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Order a®mc? corrections to the fine structure splitting of the deepest triplet P state
(2% P, 1) of the Het atom have been investigated. The investigation is based on the covari-
ant Bethe-Salpeter equation including external potential to take account of the nuclear
Coulomb field. All order o®mc? corrections which arise from Feynman diagrams in-
volving the exchange of one, two, and three photons, as well as radiative corrections to
the electron magnetic moment have been found. The results are presented in a form
suitable for computerized numerical evaluation.

1. INTRODUCTION

Analysis of the helium atom has played an important historic role in the veri-
fication of both basic quantum theory and the more detailed properties of elec-
trons [1). In particular, theoretical analysis and measurement of the fine structure
splittings of the deepest lying triplet P state (28P,_q 1,2), Fig. 1, provided important
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Fig. 1. Triplet P fine structure splitting.

2,291.19610.005 MHz (2.2 ppm)

confirmation of the developing theory of electron-electron interaction [2]. At
present the theory of QED is regarded as very well established, but it is still true
that analysis of the 2P fine structure can provide a precise test of the theory. In
fact the splittings have now been measured so accurately [3] that combination
with a theoretical calculation of comparable accuracy could be used to provide a
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determination of the coupling constant « = e?/fic to one part per million or better.
The most accurate value of « at present [4], ~1.5 ppm, is derived from experiments
on the Josephson effect, which measures e/fi, combined with the precisely known
values of other fundamental constants. It would be highly desirable to have a
purely QED determination of at least comparable accuracy, and especially one
which is only weakly dependent on renormalization theory. Thus, while similar
accuracy appears to be achievable by measurement of the anomalous magnetic
moment, in order to interpret that measurement as a sensitive test of renormaliza-
tion theory a value of « much less dependent on renormalization theory is required.
In this paper we present the necessary theoretical analysis of the helium atom. A
brief discussion of this work along with the most current theoretical values and
comparison with experiment has been published elsewhere [5].

A short sketch of the simplest theory of the fine structure of the helium atom [1]
will provide orientation as well as a basis for discussing higher order corrections.
In lowest approximation the helium atom is described by the two electron Schroe-
dinger equation (in atomic units)

Py pot o Zo Zo . .
(—g‘:'n— -+ % + 7 T - —"_2— ) No(Fife) = Wono(FiFs),

(1.1)

F=r7 —TF, Drg = V1,2/1.-

The 7, are eigenfunctions of the total orbital angular momentum squared
I* = (L, + L,)*. We now construct a “Pauli-type” wave function ¢, from 7,
and two component spinors for each electron to be an eigenfunction of J2, J, , 1.2, S2.
The triplet P states have L =1, S =1, J =0, 1, 2. It is worth pointing out that
the triplet states are spatially antisymmetric, and, thus, @y(F;Fs),.q — 0, consider-
ably simplifying the higher order calculation. The spatial parts, to a fair approxima-
tion, can be thought of as antisymmetrized products of 1§ and 2P hydrogenic
functions.

To obtain the lowest order corrections to W, one calculates the expectation
with ¢, of the fine structure operator [1], obtained first almost completely from
classical considerations,

H F§ — HCoulomb + Hretards.tion ? (1-2)
where
Heouomy = — g — -PLo 4+ nZa(8y) + 8%7)
Coulomb = St 8m3 1 2

= Zo r = Zo _ 7 ~
—2m B0+ g (G 0 B) T o (G )

— g [ X B) + g3 & (5 % B), (13
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o« 1,_ _ e o =
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o F _ o r -
+2m201.(73—><p2)”—2m202'<7><p1)
8T _ e r_ - e s
+ g | g 6 6B + = G G — 3576, 7). (14)

The p* terms represent relativistic increase of mass. The spin parts of Hcouiomn
represent the spin orbit interaction of an electron with the Coulomb fields of the
nucleus and the other electron. The contact parts of Hcouomn have no classical
analogy. The “retardation” terms come from the retarded magnetic and spin
interactions between electrons, i.e., “orbit—orbit,” “spin-other orbit,” “spin—
spin.” The spin dependent terms of Hp are diagonal in J and in first order yield
the 23P splittings accurate to a few percent.

In about 1930, following its successful application to the hydrogen spectrum,
the Dirac equation was generalized by Breit [2] to the approximate, and non-
covariant, “Breit equation”

(Hy + H, + afr + B(F\Fy)) Op(Fiy) = Ep@y(iifs),
Hy, = 8,3 " Pro -+ Brem — Zofry 5, 1.5)
B(Fyry) = («f2r) (& - @y + & " 73 * 7).

The wave function is now a sixteen component object; H, , are external potential
Dirac Hamiltonians. The “Breit operator” B(#7,) may be obtained simply by
replacing #, , b, by & , &, in the classical Darwin magnetic Hamiltonian, or one
can derive it from second quantized radiation theory. Breit showed that by
reducing this equation to “large components,” as had been done with the Dirac
equation, one obtains a fine structure operator in agreement with the semiclassical
treatment, including the contact terms, which give no fine structure, and an extra
term which must be discarded to obtain agreement with experiment. The wrong
term was demonstrated later [6] to correspond to a contribution from negative
energy intermediate states, which in hole theory must be discarded. These facts
indicate that one must be careful in using the Breit equation and that it cannot be
completely correct. We have mentioned the Breit equation here mainly for historical
completeness, and also to indicate the general form of a correct relativistic equa-
tion. Use of the fully covariant Bethe-Salpeter equation, derived from the Feynman
form of QED by Bethe and Salpeter [7] and from field theory by Gell-Mann and
Low [8], which uses Feynman propagators, i.e., consistent with hole theory, is
regarded at present as the rigorous starting point for the treatment of two body
atomic bound state problems. As shown by Salpeter [9], Sucher [10], and others,
the Bethe-Salpeter equation can be cast into a form similar to the Breit equation.
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In general energy level splittings of low electron number atoms are calculated
as a power series expansion in a times mc?, the electron rest energy. Thus, the
Schroedinger energy W, is of order o?mc?, the fine structure expansion begins in
order ofmc?, and the Lamb shift expansion begins in order (a® + of log «) mc2.
In this paper we propose to analyze the 3P splitting through order o®mc? by means
of the Bethe—Salpeter equation. Bethe-Salpeter bound state techniques have been
used by a number of authors; for example, by Salpeter [9] to investigate nuclear
recoil effects in the Lamb shift, by Karplus and Klein [11], Fulton and Karplus [12],
Fulton and Martin [13] to calculate the fine structure of positronium; by Newcomb
and Salpeter [14] and Arnowitt [15] to calculate nuclear recoil effects in the hyper-
fine structure splitting in hydrogen; and by Sucher [10, 16] and Araki [17] to
calculate all terms in the expansion of an arbitrary energy level of the helium
atom through orders (a® + oflog «) mc®. To date two calculations of order
a’me? using the Bethe-Salpeter equation have appeared. Sternheim has calculated
nuclear recoil corrections to the hydrogen hyperfine structure [18] “ratio”
R = (8vyy/vys — 1) (v, , o5 are the hyperfine structure splittings of the ls and
2s states). This calculation is mathematically similar to the present one and the
terms that they have in common are in agreement. Also calculations of the
o8 log amc? coefficient in the expansion of the ground state hyperfine structure
splittings in positronium [19] and muonium [20] have appeared. In addition, a
calculation of the helium atom 3P splitting to order o®mc?, essentially an extension
of the above mentioned techniques of Breit, has been carried out by Kim [21).
While it is difficult to compare the results of this work with ours, certain parts do
appear to be in disagreement. We should note here also that our calculation most
nearly follows that of Sucher, and much of his procedure and notation has been
employed.

It has been proposed by Schwartz [22] that the complete evaluation of the 3P
splitting to ~1 ppm should be divisible into four well defined tasks. One first
must calculate the expectation value with the Schroedinger-Pauli wave functions
of the well known fine structure operators, of order a*mc?; to include the a’mc?
term one simply modifies this calculation by multiplying the electron magnetic
moment by (1 + «f2m), the familiar correction first calculated by Schwinger [23].
Schwartz [22] and Schiff et al. [24] have extended the numerical accuracy of this
calculation to about 1 ppm. The second task would be the evaluation of the
atmc? fine structure operators in second order, again with Schroedinger-Pauli
wave functions, a contribution of order afmc?. This task has been carried out by
Hambro [25]. Third, operators of intrinsic order a®mc? must be derived from a
more general theory. The final task is the evaluation of these operators, again
with Schroedinger-Pauli wave functions. This has been carried out by Daley [26].
In this paper we shall justify this procedure and derive the necessary a%mc? fine
structure operator. We have not, however, derived any results of order o’mc?
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and it is conceivable that these could contribute at the 1 ppm level. Finally, there
are numerically important corrections of order a*(m/M) mc? due to the motion of
the nucleus. These have been derived from a three-body treatment analogous to
the old-fashioned methods mentioned previously and reported elsewhere [27].

In outline this paper proceeds as follows. In Section 2 the Bethe-Salpeter equa-
tion is presented. Introduction of the external potential, gauge invariance, and
renormalization are briefly discussed, and references on these topics are given.
In Section 3 the instantaneous Coulomb interaction is separated from all other
interaction effects, and the perturbation procedure for calculating these in terms
of an “equal times” wave function is developed. In Section 4 the “equal times
equation” with pure Coulomb interaction is transformed to a Pauli-Schroedinger
type equation which reduces to the Schroedinger equation in roughest approxima-
tion. A procedure is developed for expressing the matrix element of any Dirac
type matrix operator as the matrix element of a corresponding Pauli type matrix
operator with the transformed wave function. We find in this section the following
energy shifts with respect to the 2mc? rest energy: the Schroedinger energy
W, ~ o®mc?, the Coulomb fine structure operators of the order ofmc?, and addi-
tional fine structure operators of order ofmc® In Section 5 the effect of single
transverse photon exchange is calculated. This gives rise to the ofmc? “retarda-
tion” fine structure as well as numerous correction terms of order ofmc? Terms
coming from the exchange of two transverse photons are treated in Section 6. In
Section 7 the radiative corrections are discussed. The rigorous treatment of these
has not been completed. We present instead a phenomenological treatment based
on the assumption that radiative corrections to electron interaction may be taken
into account by ascribing to the electron a modified charge form factor and modi-
fied static magnetic moment. Up to this point results are presented as expectation
values of operators with momentum space wave functions. Since numerical
evaluation is carried out in coordinate space all these results are Fourier trans-
formed in Section 8.

It is worthwhile to mention at this point certain simplifying features of this
calculation. One notes {16] that the «®mc? energy level expression for an arbitrary
level is quite complicated, but that the bulk of the terms do not contribute to the
3P splitting. There are two reasons for this: terms not explicitly spin dependent
contribute equally to the J = 0, 1, 2 levels and, thus, do not contribute to the
splitting; and many terms are ‘“contact” terms, that is are of the general form
Loy | 8%(F, — F)| @ and, thus, give zero with triplet state wave functions because,
since these are spatially antisymmetric, they vanish linearly with 7 =F, — ;.
These two factors also simplify the ofmc? splitting calculation. In the first place
one may drop spin independent operators of this order. Secondly, all operators
which contribute to the ofmc? fine structure splitting can be evaluated in non-
relativistic approximation. This is due to the fact that the fine structure occurs



94 DOUGLAS AND KROLL

only for triplet states (and, therefore, spatially antisymmetric) of nonvanishing
orbital angular momentum. (This is in contrast to the situation which exists for
operators of similar structure which affect the energy levels of the spatially sym-
metric singlet states.) These nonrelativistic approximations simplify the computa-
tion by orders of magnitude and are necessary for the simplicity of the coordinate
space representation of these operators.

2. EXTERNAL POTENTIAL BETHE-SALPETER EQUATION

The starting point of the calculation is a renormalized, “mixed gauge,” Bethe—
Salpeter with external potential included to account for the Coulomb potential
of the nucleus, which is regarded as fixed.! Defining the Feynman two body
kernel as

K(xgxax,%) = (W | Tb(x3) hlxg) lﬁ(xl) ‘l;(xz)]l ¥y 2.1)

i.e., the vacuum expectation value of the time ordered product of the indicated
fermion field operators, one finds following Bethe and Salpeter [7] and Gell-Mann
and Low [8] that it satisfies the integral equation

K(xyxyx1%5) = Kip(xz%)) Kyp(x4x) — i f dxy dxg dx; dxg

X Kiv(x3%5) Kyy(xyx6) G(X5xeXaxg) K(x7xs%1X2), 2.2)

where G is the ““irreducible interaction function,” which will be described shortly,
and
Kiy(xgx1) = ¥y | T{Y(x3) ‘ﬁ(xl)] | ¥o>, (2.3)

with a corresponding definition for K;, . It will be noted that the discussion of
Refs. [7] and [8] has been extended in the following manner: (a) all radiative
corrections to the single particle propagators are included in K, , K, , (b) the
effect of the external potential has also been included in Ky, , K;, by virtue of the
fact that the Hamiltonian determining ¢ includes interaction with the external
field. Justification for these extensions may be found in the work of Furry [28]
and Mathews and Salam [29].

1 Sections 2 and 3 through Eq. (3.46) consist entirely of material taken from Ref. [10]. We
reproduce it here because it is essential to understanding the rest of this paper and not readily
available elsewhere. We also hope that it may be of value to others to call attention in this way
to a very elegant and useful method.
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The wave function corresponding to a two electron state is defined as
Pxzxy) = (¥p | ‘/’—(xs) J(x4)l o, (24

and for ¥5 a bound state is found to satisfy
P(xgxy) = —i J. dxs dxg dx; dxg K{v(x3%5) Kov(x4Xg) G(x5X6X7%g) h(x1Xs5), (2.5)

the equation we use as a starting point for this work.

With the neglect of radiative corrections Kj, , K;, become the usual external
potential propagators defined with respect to the external potential Dirac equa-
tion [30], i.e.,

Z D(%a) @n(fl) e~ Enlty—t) 3>,
E; >0
Kiv(xgxy) = - (2.6)
- Z D (X3) D,(%y) e~ tEnttst) h<fh,
E <0
where
_ .V - _
E,®u(%) = [& - + Bum + V(%)] () @.7)

is the coordinate space Dirac equation, and for this problem V will be taken to be
a Coulomb potential

V(%) = —Ze*|| X, |. (2.8)
K,y satisfies the equation

[i(8/0t;) — H,] Kyp(xixs) = iB:8%(x; — xp). 2.9

Corresponding definitions are always taken to hold for particle 2 operators.
The complete single electron propagator is given by

K{V == K1V + K1V21VK1V + K1V21VK1V21VK1V + (2-10)

where 2 is the sum of all “proper one electron self energy parts”; the mass
renormalization, second order and fourth order contributions to X, are repre-
sented by the diagrams of Fig. 2(a,b,c). The double line for an electron propagator
denotes propagation in the external field. We remark that like K;,, 2y is an
integral operator whose kernel is a ¢ number matrix function of two space-
time variables, i.e., a “two point function.”

595/82/1-7
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(a)

8§ 4

{c)

Fic. 2. Proper one electron self-energy parts. The double line indicates propogation in the
external field.

The irreducible interaction operator G is defined as the sum of operators G
associated with the irreducible Feynman diagram (j) in which the two main
electron lines are in some way connected (a graph is called reducible if it can be
split into two simpler graphs by drawing a line which cuts no photon lines and
each of the main electron lines only once). Examples of diagrams contributing to
G are illustrated in Fig. 3. The basic interaction operator G,, corresponding to
the single photon exchange graph of Fig. 3(a), is given by

Go(x1x%3%y) = €212 [(x1 — x2)] 8%y — x3) 8%(xy — Xy) (2.11)

with the 8, function representing propagation of the photon [31].

-1 [X

(a) (b) {c) (d)

- Fof 4 ¢4 Pl

(fy (q) (h) {i)

-] e

{j) (k) (n

Fic. 3. Examples of interaction diagrams.
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Diagrams containing electron or photon self energy parts and vertex corrections
give rise to divergent expressions and require renormalization. As discussed by
Mathews and Salam [29], the Bethe-Salpeter equation may be renormalized by
replacing the electron bare mass and charge by their physical values and replacing
K{y, K3y, Vi1 Yus » and the photon propagator Dy by K3, K3y, I, I')s , and
Dg*, respectively, where

Ky = Kyv + KyvZivKyy + -+, (2.12)
Th=ya+ 4%, (213
Dp* = Dp + DFH*-DF + - (2‘14)

and 2%, , II*, A% are the renormalized electron self energy, photon self energy
and vertex correction operators. For the explicit calculation of these to second
order in e, excluding external potentials, see Karplus and Kroll [32] and Jauch
and Rohrlich [33].

We wish to make some further manipulation and for this it is convenient to
write Eq. (2.5) in the operator form

= —iK{yK;yGi. (2.15)
Operating with (Kj,)%(K,,)~* and noting that Eq. (2.10) implies that

K=Ky — Ly, (2.16)
we find

K;VKZ_} = —*I[G —}' K1 122;’ + K 1V — 21;/22;1] l)l' (217)

Radiative corrections without photon exchange are thus treated on the same
footing as interaction diagrams Reference to Eq. (2.9) shows that the coordinate
space representation of Kj is

Ky = —ify(i(9/ot,) — Hy), (2.18)
and thus multiplying Eq. (2.17) by —B,8, we find finally
(@foty) — H)(i(2/0ty) — Hy) = iPiflG + KivZoy + KsvZyy — ZyvZarl 4
= if,B,G'. (2.19)

Since the external field is time independent in the frame of reference in which
we are working, we look for solutions of the form

Plxrxs) = e FTh(X,Xst), (2.20)
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where
T =}t + 1), t=1t—1t (2.21)

with ¢ the so-called relative time variable. Such a solution corresponds to a state
of total energy E. Substituting into Eq. (2.19) and introducing the variables

T = $t; + 1), ' =1t;—1t,, (2.22)
we find
(EJ2 + i(0/or) — Hy)(E[2 — i(9]ot) — Hy) ¢
= By | G(RRFTt') YlEeRot') dF, 5, dt’, (2.23)
where
G' (R Xt RgXat') = f G’ (3, XgX3X,) €ET-T) dT" (2.24)

is independent of T since, if the external potential is time independent, it may be
shown that G'(x,x,x3x,) depends on 7 and 7’ only through the combination
T-—-T.

For much of the following it is convenient to work in momentum space.
Defining the momentum space wave function by

P(FiFat) = 1/Q@m)" [ e Ocictteser(B, fioe) dpy dp, de (2.25)

we find that (p, P.€) satisfies

Fif = G, (2.26)
where
F = FF, 2.27)
F =ER2+e—H,, (2.28a)
F =ER—¢—H,, (2.28b)
H =& 'p+Bm+V,=Hy + ¥y, (2.29a)
Hy =& Pp-+Pom+Vo=Hp+ V,. (2.29b)

H,, H, are the usual momentum space Dirac Hamiltonians. V;, V,, ¢ and
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S;, S, , the external potential electron propagators, are now integral operators
defined by '

- Z dk . -
V(b = — 55 | T /= K ey o), (2.302)
ko
— Z dk . _  _ -
Vof(Bibed) = — =5 | o f(u e + K ©), (2:30b)
2720k
Gf(P1Ps€) = f %(P1D2€py'P2'€’) f(Py'Pa'€’) dpy’ dpy’ de', (2.31)
_ 1
S(p) = F'=(E2+ e — Hp)) ' = ———F 2 (2322)
Pr—m— A
1
S| = F;l = (B2 — ¢ — H(Pp)) ' = ———— B,, (2.32b
(p2) 2 (E/ € (P2) Pe—m — ¥, Bss ( )
p1 = (E[2 1 ¢ py), (2.33a)
pe = (EJ2 — €, Py). (2.33b)
The momentum space form of the Dirac equation, Eq. (2.7), is
Epn(P) = (&~ Py + Bum + V1) $u(P1); (2.39)
multiplying by B, gives the familiar alternate form
(#,—m —¥V) $u(p) = 0. (2.35)

To carry out renormalization it is necessary to work in covariant gauge; how-
ever, use of Coulomb gauge in some diagrams is convenient for the development
of a rapidly convergent perturbation treatment. Sucher [10, 34] has given a
general discussion of the possibilities for mixing gauges in the calculation of bound
state energy levels. We note that the most general diagram, due to fermion con-
servation, contains two unbroken electron lines entering and leaving, plus an
arbitrary number of electron closed loops, all of which we shall call “electron
lines.” The general rule that must be followed is that the members of the set of
photon lines connecting a given pair of electron lines or a line with itself must be
expressed in the same gauge but we are free to choose different gauges for different
sets. Furthermore, the choice of gauges must be kept the same for different orders;
that is diagrams differing only by the numbers of photons in the various sets must

2 In equations like (2.32a) the argument p, in S(p,) is to be regarded as an operator. For a
fuller notational discussion see Appendix I1.
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still use the same gauge for corresponding sets. For example, if the photon line
in the diagram of Fig. 4(a) is expressed in Coulomb gauge the photon lines in
Fig. 4(b,c,d) must also be expressed in Coulomb gauge. For the purpose of this

<1 B B

(a) (b} (c)
Fig. 4. Diagrams illustrating gauge requirements.

calculation it is, thus, permissible to use Coulomb gauge for the photons connecting
the two electron lines and a covariant gauge for photon lines beginning and
ending on the same electron, i.e., vertex and self-energy diagrams, which require
renormalization.

Thus, for interaction lines we make the substitution for the momentum space
interaction function

Golk) = E(Vuryaalk?) > —BiBo/k* + (Bin?)(Bexs?)/k.),

(2.36)
k= (o, k), k2=w?—Ek.
In these equations i = I, 2 denotes components of &;, & in two orthogonal
directions both orthogonal to k, and the expressions are summed on i. The first
term represents the instantaneous Coulomb interaction and the second the retarded
transverse interaction.
Finally, we make the separation

G =g, + Guwed) 2.37)

corresponding to the separation of the total interaction ¢ into pure exchange
diagrams, e.g. Fig. 3(a,b,c,d), and radiative diagrams. The simplest diagrams,
providing the largest contribution to the energy levels, are those describing the
exchange of a single Coulomb or transverse photon:

o dk dw

gcl/} == 2—7‘:2- -ﬁ :E_r—i l/l(l_)l -_ E, iz + E, € — w) (238)
a dk dw = =
=] o rd ot BRthe— o). 239

It turns out that for our fine structure calculation we may approximate %, by

gl —> gc + gr + gT)(c + grx';l + gTXT (2.40)
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C T TxC
L D] AN //
)‘\
A L2 RN
Tx(2 TxT CxC

Fi1G. 5. Interaction diagrams contributing in order o®m.
corresponding to the diagrams of Fig. 5. Rules for constructing the momentum

space interaction operators are given in Appendix II. We note here that although
%, appears to be of the order of interest, its contribution to the splitting vanishes.

3. EQuaAL TIMES EQUATION AND PERTURBATION THEORY

We present, following Sucher [10], the method used in calculating the eigenvalue
E of the Bethe-Salpeter equation, which we write for reference in the form

%ﬁ(ﬁlﬁe) = g‘l’(ﬁlﬁze)a (3~1)
F = 3339'2 = (E/2 +e— Hl(pl))(E/z — € — Hz(ﬁz)), (3-2)
G = 4, 4 Grad), 3.3)

The standard method of solving Eq. (3.1) involves using as a zero order interaction
the instantaneous part of the single photon exchange diagram, writing

gl + Gind) — gc -+ gA s (34)

where
Ga=9r+ Yrye + Grxer + Gryr + +++ + G120 (3.5)
We also rearrange (3.1) to read
b=(F —9) %4 (3.6)

An “‘equal times” function is now defined by

O(Fip) = [ de (7iFeo) (3.7
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Using the definition of ¥, we see that
Yop = (1/—2mi) 1D, 3.8)
where I, is the Coulomb interaction operator in momentum space
LO(515) = (27 [ (dK/RD) B(5y — K o + ). (3.9)
Substituting (3.8) into (3.6) and integrating the resultant equation over € we find
o = f (de|—2ai)(F — G)* 1O, (3.10)
or, using the operator identity,
(4— B)'= A1+ A'B(4 — B)?, 3.1

& = f (de/—2mi) F-UD + f (de] —2mi) FAGAF — G2 ID. (3.12)

Next we define single particle bound state positive and negative energy projection
operators by

Z(p) = 31 &+ H(p) €74 p)}, (3.13)
where
é(p) = | H(p)l, (3.19)

the absolute value of H, i.e.,

E(p) Pu(p) = | E, | Pu(D)- (3.15)
In the limit ¥V — 0 %, reduce to the familiar free particle projectors
A4(p) = 31 & H(P)/E,], (3.16a)
where
Hy(p) = a-p + Bm. (3.16b)

For explicit calculation we use the formulation
& = +(HH, (3.17)
where “-4-’ means we take that branch of the square root with the property

im &y.g = E, = +(p* + m)' 2. (3.18)
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Using the relations

€2 = H?, (3.192)
[¢, H] =0, (3.19b)

it is found that
HY = 1&%, . (3.20)

These are used to exhibit the poles of the propagators S, , S,

S = E/2+el—é’1—f—i8 G+ E/2—i—e~ll—é"1——i8 A-
= 8. H + S-F_, (3.21a)
Sy = ! =~ Lot + ! <~ Lo
E2 —e— &, + 18 E2 — e+ & — 18
= So1 Loy + 8o (3.21b)

where 8 — 0. (The Feynman prescription is to add a negative infinitesimal imag-
inary part to the mass, which is equivalent to adding it to &.) Use is made of these
relations to perform explicitly the e integration of the first term of the right side
of Eq. (3.12). Also the formulas

de 1 1 1
“Dmie —AYtidbetB—id A+ B’ (3.222)
> 1 1 0 (3.22b)

“dmie—A+id e+ BLid

are employed. The first of these holds only if the Hermitean operators A4, B
commute, but the second is true generally. We find

de L 1 . 1
m? T~ tg—s g Y Eve te OB

which can be rewritten, by virtue of Eq. (3.20),

de
— 27

Fl=DY &L, — ZL), (.29

where

D=E_H —H,. (3.25)
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Using Eq. (3.24) in Eq. (3.12) and multiplying on the left by D we find finally

Ed=[H +H,+ (%, — L )I]D
+ U _d;m- DFIGAF — G Ic] o. (3.26)

This equation, called the equal times equation, is an exact consequence of the
Bethe-Salpeter equation. The “‘relative energy” e now occurs in the last term
only as a parameter, but not as a variable. Since the operator in the last term
depends explicitly on E, Eq. (3.26) is a homogeneous, linear integral equation but
nonlinear eigenvalue equation for the determination of E. We remark that the
above procedure differs from that of Salpeter [9, 12], which has been used in most
published level shift calculations.
As a first step in the perturbation treatment the equal times equation is rewritten
in the form
(H, + H)® = E®, (3.27)
where
H,=H, + H, + &, L%, (3.28)

and

Hy == $++Ic(1 - $++) —Z I + f

de - _ 1
5 DFIGA(F — Gt 1,. (3.29)

The first two terms of H, represent pair effects induced by Coulomb exchange.
The %, I.#,. term of H, is the no pair part of the Coulomb interaction and must
be included in the zero order problem since it gives rise to the I, term in the non-
relativistic Schroedinger equation. When we speak of “‘pair” processes we refer
to the creation of pairs with Dirac—-Coulomb wave functions, corresponding to the
use of bound state single particle propagators.

Certain mathematical advantages are gained by the above decomposition of
(&, — 2L ) I, . Setting aside H, for the time being we write

(E—H, —H, — $++Ic$++)(p =0 (3.30)
and call this the Coulomb ladder equation (CLE). The fact that
Z,Hl=[%_,H]=[Z  ,H]=[ZL_,H]=0 (3.31)

means that we can choose solutions to CLE that are eigenfunctions of the projec-
tors %y . In general any sixteen component equation can be written as four
coupled equations for the projections

O,y — LuO. (3.32)
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Due to the commutation relations (3.31) these are in fact decoupled and, further-
more, the @,_, @_, , P__ equations do not contain I, :

LE—H, — Hy— %,,1,.%,)P,, =0, (3.33a)
Z (E—H, — H)D,_ =0, (3.33b)
L (E—H —H)D_, =0, (3.33¢)
& (E—H, — H)®__ =0. (3.33d)

We are particularly interested in the solutions of (3.33a) (to be referred to as @,),
since the eigenvalues, E,, of low momentum states will be ~2m. The solutions of
(3.33b)—(3.33d) can be taken to be products of Dirac hydrogenic eigenfunctions
since there is no electron—¢lectron coupling in these equations. Thus the spectrum
of CLE involving negative energy projections is very simple. Solutions to the
positive energy equation (3.33a) can be regarded as Hartree type superpositions of
products of positive energy Dirac hydrogenic eigenfunctions. Summarizing, our
unperturbed wave function is determined by the equation

(E. — H) D, (3.39)

subject to the subsidiary conditions
&L, P, =D,, (3.35a)
(Do | P < 0. (3.35b)

To calculate the effect of H, use is made of the exact Brillouin—Wigner perturba-
tion formula

AdE =FE —E, =D, | Hj[l — I(E, D) HJ]" | D.>. (3.36)

This formula applies even if H, contains E. The Green’s function I'(E, ®,) is given
by

I ) =3 Ii"ﬁi”l _ lgci@?l
(3.37)
2.2,
= 3 1220l 19X, | I

where the unprimed sum over » includes all solutions of CLE. The simplicity of
the negative energy spectrum of CLE can be used to simplify I'(E, ®,). Writing
I in operator form

I, @) = (E— H)™'1 — | PP, ] (3.38)
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it is seen that an equivalent form implied by Egs. (3.33) and the completeness
relation

1=% +%_+Z, +F_ (3.39)
is
P(E’ @c) = (E - Hc)Ql[’?-f--f- - I ®c><®c ” -+ D—l(l _ ,Q++)_ (340)
A consequence of this is the relation

(0 —~Z)IE D) =(1—ZL)D (3.41)

The level shift is expanded as

AE = AE® + AE® + -, (3.42)
where
AED = (D, | H,| D>, (3.43a)
AE® = (P | H,TH, | D), (3.43b)
A4E® = (¢ \H,TH,TH,| D>, (3.43¢)

etc. Using the fact that .%, . @, = @, we find that
AEW = j (de)]—2mi) (D, | DFF L | O, (3.44)
where the definition
J=% 1 —F G| =Y, + G, F G+ - (3.45)
has been introduced. Note that [ (de/—2mi) F-1JF -1 is an integral operator in

3-momentum space, all energy integrations being performed within the operator
itself. Using again %, @, = @, and also Eq. (3.41) we find

AE® = (B, | I[-D]> £ _1,| D
+ (@i (L = L) [ (de]=2mi) FUF | D)
+ LD LZ,, J. (de]—2mi) FUFAL[—-D)> L LD,
+ <P, | D f (de| —2mi) FUFITD f (de'|—2mi) FXIF U, | D,y

= 4E® + AE® + AE® + AE®. (3.46)
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It has been found that neither 4E®, AE®, nor AE® contribute in order afm to

the 3P splitting. 4E® is a high energy double pair effect, and the first two are

essentially three photon terms which do not contribute to the order of interest.
Consider

A4EM = J (de/—2mi) <D, | DF IFU, | D). 3.47)
We have
Fl=F0F = (FT 4+ FNA + F) (3.48a)
or
F1 = (S, + 8) Dt = DS, + S, (3.48b)
and, thus,

AEW = f (de/—2mi) (P, | (S14 + Sp) J(S1 + S) DT | D> (3.49)

We decompose D! as

1 AE 1

D DD~ D,

&
-

D=

i

(3.50a)

S

with
D,=E,—H, —H,. (3.50b)

It will become apparent as the calculation progresses that we can now let
E — E, everywhere it occurs, i.e. in propagators, D factors, and in %, itself, and
from now on this will be understood. In many cases the approximation E = 2m
is in fact adequate, and when this is not the case the approximation E = 2m + W,
will suffice. The one exception is the explicit factor D! appearing in Eq. (3.49)
for which Eq. (3.50a) must be used; however, here it is sufficient to let J — %y,
the single transverse photon diagram. The term of AE™ containing the 1/D,
part of (3.50a) can be combined, by making use of CLE in the form

(Dc — $++Ic) (pc =0 (351)
with 4E{®, Eq. (3.46), yielding the simple form for the sum

f (de] —2mi) (D, | LFUF U, | D>. (3.52)

A word about J is now in order. To calculate J it must be expanded according
to Eq. (3.45). Terms of higher order than first in ¢, may be interpreted as arising
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from reducible diagrams; for example, the term %% '¥; corresponds to

Fig. 6. The largest contributor to %, is %r . In certain parts of 4E, we can let
Y,— 97, and, thus, it is useful to separate ¥, into two pieces

G, =9, + A9, (3.53)

=

Fic. 6. Reducible diagram.
We can now display the terms that contribute to the 3P splitting in order ofm:

AE = f (de]—2mi) (D, | IIF G, F | F\G F-1G, F

+ FUUGF | D + (D, | [Dc f (de/—2i) f—lg,f—ll,,]
x I [Dc f (de'|—2mi) F1G F1| I, D,

— AE [ [@e}=2mi) (P, | (S11 + o) G2(S; + SHAUDH L1 8. (3.59)

Also it has been found that 49 can be approximated as
AY — Gryo + Gyt + Gryr + G0, (3.55)
The diagrams ¥y, Gy , v are treated in Section 5; Yryy, Y4 F 1Y = Y1y

and the last two terms of Eq. (3.54) are treated in Section 6, and 439 ig discussed
in Section 7.

4. CourLoMB LADDER EQUATION

The object of this section is the calculation of the eigenvalue E, and eigenfunction
@, of the Coulomb ladder equation

(B, —H —H,— % 1% )P, =(E, — H) P, = 0. (4.1a)
We will be looking in particular for solutions that satisfy

2.0, =D,. (4.1b)
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It will be shown that in lowest order Eq. (4.1) is approximated by the nonrelativ-
istic Schroedinger equation

(Wy — Hy) 9o = 0, (4.22)
Hy = p*2m + p22m 4V, + V, + I, (4.2b)

which, of course, contains no fine structure. We shall be interested only the spatially
antisymmetric solutions of Eq. (4.2a). The binding energy E, — 2m contains, in
addition to W, , a portion of the fine structure. This includes some of the familiar
contributions of order o*m as well as some of the a%n terms that we seek.

The function @, is a sixteen component object and the operators we work with
are direct products of 4 X 4 matrices. On the other hand Eq. (4.2a,b) convention-
ally refers to a single component wave function. The formal treatment of Eq. (4.1)
is facilitated by regarding ¢, as a 16 component object as well. The first four
components correspond to the conventional Pauli spinor representation and are
determined by requiring that ¢, be an eigenstate of J2, J,, and S® as well as L2
The remaining 12 components are taken to be zero. Hence, ¢, satisfies

(1 + B2 + B2)/2) ¢y = @ (4.33)
or
Po= @ s (4.3b)
where we are introducing the notation convention
D+ = ((1 £ B)/2) (A £ B/ P, (4.4)

the convention being now understood that superscripts refer to a spinor component
projection, and subscripts refer to positive-negative energy projections (Eq. 3.32).
It is worth pointing out that any 16 X 16 component matrix operator 4 can be
decomposed into 16 components as follows:

A= Y A7 (4.52)

i,4,k, =%+, 4.+
with
AFEE = (1 £ B)/2) (1 £ Bo)/2) A((1 £ BY/2) (1 = B)/2).  (4.5b)
It is clear that if @ satisfies
D = Pt++

then
(DA DY =(D| At+t+| D). (4.6)
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All of our results will ultimately be expressed in terms of expectation values
and matrix elements based upon solutions of Eq. (4.2). Reduction to these forms
will be accomplished by means of a suitable generalization of the Foldy-
Wouthysen [35] transformation. Historically, the Breit large—small component
reduction [2] was the first method to be applied to this sort of problem. It
becomes quite cumbersome, however, for the high order of accuracy required
here. A method developed by Sucher [10, 36] for the treatment of the Lamb shift
is also suitable for this problem, and we have verified, as a check, that it gives
the same result as the F-W method. The F-W method has in our view some minor
technical advantages and seems better suited to systematic exposition.

We illustrate our generalization of the F-W transformation first with a fictitious
CLE in which there are no external potentials,

(E—Hy — Hyy — A, 1A, )P = 0. 4.7

The product of exact, unitary, free particle F-W transformations for each particle
1 I

- UO - (ZEI,(EI, + m))l/z [BOL P + (Ep + m)]s (483.)

where

= Ut = U = Gy BB B ] (48)

is applied. U, has been constructed to transform H, to an “even” Dirac operator.
Equation (4.7) then becomes

{E — BiE,, — BoEp, — [UnUpdly A5, Ut U U Upnl Uy Ups'|
X [UpUge1. A5 Ut U T [Up1 Upe® = ). 4.9
The projectors transform simply as
UpA:Ust = (1 & B2, (4.10)

implying that the Coulomb operator does not connect “large” and “small” com-
ponents. Thus, CLE breaks up into four uncoupled four component equations

corresponding to the energy projections A, , A, _,A4_, ,A__:
(E — E,, — — [UpUge!, U(,lon ) et =0, (4.11a)
(E—E, +E)p =0, (4.11b)
(E+ E,, —E,)p+ =0, 4.11¢)

(E+ E, + E,) o= = 0. (4.11d)
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This set is the transformed version of Eq. (3.33a)~(3.33d). The transformed
Coulomb operator is given exactly by

[U°1U02IcUo—11Uo—11]+‘*‘++
= ( E,+m )1/2 ( E,+m )1/2 I, ( E,+m )1/2 ( E, +m )1/2

2E,, 2E,, 2E,, 2E,,
+[ Gy Dy (Epz+m)1/2I(sz+m)1/2 G ) ]
QE,(E,, + m)'2\  2E,, ‘\2E, (RE, (E,, + m))*72
+[122]+ 6'1'1-7-1 &2.1—52

QE,(E,, + m)Y'/2 2E, (Ep, + m)'/?

0y Dy Gy * Dp —
x I, (2Ep1(Ep1 + my)ir (2E112(Ep2 + m)E . (4.12)

(Here we have written only the (- -) component of the matrix, its other
components are, of course, zero.) The -+ equation reduces to the Schroedinger
equation for p, , p, small.

The F-W transformation may also be used to reexpress the matrix element of
an arbitrary operator between two positive energy states in the 16 component
representation in reduced form as the matrix element of a corresponding Pauli
type operator in the F-W representation. We have for a positive energy wave
function

D=4, =D, = UyUso (4.13)
where
g =g, (4.14)
which implies
Dy | M| Dy = Ly | UnUpMUG'Uss' | @3> 4.15)
and, using Eq. (4.6),
<(D1 | M| D) = <<P1 | [U01U02MU(;11U(;21]++++| ‘P2>- (4.16)

This method will be employed in later sections for reduction of operator expecta-
tion values.

We wish to extend this whole procedure to take account of external potentials.
Foldy and Wouthysen developed a nonrelativistic procedure which yields a trans-
formed Hamiltonian and projectors as expansions in p and ¥ and products of
these. Of course, higher order terms become increasingly singular. For triplet ¢,
this procedure does, however, yield a convergent result which agrees with what

595/82/1-8
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we shall find. One would prefer an expansion in nondivergent operators, that is
roughly speaking an expansion of H in powers of “V/E,” about the zero order
term BE, . This enables one to examine corrections to the nonrelativistic result,
and provides a method for treating the singlet ¢, case and proceeding to higher
order for the triplet case. Such a generalization of the F-W procedure has been
obtained and is derived in Appendix III. The main result of this analysis is a
modification of U,

UGP) = UpXL + Wa(B) + 1D, @17)
~ &-p E, + m\1/2
WP = G E, + m))l/ziﬁ( 3E, )
E, +m2 Vv ax-p
- (5 2E, “55) m QELE, + m)P’ (4.18)

where the kernel of the integral operator V' is given by

V(5P) = e (- Z"‘)]_ L @19

Viep) = E,+ E, \ 2 57

E, —|— E,
Applying U(p) to the external potential Hamiltonian one finds

= U(p) HU'(p)

B E,+ mt (E, + me &P & p
= BE, + ( o) 4 ) QEL(E, + m) R’ QE,E, + m)~
-+ B[WlanW1 + %leEga + %Elezl + O;p + €, (4‘20)

where O, and e; are “odd” and “even” Dirac operators, respectively. It is
observed that performing an additional transformation U, of order V2 to remove
0, will not change the even part of H' to order V2, and so the first four terms of
Eq. (4.20) give H' accurate to order V2, that is the remaining even and odd parts
are of order V3. This means also that large small coupling terms in Eq. (4.11a)-
(4.114d) are of order V3. These are neglected.

It is demonstrated in Appendix III that to the order we are working in V it is
legitimate to put

Z(p) = (1 £ B). .21

Thus putting together Eqgs. (4.12), (4.17), (4.18), (4.20), (4.21) we find for the
generalization of Eq. (4.11a)

Egtt = ((H + [HAJ + J) ¢t = Hyeapt™. “22)
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H,y, is the “reduced” Hamiltonian), with

[H/[* = E, + ( Epég;lm )1/2 v, ( E,;;; m )1/2

T 41 01"

T QE(E, + mPE " QE,(E,, + m)F

+ WiE, W1 + HW:E E, ), (4.23)
and
— Ep +m Y2 gy ( By + mN\12
Jo=J+( ) M. (————2Ep2 )
Gy * P2 @ Gy * Da
+ CE(E,, + myR M GE(E, + m))l,z] + [1 =2}, (4.24a)
where
@ __ 01N _VL’ Ey+m G
M= [(2EM(E,,1 + m)L2 2m ( 2E, ) L QE,(E,, + m)P + h.c.]

_ [( Ep +m )1/2 Vi 6, Py I 91" D + h.c.]

2E,, m 2E, °QRE,(E, + m)
_ Gy D1 ﬁ&l.pl E, +m 12
[(2E,,1(E,,1 + m)2 2m 2E, 1 ( 2E,, ) + h.c.]

[ i (B2 ne]

(h.c. denotes Hermitian conjugate and [1 2 2] denotes a corresponding operator
with particle indices interchanged). Terms of order V; - V, - I, are negligible and
have been dropped.

We wish to calculate the J = 0, 1, 2 splittings in E, to order «®m and to find an
approximation to @, sufficiently accurate to evaluate the o®m contributions of the
diagrams discussed in Section 3. The technique used is nonrelativistic expansion
of H,q in a series of operators obtained by expanding all E, factors as
E, =m + p*[2m + -~ . Regarding p to contribute a factor on and V and I,
factors o®m, their so-called “nominal order,” we then have an expansion in powers
of « (for each of the terms powers of « can be scaled out of the operator).
Carrying out this procedure, we obtain

Hyea = 2m -+ Hy + AH® + 4H® + -, (4.25)
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Equation (4.22) is to be regarded as solved (to whatever numerical accuracy is
necessary) in zeroth order with 2m + H, taken as the zeroth order Hamiltonian.
The effects of AH® and 4H® are to be taken into account by applying perturba-
tion theory to Eq. (4.22).

AH®M is defined as the correction to Hyeq Of nominal order a4m and is given by

AH(4):_I—’14_524+ 1 Gy p(Ve+ 1) 6, p
c 8m3 81713 4m? 1 P\ ¢ 1" P
1 _ _ - - 1 _
+ Az Gy Da(Ve + Ip) Gy - Py — Tz {P.% Vi + L}
1
o 8m? {P227 Vz + Iv} = HCoulomb . (4-26)

It contributes precisely the “Coulomb fine structure,” Eq. (1.3), in first order
perturbation theory and an o®m correction in second order. This latter is a part
of a set of a®m corrections which will be lumped together under the name “‘second
order fine structure.”

AH® is defined as the correction to Hpeq of nominal order ofm. It contributes
an ofm correction in first order and can be neglected in higher order. Therefore
only the spin dependent part

3 - - - o
AHSG) - [A ng)]ﬂne structure = omE {61 p(Vy + 1), 6, pu B} + [1 = 2]

| .
~ mt {61 P16y * Py, D7 + [1 =2 2]
1 ~ g = - = - —
+ 16mt G1* Py Gy * Pol.Gy - Py O3 - P 4.27)
can contribute to the splitting (the ¥ - I, and V - ¥ terms turn out spin indepen-

dent).
We have, thus, arrived at a simple theoretical expression for calculating the

splittings. Defining
aw, =W, — W, (4.28a)

with
W,=E,—2m (4.28b)

we have
AW, = gy | BH® | @p> + {po | AH® | >

AHE | pu>{pa | AHP
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The wave function, corrected to first order is given by

Pt = @ + @' (4.30)
with
’ n. n AH§4)

One must inquire as to whether this nonrelativistic expansion is valid. The
general rule that applies is that if an operator’s nonrelativistic approximation has
a convergent expectation value then this value is accurate to the nominal order
of the operator, and the correction terms are of higher order. However, if the non-
relativistic approximation diverges, the true order is lower than the nominal order.
We know that 4H(" is convergent for both triplet and singlet ¢, . One finds how-
ever that AH® is divergent for singlets, and this is connected with the well known
fact that singlets have an o’» term in their energy level expansion. These a’m
terms arise from high momentum portions of the momentum space integrals and
turn out to be of the general form of a numerical factor of order unity times
a? X {py | 8%(F, — Fo)| oy, le., they are “contact interactions” and, thus, vanish
for triplets. This is in turn connected with the fact that AH(® has a convergent
expectation value with triplet ¢, , there being sufficient extra powers of momenta
in wave function denominators to make the integrals converge. Also in Section 8
arguments will be given showing that the coordinate space representation of
{po | AH® | o> converges. We shall find that the identical situation occurs for
all operators evaluated in this paper. Similar arguments can be made for second
order perturbation sums as well.

Finally, we display {g,|4H® | ¢,> and {@,| AH® | ¢o> as integrals over
momentum space wave functions. Spin dependent and spin independent parts are
separated by means of the “Dirac relation”

6-A6-B=A-B+i;-(A x B). (4.32)
We have :
Cpo | AHP | )

= — s <o BB | Bt + Bt | o B

— ———d = -
- 4,112 (5%5) EI;;' $po(P1Po) | K*| @o( Py — K P2 + K>
—Z dk o _ .
- grlnz ( - ) E_zl $po(P1P2) | ki* | @o(Py — Fu Bl
1
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; ( = ) -{%’% $po(P1P2) | ks? | @ol B Py + k)>

©8m? \ 272
4,22 (2,,2) f 7o <Po(P1P2) | 61 [k X (B — B gl By — K 5 + B)>
4;;2 (Ea,,‘z f 2 $@o(P1Po) | G - [k X (By + B @o( By — K Bz + K)>

(2ﬁ)h§mmmwfmxm—am%m—lm>

-t ( —Z ) dk2 <‘P0(P1P2) | 63 [ky X (Ps + ko] | po(PLps + ko)d

4m? 72
8
=Y AWSi) = AW, (4.33)
i=1

Including the [1 = 2] exchange terms by doubling the direct terms we find

{po | AH® | @)

= 1o (5 [ B

X {po(P1Py) | 61 - (Pl X k)P + (B — k] | oo Py — ki Do)
3i o dk
16m* (27) 3

X {@o(P1P) | 61+ (D1 X KM By® + (By — k)] | @o( Py — k g, + k)y

-+

i dk
+ oo 20 | &
X {po(F1P2) | 61 - (By X B[P + (Py + k)] | @o(P1 — k P2 + K)>
1 o dk
+ 16mt (:’2_7?) iz
X {po(PrP2) | 61 P1Ga* Do oy (By — K) Gy - (Py + k) | po(Pr — k Ps + k)
= Y AW9). (434)
ieg
Defining

(a) 4)
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we may write the total ofm contribution from the Coulomb ladder equation as

5
Awe® = Y AwE). (4.36)

=1

5. SINGLE TRANSVERSE PHOTON EXCHANGE

In this section we investigate the effect of the exchange of a single transverse
photon; i.e., of the operator ¥ . This operator is responsible for the well known
Breit interaction, plus numerous correction terms. Also it is natural at this point
to deal with the diagrams in which the transverse photon is crossed by an arbitrary
number of uncrossed Coulomb interactions, Fig, 7. Thus, for this section the
interaction operator considered is

J—) J,. = gr + Z gTXc" B (5.1)

n=1

AR

Fig. 7. Crossed Coulomb diagrams.

1

In a certain approximation these diagrams can be summed analytically. This is
necessary for the calculation of o®m effects coming from very low momentum of
the transverse photon. It will turn out that for the ®P splitting calculation terms
only through n = 2 contribute. It is however convenient to work with the summed
expression.

Before proceeding we wish to discuss the structure of the general interaction
term. The first order energy shift expression is, Eq. (3.52),

AEq = f (de]—27i) (D, | LFLF, | D). (5.2)
The exterior # ! operators may be decomposed as, Egs. (3.2) and (3.21),

F1 =L 8148 + L, 818 + L5 ey + L5, S5, (5.3)
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giving the corresponding decomposition of 4E(,

AE(]) = Z AE(I)aB‘yb

ofyd=t4++

= ¥ [ (de/—2m1) (@, | LLsSuSusISSurBools | 9.
ofyd

(5.4)

In calculating, all internal propagators of J are broken in positive and negative
energy projections also. Use of Eq. (3.48b) allows one to write the no pair term
in a form with the flanking I,’s eliminated

AEqysrr = [ (de]=2mi) (P | (Sur + S2) ISus + S2) | 8. (5.5)

In the remaining terms at least one of the 1,’s is not removable, corresponding to
reducible diagrams in which a Coulomb photon is exchanged (in conjunction with
the production of a pair) before and/or after the interaction (see Fig. 8). The
“blob” corresponds to the general interaction operator J.

(-==-)

Fic. 8. Decomposition of general diagram.

(b) (c)

{a)

(d)

Fic. 9. Coulomb transverse diagrams with one intermediate or one external pair.
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The simplest single photon exchange effects to calculate are the diagrams in
which a pair is present. It has been found that only eight diagrams, those with a
single Coulomb photon and single pair, contribute in order o®m. The four involving
a negative energy intermediate state on the path of particle one are shown in
Fig. 9; (a) and (b) are irreducible, coming from the operator ¥, with no external
1.’s, and (c) and (d) are the reducible diagrams generated by ¥, with one external
1.

Examples of the energy shift formulas, corresponding to Figs. 9(c) and 9(a), are

d
AEy, = [ 5= (B, | 1L, 2. F1(S1s + S2) | B

o \2 de dw dk dk’ .
- (ZE) — 2 —27i w? — k2 + id iz {P(P1D?) |
% “‘%—(ﬁl — E) %+(I_72 + E’) (Sl—(ﬁl . k’/e) + S2+(ﬁ2 + kIG))

E, + &(p,— k) — E(p. + k)

X o (S1(py — k — k'e — @) + S (Po + k 4 K'e — w))

X1 QP —k—K P+ k+ kD (5.6)
and

o \2 de do do dk dk’ -

4By, = (i;é) —2mi —2mi —2mi w? — k2 + id E% PlP1P) |

X (S14(P15 €) + Spi(Pe€)) L _(P1 — k') Si(py — k'e — w’)

X artoy? %y (Py + k) Seu(Ps + ke — @)(Sy Py — k —Ke —w — w’)

+ Sy (pe + k+ Ke— o — )| PP — k — k' § + kK + k),

(5.7)

with & and k&’ the momenta transferred by the transverse and Coulomb interactions.
The ¢ integration dives zero immediately for the S,_S;, , S;,.S,, terms of 4E,,

using Eq. (3.22b). Resolving the transverse photon propagator into simple poles
with

_l__zL[ 1 _ 1 ]
w? — k24 i4 2k Lw—k+id w+k—id Y

the Sy, (Pe + k'e) S1.(f; — k — k'e — w) term can be integrated exactly with the
result

k=1|k| (5.8

(o (AR o B (5 — B) Bulhe + )
4B = (55) [ 5 v <OLBP) | E.+ 65, — k) — (5, - k)
. 1
X oyt

E,—&(p—k—Fk)— &P+ k) —k
X a | PPy — k — k' py + k + K. (5.9)



120 DOUGLAS AND KROLL

The nonrelativistic approximation is obtained by letting E, —2m, & —m, V — 0
and using the wave function approximation

SO (e G o 21 dg ° Dy .

O = Ui (1 + B 1+ 2B o0 o)
, | (avpdkdR o

4Eg = — 16m® (_2772) T &t Cpo(P1P2) | 51 Koy

X [0_'2 ' (pz + k,) Uzi + Uzia'z : (ﬁg -+ k + E')]
X | @o(Py — k — K By + k + kD, (5.1

of nominal order o®mn. Again it is found that the integral is divergent for singlets
but convergent for triplets. The remaining term of AE,., S,_S;,, cannot be
integrated exactly due to noncommutativity of operators, so we make the approxi-
mation of dropping external potentials, finding for the denominator product
replacing that in Eq. (5.9)

1 1
E, + Em—k' - Epa+k' Em—k' + Em—k—k’ +k°

which approaches 1/4m? for small momenta. This term is thus of nominal order
o’m and is neglected. For basically the same reason the diagrams with one
Coulomb photon and two pairs are negligible.

The sum of all the single pair Coulomb-transverse diagrams can be written
compactly in sixteen component notation as

2 —1\ ¢ dk dk’ — . - _ .

4EL = (5) (o) [ T o <@LmaPd| [ s (B — B) + s (By — ) o]
X Ay B+ B + Ao+ F) ol | @By — B — B By -+ K,

(5.12)

ay?—1 k ak’ - : ~ - ;

A5 = () (G) [ 2 (@upupl i Ass(Ba ~ B) + Ay By — B) o]

X [agfAs(Py + K) + Ap (P2 + k') '] | B Py — k — K’ B + k + k'),
(5.13)

where AETC,, refers to the diagrams of Fig. 9 and 4E]C, to the corresponding set
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with the negative energy state on the path of particle two. These are equal, and

so we present the Pauli form of 4ETS,, and double;

AE(T—C+) + AE(Tf—)

- ( - )2 (i) %E_ %ﬁi Lpo(DP1P2) | [01 - ko — o6, - k']

2 8m?
X [2(Gy * Pa0s® + 02765 * Po) + 2056, - k + (6, * K'og! + 0,6, + k)]
X | @o(Pr — k — k' Py + k -+ K')). (5.14)

Using Eq. (4.32) to eliminate surplus spin matrices and the formula

AB;=A-B—A-kB-k

O

||

i=1

to eliminate transverse operators yields
AE(T—C+) -+ AE(Tf—)

) =D ik’i & o mp)

X [8i{Py « (61 X k) — Py E(Gy X k) - B} — 4i(6, x k) - FE' - k
+ 46 X k) - (6, X k)| @o( Py — k — K" Po + k + k') (5.15)

The no pair diagrams of Fig. 10 also contribute to the splitting. The simplest

A b

(a) (b) (c)

Fic. 10. No pair Coulomb transverse diagrams.

diagram to calculate is the single photon exchange term AET . ,, Fig. 10(a),
given by

T
AE(++++)

272

X O‘li“zi[su(ﬁl — ke — w) -+ S2+(ﬁ2 + ke — w)] ] (Dc(pl —k P: + E)>
(5.16)

d dw dk = =
b=) | 5 g (PAPiB) | [81(F, ) + Suu(B)]

—2mi 27 w? —
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Using the methods described for the TC diagrams we find exactly

dk 1 .
Al v = (53) [ o OAmib) | o AT Ty
4 1 i = -
LA Tr py ey sl SR L
= (P, | B| D), (5.17)

with B the “Breit operator.” The order of the «;¢, o’ takes account of the fact
that [of, &] = 0 and we could just as well have & — H due to the manner in which
the operators are ordered with respect to the wave functions.

Even though it is claimed that it is necessary to include only the diagrams of
Fig. 10, it is convenient to make use of the result of Sucher [10] for the sum of
diagrams with an arbitrary number of uncrossed Coulomb photons exchanged
and no pairs in intermediate states

AEf 4ip)
o dk o
= (ﬁ) by {D(P1D>) |
1 )
Ec - 5(171 - E) - g(ﬁz) - $++(51 - Eﬁz) Ic$++(l_71 - EI_’z) —k "
1

<
X oy

R T W TGy - S A 5 A A

X | D(py — k po + K)). (5.18)

Reexpansion of this result in I, yields exactly each diagram going into the sum.
The relation

&, = U Uyt (5.19)

may be used to rewrite this in the exact reduced form

Al = (i) [ +(pa) | |0 U7 (Br — BT

1

p U p ++
% E, — Hrea(p, — kps) — k [Ue(P2) a’Uz (P2 + E)]

1
E, — Hrea(P1p> + k) — k

+ [Ux(Py) aingl(ﬁz + E)]++

X [Ux(By) o' Ur(P1 — E)]++$ ™ (P, — k P> + k), (5.20)
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with Hyeq given by Eq. (4.22). Defining the order ¥ term of the transformed of
matrix as

Ali = [Uypy) aliUl_l(ﬁl - E)]T’f
G By W Byt m\i L Ep gt mle
X [(2Ep1(E,,l L) Im ( 2E, ) e ( 2E, & )
E, +m )1/2 i ( By +m )1/2 W a1 (P — k) ]
2E,, v\, Im (2E, JEps - m)IF
[t )”2 144 3y - By o (Emp )1/2
2E, 2m QE,(E,, + m)y '\ 2E,
E, +m )”z . G- (P — k) 14 ( Epx +m )1/2]
2E,, Y QE, Ey, » + m)® 2m \ 2E

!

+

(
. . ) (5.21)
with a corresponding expression for

Azi = [Uz(ﬁz) Oﬂinz_l(ﬁz + E)]Jlr':
(terms higher order in V are negligible) the energy shift may be written

BErrs — (=2) [ oerm5) | RS AR
(++++) (2,”2) 2k <<P (PI Pz) l ' Ec - Hred(l—’1 - k’ ﬁ2) ?
1

- Rzl Ec _ H(Pupz + k) — k RIZ|¢++(131 - ka ﬁZ + k)>,

(5.22a
where )

R = 61 P10y (Epyi + m) -+ (Eyy + m) 01°6y - (By — k)
! QE,(Ep, + m)'2 QE, _(E,,_; + m))7?

Gy * D30 (Eppir + m) + (Epy 4 m) 0,5%0, - (P + k)
QE, (E,, + m)'R 2E, ((Epysr + m)/2

+ Ali,

Rzi -

+ 45 (5.22b)

Terms of the form V,V, may also be dropped. The roughest approximation to
this is the order o'm Breit energy, obtained by dropping the A%s, letting
Ep’s — m, neglecting E, — H;oq compared to k and using ¢, for ¢t+:

dk o 1 . . L
AE)‘;) = — (E%) 52 {@o(P1Ps) | At [61 - P16y + 046y * (Py — k)]
X [Gy * Pogs® + adioy - (Ba + K| eo(01 — k, Py + k)
1 @

d ~ - _ _
= - e (ﬁ) J.fij {po P1P) | [4(Py * P> — Py k p, - 'Ié)

— 2Py (62 X k) + 2ipy - (61 X k) + (6, X k) - (G2 X k)]

X | ol By — k, Bs + k)
= {@o | Hretaraation | Po> = {@o | Brea | @p) o a’m, (5.23)
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which defines the momentum space form of the well known “reduced Breit opera-
tor,” which is precisely Hyetargation » EQ- (1.4). The refinement of all four of the
above mentioned approximations yields a2 corrections to 4Eg"; however, each
correction can be made independently. First, we notice that the fine structure
terms contained in (E, — Hpeq) are of order o*m, i.e., of order «® compared to
k ~ am, and thus to order a®m in the shift we can replace (E, — Hreq) by
(Wo — Hy).
To proceed, the propagator is decomposed as

____1________1__W0"'H0_ (Wo — Hy)?
W, - H,—k  k k2 Kk — (W, — Hy)
=P, + P, + P;. (5.24)

P, yields AE{, and the order V and order p? corrections to the reduced o
matrices as well as the o? correction to ¢, given by Eq. (4.31) must be included.
These are not necessary for P, and P, . The p? and V corrections to P, are found
to be (calculating for one particle and doubling)

AEB(ﬁz) = ! ("'Oi‘) %E‘ <(Po(171132)l [52 : ﬁzgzi + 0'2"5'2 ) (1_72 + E)]

16mt \272
x 16y - pro((P1 — k)z +3p,®) + 01%6, - (P — E)(I_hz + 3(p; — E)z)]
X | po(Pr — k P + E) (5.25)
— k o - =y . _

AEg(V) = 747’11? (#) %2‘ {po(P1Po) | [8y * Paos’ + 043, - (e + K]

X (01f[V1, Gy (P, — E)] — [V1, 6y Pil o) | ‘Po(l_’1 —k Pe + E)>
(5.26)

The corrections to ¢, yield an expression corresponding to the second order
perturbation theory cross term between the Coulomb fine structure of Section 4,
and the retardation fine structure

@) @
AEB(Acp) _ Z, <‘P0| AHc | ‘Pn><‘Pn | Bred | (P';;/o+_<<ao/’l‘ Bred | ¢p"><(p" | A]{c ] ‘Po> -

(5.27)

P, gives an integral of nominal order o’m. The spin dependent and spin
independent parts may be separated with the use of
Gy * 1oyt + 0%y - (B — k) = 2pf + i(6; X ky,

. . . (5.28)
Gy * Pa0yt + 05°G,  (Pp + k) = 2pyt — (G, X k).
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It is seen that the spin independent p,’p,’ terms of both P, and P, diverge as k — 0,
however their sum does not. Since the spin dependent terms contain at least one
extra power of k the separation into P, and P, is useful. One finds, by using the
equation for ¢,, that the P, “direct” and “exchange” (see Eq. (5.22a)) spin
dependent terms combine to give zero. P, is of nominal order ofm. (The 1,2 term
in (W, — H,)? comes originally from the diagrams with two Coulomb photons—
these are the only three photon terms that must be included in the calculation.)
For spin dependent terms W, — H, may be neglected compared to & in the denom-
inator without incurring an infrared divergence (this eliminates higher order
crossed Coulomb diagrams), yielding the “pure” ofm “recoil” energy shift

1
2m?

.= - ()

2 oz [ B o prne)

X {—12)5s X RBWo — Hopy — KB + Wo — Hipupe + B 7]
+2)51 % DB Wy — HolBsBa + B + Wy — Hi(py — EB)Y 5]
461 x B+ @0 x DU — BBy — KB + (Wa — Hylpufis + B
< 1 9B — E Bt B

= AER,EQ + AER“—,1 + AER’515,2 B (5.29)

It has been found convenient to use the equation for ¢, to manipulate 4E, into
a form in which the potential operators in H, appear only linearly, with the result

— dk oo
dEg; = (%) ) T {po(P1P2) |
[ _ _ 5 k'2 _ 5.2
%3G x B - (= e, 1L, AP B g, B

= P2 Pt L, (P — k) (P + k)P (P — k)? po?
P (—2 2m 2m 2 2m 2m +2 2m m

2_ﬁli (52_*_ E)Z

T2 T am

)1 oolBr — K 7 -+ B, (5.30)

where

F=V,+V,+1, (5.31)
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and an equivalent form for 4E ; . The potential terms drop out of 4Eg ; s, and
the result is

AER,6162 = (_a_)

55 L[4 P51 16, X B (6 x B

2m?

12N Pz (P — E) (P2 + E) e (Pz + E)z
( —25, 2m 2m —2 2m 2m +25n m- 2m

42 (1_712m k)? P2 ) | 9o(F1 — Kk By + B (5.32)

To summarize the results of this section we write the total single transverse
photon exchange contribution to the fine structure splitting as

AWr = AWE + AW, (5.33)

where AW is the familiar a*m term and AW is the desired ofm correction.
Repeating Eq. (5.23) we have

AW = AEY = {py | Brea | g0

— dk _ - - _ _

= (2—?;5) Tr—nl? -Eg'(%(Ple)l"'(Pl ‘P2 — D sz : k)
+ 2ipy * (6, X k) — 2ip, - (6, X k) + (6, X k) - (6, X E)
X |93o(171—kpz+k-)>

= i AWE) | (5.34)

i=1

(the spin independent term has been retained for completeness). The numerous
contributions to

AW® = Z AWE ) (5.35)

are given as follows:

(1) 4AwW®(Q) is defined as the second order perturbation theory cross term
between AHP and B4 and is given by Eq. (5.27)

w¥1) = AdEs(do). (5.36)



HELIUM ATOM FINE STRUCTURE 127

(2) AW (2) comes from the p? corrections to reduced o matrices and is
given by Eq. (5.25), and with transverse operators removed is

AWP () = AEB(rﬂ)
(2?7) T6nr Ez <‘P0(P1Pz)] — ipy - (G X K)(@4p2 + 4P, — k)
+ 2iPy * (6, X R)(P:? + 3Py — kP
+ 2i{Ps * (61 X P) — PBs - K&y X P) * B2P:® — 2P, — k)?)
+ (6, X py) - (6, X K)2P% — 2(p; — k)
+ (6, X k) - (6, x k(B2 + 3(Pr — ) | (P — k Bz + K.
(5.37)

(3) AW (3) is generated by external potential corrections to the reduced
of matrices and is given by Eq. (5.26), and with the external potential expressed
in integral form and transverse operators removed is

AWP6) = AEY) = (F20) (%) s [ 5 B2 <o) |

X [41{1’2 (6, X k) — By - k(G X k) - R}
+ 2(G5 x k) - (61 X k)] | po(By — k — Ky By + K)).
(5.38)
4) 4AwWP(4) comes from the Coulomb-pair exchange diagrams and is found
in Eq. (5.15)
AwP@) = AE[S) + AEL, . (5.39)
(5) AwW(5) is given by the spin-spin term of the recoil correction,
Eq. (5.32),
AWE(5) = AEg 5, - (5.40)

(6) AW N6) denotes the no potential part of the spin orbit piece of the
recoil correction, Eq. (5.30). Doubling to include &, .

—1 dk I R _
AWPO) = (525) — [ T <wol 1B 15 @2 X B - B
7% Pz (P, — k)® (P, +- E)2 P (P + ié)2

( 2o 2m 2m —2 2m 2m +2 2m 2m

42 BB P o kg R (s.41)

595/82/1-9
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(7) AWENT) is defined as the external potential part of the recoil correction,
Eq. (5.30), and written out in integral form is, likewise doubling,

{po(P1P2) | (3, X k)

—Za)(a) —i  dk dky

272 1\27?) 2m® ) RY E2

awPa) = (
) Ez(_2ﬁ1 -k + kz) I ‘Po(ﬁl —k P: + k + Ez»- (5-42)

(8) AWEP(8) denotes the I, term in the recoil correction, Eq. (5.30), and
written in integral form is, again doubling,

o —1i d d’? = = =
AW;-G)(S) = (m) Em_;- —’-g- e {po(P1P2) | (31 X k)

'E'(—2ﬁ1'k+El'E+E2)|<P0(I—’1_E—E’I72+E+EI)>-
(5.43)

Further rearrangement and Fourier transformation of these results is carried out
in Section 8.
6. DOUBLE TRANSVERSE PHOTON EFFECTS
In this section we calculate the effect of the double transverse photon exchange

diagrams, i.e., J > Y1 + 97 F 1%, plus the last two terms of Eq. (3.54). Thus,
we define

AETT = [ 5 (@, | L[ F G0 T | FIG:F G F L] B
de . de' .
1+ (D, | [1)c f o FGF 11,;] r [Dc f = TG T 110] | D>

d 1
— AE [ 5= 4@ | (Siy + S2) F1(S: + S 3 L] B>
= AET" + AETT 4 AE™. 6.1)

The terms of AET” involving one or more external pairs, and, thus, one or two
extra factors of I, are negligible, the terms without external I, being already of
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order afm insofar as they contribute to the 2P splitting. Thus we find, referring to
Egs. (5.2), and (5.5)

d
AETT = [ 54| (St + $2) Frer(Suv + $2) [ B

[ D1 S+ ) GrF ISy + 52 | B
= AE™T 4+ AE"T. (6.2)

Inserting the expressions for the operators 4, , %, we find the explicit formulas

AEPT () [ e _dodo dF di’
27 —2mi =27 =27 w? — k® + id o'* — k2 4+ id’

X (D P1P2) | [S14(Pre) + Sa4(P2e)]

X 018y (P — k'e — ) gty Sy( Py + ke — w) oy

X [S1(pr —k — ke —w — o) + Sp(hy + k+ Fe — 0 — o)
X PPy — k — K p+ k+ k)

= AE() + 4ELS + AEDS + AEDS (6.3)
and
AETT — (__c}_)z de do dw dk dk’

g2 —2mi =27 —2mi w? — K2+ id o't — k24 id

X AP P1P2) | [S14(Pr€) + S24(Pe6)]
X 0y’ S3(Py — ke — w) a0y’ Sy( Py + ke — w) oy
X [S1(pr — k —Ke — w— o)+ $(P + k+ Ke — 0 — )]
X |Pfpr—k — K p+ k+K)
= AE(Y + AELT) + AE(S) + AETT), (6.4

where the (1) subscripts refer to the positive, negative energy decomposition
of the interior propagators; the superscripts i refer to orthogonal directions per-
pendicular to k and j to k'.

The simplest of these T x T, T - T terms are the (+—), (—+) projections, and
their evaluation is similar to that of the TC terms of Section 5. All external poten-
tials may be neglected. This allows denominators to be combined straightforwardly
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using Eqgs. (3.22a,b). We can also let E, — m in the resultant energy denominators,
finding that as in the TC terms they reduce to the simple result

k> - 1)k, (6.5)

Also;the wave function approximation Eq. (5.10) is adequate. The result of these
approximations is a convergent a®m integral (again convergent only for triplet
states). These calculations can be summarized in a form analogous to Eq. (5.13),
doubling (+—) to include the equal effect of (— ),

AE{y + AEC,y = (AECS + AEGT) + (AEDS + AERT)

2 4
(ﬁ) %k; _‘?k%, <¢c(f’1132) l 042"/12_(132 + k) O‘zj

X [0‘15/11+(I71 - E’) o’ + 0‘1"/11+(I71 - k) x’]
X | ®(pr — k — K py + k + K. (6.6)

Transforming this to F-W form using Eq. (5.10) gives the intermediate result

1 dk dk’ _ o '
16m3 ) 2 %IFEE {po(P1P2) | (05’05’ + ayioy’)

2
AETT,) + AET%, = (2;;2)
X [(pr — E)Z ooy + 6y - P10,%Gy * (Py — E) oy
+ o6y - (P — Tc) ooy - (P — k — EI)
+ Gy - Pror’ey?Gy - (P — k— E')]
X | @By — k — k' Py + k + K. 6.7

Further manipulation yields the final result

AE{, + 4ETT,,

2 ’
— () | o B <onpaP | Bl Gy x B — b Ky x B B
+ 40, % By RE - R 9B — E~F B+ E o+ B, 69

The term AETXY presents an extra complication but will be found negligible.
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Proceeding according to the discussion following Eq. (6.4) we find the nonrelativ-
istic approximation analogous to Eq. (6.7)

mﬂﬁzbﬂswj&ﬁﬂww+%%J®Mwm

X [(By — k)2 oyioy + 046y« (py — k') oyioy - (P, — k — K))

+ 6y * Proyiy - (B — K) 04 + &, * Pyoyioric, + (B, — k — K]

X [(Py + K)? oyloy’ + 04i0 * (P2 + k) 045, * (P2 + k + k)

L Gy Py0yGy c (Py + k) 0y + G, v Pa0iioi, + (Pa + k + K]

X | po(Py — k — k' By + k + k). (6.9)

This expression is convergent for large values of the momenta. One finds by
counting powers of momenta the nominal order of this term is a’m. However,
the number of inverse powers of k or k’ in the factor (1/k%k’% - 1/k2k'3) causes
an infrared divergence for either k or k' — 0. The neglect of E, — m factors in
denominators has led to these divergences, and these act as a natural cutoff for
the integrals. We are led to the conclusion that AETT is actually of order
o’ log am -+ o’m, but still negligible.

The nonrelativistic order of the sum AE™T = AETT + AETT is ofm
but it is spin independent, the spin matrix combination being simply
[oioy? + ooyt ][oxtoy’ + oyi,t]. Also it is found that this combination is infrared
convergent. Spin dependent corrections must come from a wave function approxi-
mation more accurate than Eq. (5.10). As found in Section 5 these are of relative
order o2 and, thus, to order ofm AETT may be neglected.

The remaining terms 4E]7, AETT, and AET'T are found to combine into a simple
result. Performing the ¢ and w integrations in the positive energy piece of 4ET-T
(pair terms involve an extra I, and are negligible) we find

T _ 1 ;
AETT = —4E (%) [ 2 <@mmﬂ%&_ﬂm_m_ﬂm_k%
+ai 1 ai]
*E,—&(p) —E(F+ k) —k
X L | BBy — K B + B, (6.10)

E,.—&(p— k) — &(p2 + k)

clearly of order ofm.
In 4ETT #,’s are inserted to the left of the I,’s and the negative energy part
of I'is dropped (see Eq. (3.41)), corrections to both of these approximations being
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negligible three photon operators. We are then left with a sum over the positive
energy solutions to CLE

;(‘Pc | | (de/—2mi) DF G F 1L, 1, | Py
, X LD, | [ (de'|—2mi) DF G F L, 1| Do
E,— E, ’

AT - Y, 611

Ey>0

Using the equation for @,, and (D, — £, 1) @, = 0, and also making the

separation
D, = D, — (E; — E,) (6.12)

we find on performing the relative energy integrations, and defining

1 i
E,— €, — k) — 6(ps) — k
1

M(k) = ot

+ o E,—&p) — &P+ k) —k a’, (6.13a)
1 o $De | (027%) [ (dk[2K) M(E) | @)Dy | (/277 [ (dK'[2k") A(K) | Do)
A= E,— E
E,>0 , .
‘ o) [ 4k 1
_EEO <P, | (2712) 2% E,— &(p, — k) — &(ps + k) | o>
X (@1 (3% [ S #R) 1 8
= 45+ A5 (6.13b)

The notation for the first term is chosen to denote the fact that it is precisely the
“full Breit operator” B, Eq. (5.17), in second order. 4E77 is dealt with as follows:
in the left side matrix element we make the shift p, — p; -+ kK, p,— p, — k and
then use completeness of the positive energy spectrum in the form

Z' | Do(Pr PP n(P1D2) | = Loi(P1P2) — | P P1P)XDPe(P1P2) |;  (6.14)

E >0

p, and p, are then shifted back yielding

I i
E,—&(p— k) — E(pp)—k

1 il B = B) Lu(Pa + F)
E,—&(p) — &P+ k) —k VE, — &P, — k) — &P + k)

TT o 2 dE dE’ — - P
AE," = — (Zr_z) —27{—'2?<¢c(P1Pz)| gal

-+ azi
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1

X, —cf(pl—k—k)—cf(wrk)—k' o

E,— &(pp— k) — é’(pz+l€+15) k' 1§

X 10Uy — k= By B+ B> + @01 B 00> () [ 2K
X <D(P1Ps) | A (k) E .- P —¢Gth | Do(pr — k. P2+ K.
(6.15)

Since for @, we know already that

O(ofm) singlet,

AE = @.| BB + [ o V8T

it is evident that the second term of AET7 cancels 4ET7,
Finally, we examine the remaining piece of 4E77, AET,T. From Eq. (6.4) we

have

AE(++) (E:_‘_g)zf de do do dk dk’

—2mi —2mi —2mwi w? — K2+ id % — k2 + id’
X DP(P1P2) | [S14(P1€) + SpiP2€)] ®Sp(Py — ke — w)
X LBy — k) 0058y, (Py + ke — @) i (Py + K) o
X [S14(Pr —k— ke —w— &)+ So(Po + k + ke — 0 — w')]
X | ®(p — k — K, po + k+ k), (6.16)

which we write out explicitly as

AERT, = (_2_17):_2)2]' de dw dw dk dk’

—2mi —2mwi —2mi w® — k24 id o't — k2 il
_ 1 1
* @) [ Ep sy T T B e e B
L — k) % (P + F)
E,— &, — k) — &P, + k)
1
~ [Ec/2—}—e—w—($(p'l—k)+i8
N 1
Ef2 —¢+ w—&(F, + k) + i
1
~ [Ec/2+e—w—w'—é”(ﬁl—k—k')+i3
+ ! ]
Ef2 —ec+w+ o —8P+k+Kk)+ i
X N Pp — k — K, py + k + K. (6.17)

X a11a21

o d
]0‘1“2
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The relation Eq. (3.48b) has been used to rewrite the interior propagator expres-
sion. The ¢, w, and ’ integrations are facilitated by setting & = m in the exterior
[Si: -+ S..] factors. Performing these integrations we obtain

_ dk & .- . o BB — k) L (P + B)
AE(++) (27T2) 2k 2kl <@6(p1p2) I 251 Oy Ec _ ép(l—)l — k) . éa(-p—z + E)

-1 1 1
X[k+k’ (m—{-é’(fyl—E)—k’+m—6’(52+k)—k’)

. 1 ( 1 1 1 )
k+Kk \m+&p—k—k m—8E(p.+ k)
+ 1 1
m— &P, +k)—k m— &E(p, + k) —

i ]
+m—ﬂm—@~km—ﬂh—m—d
X oo | PPy — k — k', po + k + K. (6.18)

Evaluating this nonrelativistically (giving an o%m contribution to triplet states)
one makes the approximation

_t ., tr 1 _,_1
m—&—k kK° m—é—k K

and likewise in the first term of 4E7%, Eq. (6.15). These are then seen to cancel.
We have arrived at the pleasing result that for triplet states to order a%m

AELY) + AETT + AETT = AEQ, 6.19)
where
Ep>0 -

This can be expressed in terms of the Pauli-type wave function &, = U7 U5
by introduction of the usual F~W transformation, i.e.,

AE® — Z, <(P++ | [UleBUi_ 1]++++ | @n +><‘P +l [UleBU;1U;1]++++ | ‘P++>
B E,— E,

E,>0

(6.21)

The nonrelativistic approximation to 4E{ is obtained by replacing ¢;*’s by
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@8, neglecting E — &(1) — &(2) compared to k in the denominator of B, letting
E, — E,—~ W, — W, , and using

Ul_le_lg (1 + @ * pu/2m)(1 + &, - po/2m).

One then arrives at

AEY ~ Z {®o | Brea [nt/Pn><<P;/ | Breq | ‘Po> (6.22)
0 n

the reduced Breit operator in second order. Power counting arguments as well as
the successful calculation of this sum in coordinate space by Hambro [25] indicate
that this sum is convergent and thus also that corrections to the approximations
listed above are of higher order than ofm.

We have thus arrived at the simple result for the sum of all two transverse
photon contributions to the triplet P splitting

AW(G) (6)(1) + 4 (6)(2) (6.23)

with AW§EX(1) defined as the second order perturbation sum of Eq. (6.22) (see
Eq. (5.23) for the definition of Byeq), and AWEN2) denoting the pair terms of
Eq. (6.8),

w2) = AETL, + AE{,. (6.24)

We note for completeness that the contribution of 9., (double Coulomb photon
exchange, Fig. 5) can be analyzed by methods identical in principle but much
simpler in practice to those applied to ¥, . While the spin dependent terms of
the (44, ++) (i.e., no external pair) part are nominally of order aSmc? they take
the form

exe ] dk dk’'
AE™® = — F8rln_3 (27_‘_) T Te {po(P1P2) | (61 — &)
(kX K) | po(pr — k — k', po + k + K, (6.25)

and hence (on account of k, k' antisymmetry) vanish.

7. RADIATIVE CORRECTIONS

The rigorous treatment of ¥ has not been completed. We shall present
instead a phenomenological treatment based on the assumption that radiative
corrections to electron interaction may be taken into account by ascribing to the
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electron a modified charge form factor and modified static magnetic moment.
The expressions we shall write down will in total yield order o®m and order o®m
corrections to the ofm spin dependent fine structure. These corrections may be
symply interpreted as arising from replacement of the electron magnetic
moment p, = e/2m by po(l + 4), where according to Refs. [23, 32, 37]
4 = of27 — 328(cfm)? is the order o plus o2 radiative correction factor.

In accordance with the above prescription the pointlike vertex operators are
replaced by the modified operators [31, Section 6]

B = yo—> o + Ao(@) = vo + A° + AM, (7.1a)
Bot = yi = yi + Aig) = yi + A + AM, (7.1b)
where

P m 3 e O m 3
A = 55 4™ (111 X §), A = 55 ¢ (ln X 8) (7.22)

A = At 7l A4 = 21y (1.25)

0
Rl e

TYTY

Fic. 11. Vertex correction diagrams.



HELIUM ATOM FINE STRUCTURE 137

Here g is the four momentum transfer to the electron in question and may be
provided by either the other electron or the external potential. The Ag; terms
represent the charge form factor of the electron to order «; A is a photon mass
introduced to avoid an infrared divergence and indicates the need for binding cor-
rections. The A}, terms represent the magnetic moment correction to order o
plus a2 Second and fourth order Feynman diagram contributions to A¢ 4 AM
are illustrated in Fig. 11. Since it will be found that the charge term does not
contribute to o®m and o%m fine structure an order « correction is not included.

To investigate the effect of radiative corrections to photon exchange we shall
substitute y, ; — Ag ; + A¥,; in the one and two photon exchange diagrams; see
Fig. 12. Radiative correction to interaction with the external potential is taken
into account by replacing the mass operators ZXy,,2,, of Eq. (2.19) by
Afy + AW, A%y + A¥ . The expressions arrived at are then equivalent to the
vertex correction to a single scattering in the external potential.

The interaction operators corresponding to Figs. 12(a)-12(j), call them %,
Gor,Yrr,Gere s Gvre s rra, Yerxe » rrxe s Drxcr » Yrxrr » are derived simply
by employing the rules of Appendix II and substituting the vertex correction

1
b4 4

(d) (

R

4

(
(f)

b

)
{g) (h) (i)

&

(j)

Fic. 12. Vertex modified exchange diagrams.
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operator for the appropriate matrix. Then the energy shifts generated by these
operators are calculated in the usual manner by means of Egs. (5.2) and (5.4). It
is found that in all diagrams A, yields energy splittings the largest of which
(from Yer, Yyr, Yrr) are of nominal order o’m and thus negligible (the true
order of such terms is a? log « as indicated by the factor log A in the vertex
operator; see for example Bethe, Barranger, and Feynman [38]). In calculating
with A}, it is found that the only operators that contribute in the order of interest
are Yers Yvrs Yrrs Yrrxc s and Fyze . Furthermore we need retain only those
terms in which no external pairs are present, and in Frz.c only positive energy
intermediate states contribute to the order of interest.
The relations

Bralk 1,20l = 2712 * K, (7.3a)
Bur2lX v10i] = 200y1,0: -+ 20‘:,2'}71.2 -k (7.3b)
are used to rewrite the magnetic vertex operator. Performing the relative energy

integrations and including factors of two to account for diagrams with the radiative
correction on the path of particle 2 we find

AEon =2 () A [ (00 172 K1 Blp— o B B, (142)
—Za\ 4 d sy - ~ =
AEyp =2 - ( 21’_:) Cn Eilé (P(P1D2) | 1 " ka | (D1 — Kk, D)), (7.4D)

AErp =2 - (2—061;5) % J‘ “2% (D (PP |

x 3[,111',}-,1 -k ; o’
E— &(p,— k) — &(p)) — k

1
E—6(p) —E(pa+ k) —k

E— &8 — B — (B
>4”E~am—a—ﬂm—k”

i7-,1 . E]

+ oyl

E— &(p) — & + k)
~ &) — 8+ B —k

vadl| | 2By = K Ba + B,
(7.4¢)

+°‘2i E
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B = — () () [ % @uppol

27\ 2m
X g_%i'}_ﬁ kaotyy - k4 H—kyy + ', - k)
E — &(p) — &(p, + k) = [
_k : z -k
E— () — 8 + Bk e R0

E— &, — k) — &(py)
E— &P — k) — &(p) — k

X Gkyss + 057, - B | 05, — K, B + B, (7.44)

+ $kyy + Py - E)

AErpyc = 2 - (277_) m f 2k (PP |

Zo(Ps + E) I, Z1+(P1)
E— @@(Pl)—‘é”(Pz‘i‘k)—k E—&(p)—&(py + k) —k

X (—kyy + a*yy - k) + (kyy + %5, - k)

<

L(p— k) I Zo(Py)
“E= EPr— k) —E(p) —k “E—&(p— k) — E(py) — k
X | (pc(pl - Ea P2 + E)> (743)

For the purpose of extracting the «®m and o®m contributions we may drop the
second square bracket of 4E;y , the second and third terms of 4Eyz: ; further, in
AEzgyc we may drop the ky,; terms and also neglect E — &(1) — £(2) compared
to k in the denominators (i.e., neglect “recoil’”). 4E;, contributes in order o%m
and we need to retain a recoil term obtained by writing

1 1 E—&Q) — cf’(2)

E—&60)—¢Q) — k=~ & [z

Using the equation for @, we may eliminate £ — &(1) — &(2) in favor of 7, and
find for the total of the recoil term of 4E7; plus 4Ezyc

AErg(o®m) + AErpxc
4 -
=2 () 2 [ & opp |

X {ae* (D2 + K) IH(PY) o'y - k + oy - k% . (p, — k) 1% (D) o
+ I.%4.(py Z2(D2) a2ia1i‘}71 -k + 0‘2i0‘1i771 ) E°%+(I_’1 - E) Zo(Pe + E) I}
X | Py — k, po + KD, (7.5)
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Making the usual F~-W transformation and nonrelativistic approximations it is
found that this expression is spin independent to order ofm, analogous to the spin
independence of P; , Eq. (5.24).

TABLE 1

Coordinate Space Form of a*m Operators

Contribution Formula

(. = - - -—
4 ch)(l) _%az <V12‘Po | V].2 I <Po> - %O‘Z <V22‘Po | sz | o>

4
Y AWP@) et lgo | —28G) + Z8Gy) + Z8G) | g
=2

(1)

Aws) —1a% <o 1 &, * G X Vofi)| g

26) +3a2 <gy | &y + Fir® X Vo/i)] @o>

22 —da(—2Za) <@y | & - (Fo/r® X Vofi)] @o>

a9s) —3l(—Z0) <o | 03 * Fafrs® X Vali)| o)

AW —302 <o | (UPDVofi + Tofi — # - - Vuli) Vafi) | 90>

20 +3a2 <y | &, (I x V/i)] pod

a0 —3a® (py | &3+ (FIr* X VofD) 90>

awP @) +1ot Cgo | —(87/3)5, - 38%F) + 1/r* [31 - & — 35, - Fou - 71| o)

The remaining expressions reduce simply to multiples of the «*m fine structure.
That is, we find expressed in terms of the o*m fine structure operators listed in
Egs. (4.33) and (5.34) and Table I

AEcp = 4 - QAWO(5) + 24W(6)), (7.6a)
AEyr = 4 - QAWE(T) + 24WH3)), (7.6b)
AErz = 4 - AWPQ) + AWPQ)), (7.6¢)
AEre = 4% - AWH(4), (7.6d)

Finally, we separate the results into order o’m, a’m, defining

4
AWP =Y AwPG), a7

i=1
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with
W) = (YmAWES) + AW 6)), (7.8a)
‘5’<2) (&/mYAWET) + AWEB)), (7.8b)
W) = (2mAWPQ) + AWP3)), (7.8¢)
W) = (afm) AW @), (7.8d)
and
AW = Z AwP), (7.9)
with )
AWE1) = 2 - [—.328(c/m)NAWES) + AWE(6)), (7.10a)
AWP(2) = 2 - [—.328(c/mNAWET) + AW E(®)), (7.10b)
AW (3) = [-.328(a/m)NAW Q) + AWE(3)), (7.10c)
AWE@) = (2 - [—.328(/m)?] + (of27)2) AW P(4). (7.10d)

In this phenomenological treatment we have rederived the well known anoma-
lous moment fine structure contributions of order om [10, 16, 17, 39] plus similar
terms of order o®m which may be described as arising from the next higher term
in the expansion of the anomalous moment. We have also shown that o correc-
tions which cannot be simply interpreted as arising from a modification of the
electron moment do not occur in the phenomenological treatment. Such a term
does occur in AE;; , but it is cancelled by a similar term in AE;zyc .

It is clear that a systematic exact reduction of #3d Eqs. (2.19) and (2.37), is
preferable to the above treatment. Such an analysis appears to be necessary in
order to definitively determine whether or not there are order « corrections to the
om terms coming from the binding of the electron in the atom. In the case of the
analogous problem of P state hydrogen hyperfine structure [40] order « binding
corrections have been shown to be absent. It would, therefore, not be surprising
if they were absent for helium as well. On the other hand, in the calculation of
Ref. [40] binding is provided by a fixed external potential and the complications
provided by relative energy behavior are not present. A rigorous analysis in
progress indicates that the above treatment in fact yields the correct result. It is
based on use of the Yennie~Fried [41] form of the photon propagators for the
photon lines beginning and ending on the same electron line. Systematic renormal-
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ization and reduction of terms to forms which can be estimated proves to be
possible but lengthy. Selected “dangerous™ terms have been investigated and
shown to yield results consistent with the phenomenological analysis. However,
the detailed demonstration that all terms which might conceivably contribute to
order a%mc? fine structure in fact do not do so has not been completed.

8. RESULTS IN COORDINATE SPACE

The purpose of this section is to reexpress our result in a form convenient for
a computerized numerical evaluation procedure. Because numerical evaluation of
helium wave functions has been found to be most conveniently carried out in
coordinate space it is useful to express all of our results in terms of coordinate
space operators.

In the field-theoretic calculations natural units have been employed, with the
unit of charge chosen so that ¢ = o« =~ 1/137, Momenta can be rescaled in terms
of the Bohr momentum Pz = am and the Schroedinger equation becomes

n.2 » 2
(_p;_ + P22 ) @o( 1 P2) + 1 <P0(P1 —kp.+ k)
dk, r
+ 5 12 s ool — kP + o5 E 2 @o(P1D2 + ko)
= V0¢0(ﬁ1ﬁz), (8.1)
with
= Wylo®m, (8.2)

the energy measured in atomic units (a.u.).
Our convention for Fourier transformation is that

¢0(ﬁ1ﬁ2) (2 )3 fdrl dr" _wl he=idy iz(PO(rlrfz): (8.33)
which implies
- = 1 o g m o o .
w(PF) = Gy [ dBs By et BB (8.3b)

(the symbol ¢, will be used to denote both the coordinate space and momentum
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space wave function). In addition use will be made of the following transform
formulas:

5% %5_ e % _ l_rlT (8.4a)
ﬁé [ dk 7 = 4ms), (8.4b)

_L gkm:%, (8.4¢)
1 ‘115745 koot = = [3“ — i), (8.4d)
1 tg kjethr = AT 33(,-) 8 + = [0 — 3741, (8.4e)
l cgf kieeie®? = 5 [y -+ Bufy + 84 — 37idih. (8.4f)

All but Eq. (8.4f) may be found in [1, p. 180] in a form slightly different from that
presented here; Eq. (8.8f) may be obtained by methods described there or by
directly performing the k integral.

Using the above relations the Schroedinger equation may be transformed to
coordinate space with the result

F=17r —7,, r=1\r}, (8.5)

the wave equation in atomic units; that is distances are measured in terms of the
Bohr radius a, = #2/me? (numerical calculations are usually carried out in these
units). Expectation values will be similarly transformed and energy shifts expressed
as o*a.n.) X numerical factor X integral over dimensionless wave function,
where 1 a.u. = a®mc* = 2 Rydberg.

The total energy shift formula accurate to order ofmc? and valid only for
calculating the 2P splitting may be summarized as

AW = AW - AWS L AW®, (8.6a)
with

AW = AW® + AW, (8.6b)

595/82/1-10



144 DOUGLAS AND KROLL
AW® is the well known am fine structure

AW = AW 4 AW, (8.7)
given by Egs. (4.33), (5.34); AW® = AW is given by Eq. (7.7) and included in

the result of Schwartz [22]; AW is defined as the sum of all second order per-
turbation sums and is found by adding Egs. (4.35), (5.36), and (6.22)

AWP = AW (W) + AWPQ) + AW

@) (4)
= Zr <(P0 l AHc + Bl‘ed In‘/f;n>—<¢£/lAHc + Bred l (PO> , (88)

i.e., the total u*m fine structure taken to second order. AW® is the sum of expec-
tation values of all the operators of intrinsic order o®m, and which can be found
in Eqgs. (4.34), (5.37)(5.43), (6.24), and (7.9); i.e.,

5 8 3
AW® = Y AWEG) + Y. AWPG) + AWBQ) + Y, AWEG).  (9)
=2 i=2 =t

There is, naturally a wide latitude of forms available for our final expressions.
The following guidelines have influenced our choice. Nonvanishing contact terms
are eliminated in favor of gradients operating on one or both wave functions.
This choice simplifies the systematics of the numerical work. In addition an effort
is made to keep the convergence properties of the expressions as self-evident as

possible.
It is appropriate at this point to discuss the behavior of gy(¥,, 7s) as ¥ — 0.

Eq. (8.5) can be expressed in center of mass variables
R = %(fl + f2), r= Fl - fz s (8-10)
which imply
V1 = %(VR + V), Vz = %(VR - V) (8.11)

To examine the limit 7 — O we drop all terms in Eq. (8.5) that are no more singular
than @, as F — 0, finding

Vipu(#R) 1 - 9oPR). 8.12)

The antisymmetry of ¢, requires

@o(F, R) = —@o(—FR). (8.13)
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Eqs. (8.12) and (8.13) imply for the small 7 behavior of ¢,

@o(FR) == G(R) - F(1 + r) + O(r®), (8.14)
with G regular for R # 0. It follows that

@oFR) ~ r, (8.153)
Voo, Vigo, Vap, ~ G(R), (8.15b)
V20, Vi2g,, Vo2p, =V, - Vopy ~ GR) - 7 + AV - G, (8.15¢)

where the coefficient A depends on which of the operators is being considered.

Also we find for arbitrary components

(8, FF - ~ = =

G-r (% - ";rg'j") — (V&iG; — Vr,G)) + O(r).
(8.16)

EP

= —1
VHVM(PO ~ ar (Grs + Giry) —

The answers will be arranged so that only a V,, V,, V,2 V.2, V..V,; ever appears
next to a wave function, and using the above estimates convergence can be easily
verified.

We begin the Fourier transformation with the ofm terms finding the result
listed in Table I. It is noticed that many terms in the ofm result, A W{®), are of the
same form and will combine. We feel however that it is useful to present the
transformed form of each term in Eq. (8.9) separately and then combine like
terms and group together those of similar structure. The Fourier transformation
is straightforward, and we shall simply present the result. A few conventions have
been adopted: (a) Many terms occur in complex conjugate pairs and we shall save
writing by using one form, taking the real part and doubling, (b) In operators
with a V,2 we shall arrange to use a form with V,2 (the transformation is effected
by letting 7, =7, everywhere in an expression) and also use a form with the
V.2 operating on the left, (c) In single spin operators we shall always let o, — o,
which is valid since the spin part of ¢, is symmetric, (d) Terms whose spin depen-
dence is o, - o, shall be dropped because they contribute equally to all three levels
of the triplet. The results are listed in Table II.

To simplify the answer terms of like structure are combined and a new labeling
is introduced. Also the expectation values are real and we may drop “Re’ on the
answers. Terms involving the external potential combine to E, , E,, E;. Terms
coming from two photon exchange and the I, term in the recoil energy combine
to E,, E;. Spin orbit terms that originally contained one explicit power of «
combine to Eg, E,, E;, E,. The remaining spin-spin terms combine to E,,,
Ey, E,, E;, Ey. The radiative diagrams are given by E;, Ey5, Ey7, Eg.
These results are listed in Table I11.
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TABLE 11

Coordinate Space Form of «®m Operators

Contribution Formula
AWEQR)  —(3/8) (—Ze) Re Vitgy | 6y - (Ryfr® X Vufi)| o>
AW 3)  —(3/8) ot Re (Voo | &y - It X Tofi)l o>
AWP@)  +(1/8) ot Re (Vygy | 5, + (I X Vofi)] o
AwP(5)  —(1/8) A Re (Vyipy | 3, - it X Vofi)| o>
—(1/16) o Re <po | (1/r) &y - (Vafi) &5 - (Vafi)| o)
+(3/8) o Re (o | (@/r9) 3, - [7 X G - Taf) Vu/i] | 90>
—(/16) @ Re <o | (1r) 33 - 7 X Loz * G % /D] Vuli] | 9>
AWP@)  —3etRe Ty | &+ (1 x Tofi)] @0y
—Jot Re (Vidgy | @NI@y % Vofi) - Vfi + 7+ [+ (31 x Vo] Vafi] | 90>
+3at Re (ViPpg | &1 - (F/r® X Vo/i) @o>
—(9/8) ot Re (Vi2py | &y * #6y - /1 | o>
+}ot Re (ViPgy | (@,  #/r%) G5 V,[i | 90>
AWPB) 3= Ze) (o | (1) (81 Galra® X Vali) + 51+ Galra® X #) 7+ Vil | god
—30¥(—Za) {@y | 01+ # 0y * F1/r’r? | pp>
AWP@)  +Eet oo Ly GIrt X Tald)l 90>
—Lat dgg | 6y - #5, - Firt | @pd
AW —(/8) < Re Vidpo | 6, - 3y - 711 | 90>
—(1/8) ot Re (Vi | (rd)(F - 53, + (F + 208, — 3(F - )¢ - 5)F] - Volilpo>
awWP©®  —dotRe (Viigy | 6y - Gl X Vafi) | ood
+%Ol4 Re <Vlz‘Po RULIC (vl/i X vz/i) I R C IR V]‘/l)] Vg/i] | 90>
AWPD)  —3eM(—2Ze) Re <po | (1N[6: - (ufre® X Vali) — 8y Gulrs® X AF - Vo) | pop
AaWPE)  +hot el & Girt x Tl @y

AW

—aw2(s)
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TABLE 111

Summary of a®m Operators

Contribution Formula
E, —(3/8) «¥(—Z) (ViPpy | & + (ufri® X Vufi)} 90>
E, +a¥(—Za) <@g | (1/r)3y = (rfre® X 7 - Vofi | po>
E, —%aa(—Za)on | oy « Fap « #1/riri? | @o»
E, +30t (g0 | 31 - F/rt x Vofi)l 90
E; —4at Spy | 8y * 76y + FIrt | @o>
Ey +30t (V20 | (@) 31 (Vafi X Vfi) | @o>
E, +5t (Vi | (@r)7 - (Voli)ay - 7 x Vofi)] @0
E, ot (Vitgy | 3, - it X §Vali — §V/D1 | 90>
E, +3/8) ot <o | (/%) &, - [7 X (7 - Vofi)(Vu/D] | po>
Ey —(3/2) «* <Vi?pq | 0y * fop * 1 | 90
Ey + 3ot (V2o | (5, + #/r%) &y Vofi | @)
Ey, —$ad (V20 | (PG - 3152 + (F * 305, — 3G - G1)(F - 5o)F] - Voi | oo
Ey —(1/16) a* <o | (1/r®) 3y * (Va/i) 3 * (Vo/i) | 90>
Ey —(3/16) o (oo | (1/r%) &, + [F X [31+ F X (Vu/DD)] Voli] | 9>
Ey —302 <po | 0y - Glrs X Vafi) | 90> * (2) - [—.328(c/m)?]
Ey —3d(—Zo) <py | 01+ Rafri® X Vifi)l @0> * (2) * [—.328(a/m)?]
E, 302 Lo | (1) =36, * 755 * #1] ooy [(o/2m)* + 2(—.328(/m)?)]
Ey +a? (o | 31 Gl X Voli)| pod [—.328 (o/m)?]

In conclusion we have found the simple result for the total a®mc? contribution
to the triplet P fine structure splitting:

where AW,

18
AW® — S E + AW — AW® + AW, 8.17)
i=1

Eq. (8.8), is obtained by calculating the usual a*mc? fine structure

operator in second order with Schroedinger—Pauli wave functions [25].
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The contributions to the splittings of 4W{® have been calculated numerically
[26] employing techniques similar to those of Ref. [22] with the result

dvy = —3.331 MHz,
Av12 = +1.542 MHZ.

(8.18)

A compilation of all effects of order o%= as well as nuclear motion corrections may
be found in Ref. [5]. The totals agree with experiment to within estimated numerical
errors. It is clear that the o%» terms calculated here are required.

APPENDIX I. Units AND NOTATION

Natural units # = ¢ = 1 are used. m is the electronic mass, e the positive quan-
tum of charge in nonrationalized units; e* = a = 1/137. ¥V = —ze?/|F| is the
Coulomb potential energy. 4 is a three vector with components 4,(i = 1, 2, 3)
and length | A | = (4,4,)'/%. Bis a four vector with components B,(u = 0, 1, 2, 3).
The summation convention for four vectors is 4,B, = A,B, — A,B;, — A;B; =
AB, — A - B. The convention for Dirac matrices is y; = Ba; , yo = B, with

w=[o W A= _j

the o, are the usual 2 x 2 Pauli matrices. Also we define

A=Au7u=A070_Z'7'

APPENDIX II. RULES FOR CONSTRUCTION OF THE INTERACTION OPERATOR %

Following Sucher [10, Section I], we present the rules for the construction of the
interaction operator

g =Y g9 (AILD)
§

The most general interaction diagram, due to fermion conservation, contains two
unbroken electron lines entering and leaving, connected by a combination of
Coulomb, and transverse photon lines. One finds that the Feynman rules {7, 31]
forming G together with the variable change Eqs. (2.21) and (2.24) and the trans-
formation Eq. (2.25) lead to the following rules for the direct construction of %"
in momentum space: In the diagram j label the photon lines corresponding to
instantaneous or transverse interactions with the four vectors &, &, k%,... (we use a
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dashed line for Coulomb interaction and a wavy line for transverse), assigning
each line a definite sense; for example, let all momenta k* be carried from particle 2
to particle 1. Label the final sections of the lines of electrons 1 and 2 with the four
vectors p, = (E[2 + €, py), Py = (E[2 — €, ps). To label the remaining electron
lines conserve four momentum at each vertex. With the diagram thus labeled write
o’ or op® for a transverse interaction vertex on the path of 1 or 2; and a factor
S1(py) for a line segment with momentum p, , and similarly label the segments of
the particle 2 line. These factors are written in the order in which they occur in the
diagram, with the final factors to the far left. For example, the diagram of Fig. (13)
yields the expression

M = oa'Sy(py — k') Si(py — k' — k") oy’ a"So(pe + k) So(pe + k + k") oy

Fic. 13. Example of contribution to interaction operator.

The calculation of Z{i(p, p.e) is completed by supplying a factor

e2 1 1
8R) = 55 5 (AIL2)
for each Coulomb line,
e? 1 1
er®) = 55 pr T id —2mi (AIL3)

for each transverse line, displacing the wave function arguments by the sum of
the transferred four momenta, and integrating over these. Thus, we have for our
example

g(’)lll ( &2 )3 do do do” dk dk’ dk”
272 —2qi —2mi —2mi w® — k2 4+ id o — k2 +id F"2

X MO X —F— B =B, p+ B+ R+ Be— 0 — o — o).
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Covariantly gauged photons may be handled by means of the substitution indicated
in Eq. (2.36).

A word about our notation is perhaps in order. The meaning of the general
single particle operator expression O(P) is that the function obtained by operating
with O(P) is

OP) f = Of(P) = f O(PP') f(P") dP" (AIL4)
with O(PP’) the kernel corresponding to the integral operator O, clearly a ¢
number matrix function of two variables. The meaning of the displaced operator

O(P + k) is then

O + K f= [ OP + k, P)f(P)dP",
This notation is useful for the following reason. A typical contribution to

Gy = f G(xyx9x3%) Plxgx,) dxy dx,

contains a factor (suppressing particle 2 variables) roughly of the form

G‘/J(xl ) = J‘ dxg dx; ... dxy dxg [Kyv(x,%5) Bil[Kyv(x x ) Byl -+ [Kyv(xpx3)]
X e—i[k1w1+k5m5+---+k,,:c,,+kama] 1/1(x3 ) ( AII.S)

generated by the Feynman diagram rules for construction of G. The exponentials
come from photons exchanged in the diagram (see Fig. 14). Fourier transforma-
tion leads to an expression of the form

Gi(py ) = [ dps dpy +++ dpn dpy Si(pr — Ky s o) Si(ps — ks, Py)
=+ 83(Pr — kn s Ps) Y(ps — ks), (AIL6)

Fic. 14. Ilustration of notation convention.
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where S;(p, , p’) is the kernel of the operator S;(p,). It is clear from the above
discussion that we may simply write Eq. (AIl.6) in the operator form

(GP)(py ) = Si(py — ko) Su(pr — ki — k) (AIL7)
S (py— ki — ks — o — k) d(py — ko — ki — kg,
i.e., formally assigning to each electron line segment a given momentum even
though the external potential transfers momenta to the electron between inter-
actions. This allows one to write down momentum space diagrams in the external
potential case in a manner completely analogous to the usual free propagation

case as specified above. One must, of course, always keep in mind the fact that
D1 is an operator which fails to commute with S, , V3, and H, .

APPENDIX III: GENERALIZATION OF F-W TRANSFORMATION TO
THE EXTERNAL POTENTIAL DIRAC EQUATION

Transforming H = « - p + fm + V with U, we find
UHU* = BE, + ¢ + Oy, (AHL1)

where ¢, and 0, are even and odd operators of order V; specifically,

_ (E, + m\12 E, + m\'? &-p a-p
= ( 2E, ) V( 2E, ) QE,(E, + m)” V(ZE,,(E,, + m)
(AIIL2)
—1 . - 1
0, = QEL(E, + m)~ [«- P/B(Ez: +m) — (E, +m) Va- Pﬁ] QE,(E, + m)i
(AIIL3)

An additional transformation that removes O, and leaves a remaining odd part
of order V2 is desired. Note that if an operator W, is anti-Hermitean then

Uy = (1 + W2 + W, (AIIL4)

is unitary. Letting W, be an operator of order ¥ we find

U1[BE1» + € + 04 Ul—l = BEp - [BE,,, Wil4+ 01+ €+ 0; + € + -+,
(AIIL5)

where 0, and e, are odd and even operators of order V2. If W, is chosen to satisfy

[BE,, Wil = Oy, (AIIL6)



152 DOUGLAS AND KROLL

then O, is removed. To satisfy Eq. (4.21) W, must be odd and thus anticommutes
with B, yielding the condition

WL\E, + E,W, = BO, . (AIIL7)
Since the general momentum space operator is of the form
gf(p) = f g(pp’) f(p') dp’, (AIIL8)
the kernel of W; is given by
Wy(PP) = (BI(E, + Ey)) O« PP). (AIIL9)

This procedure may be repeated indefinitely, transforming H as

H' = UU,_; - U UHU U - UL U (AIIL.10)

with
U, =0+ W24+ W, (AIIL.11)

and
WD) = (BIE, + E,)) O.(pP), (AIIL12)

where O, is the odd operator of order V" generated by the previous n transfor-
mations.
Referring to Egs. (AIII.2) and (AIIL.3) we find

N [ _&'B Ey + m i
wi(ep) = — | QE(E, + m))l/”( 3E, )
&y E, + m\'*1 _V(pp')
T GEAE, + )R ( 2E, ) E, + £, AL
or in operator form
W, — &-p (E +m)1/2 (E,,+m)1/21 &-p
QE(E, + m)® 2m \_ 2E 2E, 2m QEL(E, + m)2
(AIIL14)
with
PN 2m — 2m —Ze* 1
VR = 5 g V) = g (55 S5 (ALLIS)
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Performing the transformation through U, we find

E, 4- m)1/2 v (E,, + m)ll2

H' = BE, + 3E, 3E,

b 2Py &P
(QE(Ey + m)2 "~ (2E(E, + m))*/?

+ BIWMLE, W, + tWPE, + 3E, W% + Op + € + -+ (AIIL16)

Additional transformations to remove O, etc. will not further change the even
part of H' through order V2.

To complete the generalization of Egs. (4.11) it must be demonstrated that
UL, U ~ 1, and [U,U,1,U7* U3 ]++++ must be calculated. For the first task we
use the definition Eq. (3.13), and calculate in the transformed representation. The
transformed H can be written

H = BH, + H,, (AIIL17)
where H, is an even operator given by
H,=E,+0V)+ O0V¥ 4+ - +00V»+ -, (AIIL18a)
H, = O(V*) + -+ (AIIL.18b)
(to our accuracy n = 2). & is calculated using
€ = +(H?Y? = (H.2? + [BH,, Hy] + H2. (AIIL19)

Since the eigenvalue of & is positive by definition, and in the limit ¥ —-04& — E,
we write
& = H, -+ B, (AIIL20)

where B is determined by setting
6*=H?+{B H}+ B=Hz+ B[H,, H)) + H?  (Alll.2])
From this it is seen that B is odd and of order H, . This £-1 can be written
&= H;' + H;'QH;, (AIIL22)

where Q is odd and of order H, and the higher order even terms are of order
Hy. Using Eq. (3.13) we have

L= ¥1 + (BH, + H)H;* + H'QH* + )
= (1 £ B) & (HH.' + BOH.Y) + O(H,)™

(ATI1.23)
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Thus, to the order in which we are working in the transformed representation, it

is

w N

o No L a

20.

21.
22,
23,
24,
25,

26,
27,
28,
29.
30,
31.
32,
33.

legitimate to put
& =31 £ B). (AIIL.24)
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