or sin(Nθ) for N = N0
to J. From the perspective of accuracy and efficiency, the mathemat-
ics presented in this paper represents a full solution to the problem
of computing the Wigner rotation matrices originally introduced 92
years ago.

SUPPLEMENTARY MATERIAL

See the supplementary material for representative Fourier con-
tributions to selected reduced Wigner matrix elements (Table S1),
coefficients determining the summation identities TJ ,N (Table S2),
proof of Eq. (80), an alternative recursion formula for reduced
Wigner matrices, tabulations of Wigner numbers, and the Wigner-
Numbers computer program.
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