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ABSTRACT: By definition, the distinction between a gas and a liquid ceases to exist
beyond the critical point for pure fluids. Nevertheless, there remains a strong desire to
attribute gas-like or liquid-like behavior to fluids corresponding to different parts of the
supercritical region, especially as this becomes important for understanding and
designing the properties of supercritical fluids. Here, we use a combination of
fluctuation solution theory and accurate equation of state data to elucidate an easily
accessible dividing line and corresponding transition regime between liquid-like and
gas-like behavior in the supercritical region of all pure fluids. Liquid-like behavior in the
supercritical region is characterized by a negative skewness in the particle number distribution for an equivalent open system,
indicating that particle deletion is favored for liquids, whereas gas-like behavior is characterized by a positive skewness,
indicating that particle insertion is favored for gases. Identical behavior is observed either side of the liquid−vapor line. The
possible consequences for the behavior of fluids at the critical point are also discussed.

■ INTRODUCTION

“What are the fundamental characteristics of a gas or a liquid?”
is a common question posed by many science teachers. The
usual answers involve differences in density/volume or the
ability to fill, or not fill, the container in which they are placed.
These are perfectly satisfactory answers for most situations.
However, phase diagrams of pure fluids indicate that as one
increases the temperature (T) and/or pressure (p), there
comes a point at which the distinction between a gas and a
liquid disappears in the everyday sense. This marks the onset
of the supercritical region. Consequently, supercritical fluids
are neither gases nor liquids, and there is no phase transition in
this region (see the excellent historical perspective by Levelt
Sengers for further details1). Nevertheless, in the supercritical
region, one does observe significant changes in fluid density
over relatively small temperature ranges. These changes in
density are expected to correlate with changes in other
properties of interest. Hence, there remains a strong desire to
attribute the properties of supercritical fluids to be either gas-
like (low density) or liquid-like (high density),1−4 due to the
many potential and realized applications of supercritical fluids.
This, in turn, requires that we answer the fundamental
question: “What physical or thermodynamic metric can be
used to unambiguously distinguish between a gas and a
liquid?”
The behavior of common thermodynamic properties of pure

fluids in the supercritical region, including the approach to the
critical point, has been the subject of intense experimental and
theoretical interest.5−8 In particular, significant thought and
effort have addressed the nature of the critical exponents that
characterize the divergence of a range of thermodynamic
properties at the critical point.9,10 Although these studies are
largely of theoretical interest, the study of supercritical fluids in
the vicinity of the critical point is also a practical concern.

Solutes in supercritical fluids display a variety of interesting
properties with promising applications as diverse as nuclear
engineering, green chemistry, nanoparticle formation, and
biomass remediation.11−14 Furthermore, the petroleum in-
dustry uses supercritical fluids for upgrading high-molar-mass
petroleum15−18 and for petroleum demetallization,19,20 gas-
ification,21,22 pyrolysis,23 and chromatographic analysis.24,25

However, before one can fully understand the behavior of
specific solutes in supercritical fluids, one requires a full
understanding of the pure fluids themselves. Consequently,
there have been many attempts to assign gas-like or liquid-like
behavior in the supercritical region of a fluid in an effort to
understand their supercritical properties.3,26−30

Several properties have been used in previous attempts to
divide the supercritical region into gas-like and liquid-like
areas. These are summarized in Table 1. The first was the so-
called “Widom line.”31−36 Although the exact origin is
somewhat obscure,26 it is now generally agreed to correspond
to a maximum in the correlation length characterizing the
range of the molecular interactions.37 An alternative is
provided by Nishikawa and co-workers, who have studied
the behavior of density fluctuations in fluids.39,41−46 The
“Nishikawa line” or “ridge” is associated with a maximum in
the structure factor along an isotherm.47−49 Unfortunately, an
experimental determination of the correlation length and/or
structure factor requires scattering studies, and, in particular, it
is not provided by typical equations of state (EOS) used to
correlate fluid properties. Consequently, many studies have
used the response functions as a substitute. It is most common
to use the maximum in the isobaric heat capacity (Cp) along
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each isobar (or, sometimes, isotherm)4,37,50 to provide a
reasonable indication of the Widom line. The maximum in Cp
along an isobar is also known as the pseudocritical line.13

However, there is no rigorous justification for this choice and
therefore, in principle, any of the response functions could be
used. Close to the critical point, the choice is relatively
unimportant as all of the maxima closely coincide, but further
from the critical point (>∼20 K for water), the maxima in the
response functions begin to deviate significantly from each
other. A crossover in dynamical behavior in the supercritical
region, sometimes referred to as the “Frenkel line,” has also
been observed.4,27,37,38,40,51−55 This crossover appears to be
correlated with the Widom line,37 although it is primarily
associated with the properties of the velocity autocorrelation,
which are not directly available experimentally.51 Furthermore,
rather than being uniquely defined, it is obtained by noting the
proximity of state points for multiple criteria.27,52 Clearly, a
more practical and easily accessible separation into gas-like and
liquid-like regions is desirable.
In an effort to distinguish between gas- and liquid-like

behavior in all fluid regions of the phase diagram, we have
turned to Kirkwood−Buff (KB) theory, also known more
generally as fluctuation solution theory (FST).56−64 KB/FST is
an exact statistical mechanical theory that can be used to study
both liquids and gases.56,62−65 KB theory provides relation-
ships between either the pair distribution functions or the pair
particle fluctuations and basic thermodynamic properties of the
system. The extensions of the theory that we refer to as FST
involve either the inclusion of higher-order fluctuations
(triplet, etc.) and/or the inclusion of energy fluctuations,
which removes the isothermal restriction.58−61,66−69 It should
be noted that FST assumes nothing concerning the nature or
spatial range of the interactions.
When applied to a pure fluid, FST provides relationships

between thermodynamic properties of a closed system at a
particular pressure (p), temperature (T), and density (ρ1) and
the corresponding fluctuations observed for an equivalent
system in the grand canonical ensemble (GCE).57 FST has
been used to study a variety of properties for pure fluids and
liquid mixtures.65 Most studies have focused on only the pair
correlations in pure fluids. Indeed, the behavior of most
properties as one approaches the critical point is well
established.5,70−73 Recently, we presented a discussion of the
behavior of the pair, triplet, and quadruplet fluctuations

(including the associated distribution function integrals)
covering a large segment of the water phase diagram using
an accurate equation of state.60 Here, we extend that analysis
to include the supercritical region and the approach to the
critical point (Tc, pc, ρ1,c) for multiple fluids. In particular, we
identify crossover behavior characteristic of the gas and liquid
regions in all pure fluids.

■ THEORY
The GCE properties of interest here are the particle number
(N1) or excess energy (ε) fluctuation densities given by the
intensive quantities,59,60

δ δ

δ δ δ
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where δz = z − ⟨z⟩, etc., denotes a fluctuation in the value of z
= N1 or ε, V is the volume of the system, and the angular
brackets denote a GCE average at the density (ρ1 = ⟨N1⟩/V)
and temperature of interest. The excess energy is given by ε ≡
E − N1H1, where E and N1 are the instantaneous (in a time
sense) internal energy and number of particles for the system,
and H1 is the average molar enthalpy of the pure fluid (1).
Note that “1” will be used as a shorthand for “N1” in the
subscripts of B, C, and D. The above quantities were obtained
by repeated differentiation of the GCE partition function with
respect to the chemical potential,60,70,72 and the choice of this
particular form of excess energy is outlined elsewhere.74 The
pair (B’s), triplet (C’s), and quadruplet (D’s) fluctuations can
be related to integrals over the pair, triplet, and quadruplet
spatial molecular correlation functions if desired.60,75 The pair
correlations can also be expressed in terms of a short-range
direct correlation function using the Ornstein−Zernike
equation.5,72 However, neither of these extensions is required
for the present analysis.
The application of FST to classical fluids provides

relationships between common thermodynamic properties
and the above fluctuating quantities. Hence, the fluctuations
can easily be extracted from the relevant experimental data.76

The pair particle fluctuations are given by,57,72,74

ρ
κ=Z

B
p11

1
T

(2)

where κT = ρ1
−1(∂ρ1/∂p)T is the isothermal compressibility, Z

= βp/ρ1 is the compressibility factor, β = (RT)−1, and R is the
gas constant. The above expression corresponds to the
compressibility equation,72 which also characterizes the
divergence of the particle number (density) fluctuations,
⟨δN1δN1⟩ = B11V, as one approaches the critical point. Also
of primary concern will be the triplet particle number
fluctuations, which are obtained after taking a pressure
derivative of eq 2 to give,60,76
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Alternatively, taking a temperature derivative of eq 2, one
finds,60,76

Table 1. Lines Used to Distinguish Gas-like and Liquid-like
Areas within the Supercritical Region

name of line definitions used in the literaturea

Frenkel line State points for which the velocity autocorrelation function for
the fluid changes from having the oscillatory behavior
characteristic of liquids to the nonoscillatory behavior
characteristic of gases.38 Also located by the state points for
which the constant volume molar heat capacity = 2kB.

38

Nishikawa line
or “ridge”

Maximum in ⟨(δN1)
2⟩/⟨N1⟩ = S(0) wrt p along an isotherm.39

pseudocritical
line

Maximum in Cp wrt T along an isobar.13

Widom line Maximum in the correlation length.37,38 Proxies: maximum in
response functions (most often Cp, but also κT or αp) wrt T
along an isobar or, sometimes, wrt p along an isotherm.4,37,40

symmetry line Maximum in ⟨(δN1)
2⟩/V = B11 wrt p along an isotherm.

aSee the text for symbol definitions and additional references. Some
definitions have changed over time, so only recent definitions/
references were given.
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where αp = −ρ1−1(∂ρ1/∂T)p is the thermal expansion
coefficient. Finally, the pressure and temperature derivatives
of eq 3 provide two quadruplet fluctuation densities,60,76
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Other fluctuating quantities are also available,76 but they are
not required here. All pressure derivatives are isothermal and
all temperature derivatives are isobaric in the above equations,
and the required derivatives are generally available from an
(accurate) EOS.60 They can be applied to the gas, liquid, and
solid phases away from a first-order phase transition. All
properties described here were determined using the IAPWS-
95 EOS for water,77 Tegeler et al. EOS for argon,78 Span and
Wagner EOS for CO2,

79 and Guder and Wagner EOS for
SF6.

80 More details can be found elsewhere.60

Clearly, eq 2 simply relates the fluid compressibility to a
single fluctuating quantity for an equivalent GCE system, and,
therefore, any additional insight into the behavior of fluids is
relatively minor. However, eqs 3−6 relate fluctuating quantities
to combinations of thermodynamic derivatives. Hence, it is
possible to obtain new insights into fluid behavior not provided
by the examination of the traditional thermodynamic
derivatives themselves. Similar thermodynamic derivatives
have been used by Koga and co-workers to study the
properties of pure liquids and liquid mixtures.81,82 However,
these studies correspond to different derivatives than those
considered here and have generally not involved the super-
critical region.

■ RESULTS AND DISCUSSION
Triplet Particle Number Fluctuations can Distinguish

between Gas and Liquid Behavior in all Fluid Regions
of the Phase Diagram. The results from an FST analysis of
the particle number fluctuations for fluid water are presented in
Figure 1, and a more complete analysis is provided
elsewhere.76 The p−T plane is displayed here due to the
extensive use of isothermal pressure derivatives in eqs 2, 3, and
5. As expected, B11 increases dramatically as one approaches
the critical point. The fluctuation densities exhibit maxima or
minima in the supercritical region, along an isotherm and/or
isobar, and C111 and D1111 change signs in this region. The
behavior of C111 is most notable. It is clear that C111 is always
negative in the liquid region and always positive in the gas
region. Furthermore, this behavior extends beyond the liquid−
gas line with the triplet fluctuations changing sign in the
supercritical region. Identical behavior is observed in a
previous FST analysis of CO2 and SF6

76 and is also illustrated
in Figure 2 for these fluids as well as argon. Clearly, the phase
dependence for the sign of C111 is a general result.
The above fluctuations correspond to the cumulants of the

particle number and/or excess energy distribution for the

equivalent open system70 that can be interpreted using
standard statistical approaches.83 Focusing on the particle
number distribution, we find that B11 provides the variance of
the particle number distribution for a unit volume of the fluid.
The values C111 and D1111 provide the corresponding skewness
and excess kurtosis of the distribution in terms of the central
moments.83 A Gaussian or normal particle number distribution
corresponds to C111 = D1111 = 0, whereas symmetric
distributions require at least C111 = 0, i.e., zero skewness. If

Figure 1. Left to right: Dimensionless pair (B11/ρ1,c), triplet (C111/
ρ1,c), and quadruplet (D1111/ρ1,c) particle number fluctuation densities
for the liquid, gas, and supercritical region of water as a function of
pressure and temperature. The thick black curves correspond to the
phase boundaries, whereas the triple point (ptp = 0.006 bar, Ttp =
273.16 K) and critical point (pc = 220.64 bar, Tc = 647.10 K, and ρ1,c
= 17.874 mol/L) are denoted by black circles. The state points for
which the property is equal to zero (not applicable to B11/ρ1,c) are
marked with dashed curves. The state points that correspond to the
higher- and lower-pressure maxima in D1111 are shown as dotted
curves in the third column.

Figure 2. Dimensionless triplet particle number fluctuations (C111/
ρ1,c) for the liquid, gas, and supercritical regions of H2O (top left),
argon (top right), CO2 (bottom left), and SF6 (bottom right) as a
function of pressure and temperature. The dashed curves correspond
to C111 = 0. The dotted curves correspond to the higher- and lower-
pressure maxima in D1111. Tabulated values of p, T, and ρ1 along the
symmetry line and the max(D1111) curves for all four systems are
provided in the Supporting Information.
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C111 is positive, then particle addition (in the GCE) is more
probable than removal at a particular state point or vice versa,
whereas a positive value for D1111 indicates that the distribution
is more peaked than that of a normal distribution with the
same variance. Figure 1 shows that the particle number
distribution is not Gaussian for a real fluid at any state point.74

Indeed, the triplet fluctuations quantified by C111 are always
positive in the gas phase (B11 = C111 = ρ1 for an ideal gas) and
always negative in the liquid phase.60 Hence, particle addition
is more probable than removal for gases, whereas particle
removal is more probable than addition in liquids, presumably
due to the higher particle densities involved. Consequently, it
seems logical to use C111, which has a clear physical
interpretation, to separate supercritical behavior into gas-like
and liquid-like regions.
Equation 2 provides only minor additional insight into the

behavior of fluids, since it relates κT to a single fluctuating
quantity for an equivalent GCE system. However, as
mentioned previously, eqs 3−6 relate fluctuating quantities
to combinations of thermodynamic derivatives, providing new
insights into fluid behavior not provided by the examination of
the traditional thermodynamic derivatives themselves. Notably,
FST can be used to provide an unambiguous dividing line
(strictly a curve) between gas-like (disordered state) and
liquid-like (ordered state) behavior that extends into the
supercritical region without the need for scattering experi-
ments. In the supercritical region, the dividing line corresponds
to state points for which C111 = 0 and infers a degree of
symmetry (zero skewness) displayed by the particle number
distribution for the equivalent GCE system. We will henceforth
refer to this line as the symmetry line. The symmetry line can be
considered “hidden” in a sense, because it corresponds to a
combination of traditional thermodynamic properties (see eq
3). This symmetry line is not to be confused with the line of
symmetry proposed in a previous analysis by Widom and
Stillinger.84 The present work does not make use of statistical
field theories. Thus, our use of the word “symmetry” is not
meant to presuppose the imposition of symmetry or, in
contrast, the use of an asymmetric correction in the
construction of an effective Hamiltonian in the statistical
field theory.85−91

The symmetry line corresponds to a maximum in the pair
particle number fluctuation density with respect to pressure
along an isotherm, as given by the relationship,59

β
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This is also equivalent to a maximum in ρ1
2RTκT along an

isotherm or to a maximum in the susceptibility, χ = (∂ρ1/∂μ1)T
= ρ1

2κT, along an isotherm, where the order parameter is the
density and the chemical potential μ1 is the field.92 “Above”
(lower T, higher p) this line, C111 < 0, and the supercritical
fluid displays liquid-like behavior. “Below” (higher T, lower p)
this line, C111 > 0, and the supercritical fluid displays gas-like
behavior. It can be shown that the symmetry line also suggests
that the characteristic thermodynamic difference between gases
and liquids is that (∂2ρ1/∂μ1

2)T > 0 for gases and (∂2ρ1/∂μ1
2)T

< 0 for liquids, whereas (∂2ρ1/∂μ1
2)T = 0 along the symmetry

line. Other criteria exist and are provided in the Supporting
Information. The symmetry lines for supercritical H2O, Ar,
CO2, and SF6 are displayed in Figure 2 in the p−T plane.

Numerical values and figures in the T−ρ1 and p−ρ1 planes are
provided in the Supporting Information.

The Symmetry Line Is Different from Other Measures
of Gas-like and Liquid-like Transitions. The symmetry line
is compared to the corresponding maxima for several other
fluid properties in Figure 3. The symmetry line is most similar

to the Cp-based proxy for the Widom line, but it is also clearly
different. The symmetry line represents a simple extension of
the liquid−vapor line into the supercritical region. Hence, the
approach along the symmetry line from the supercritical region
toward the critical point signals the crossover from liquid-like
to gas-like behavior. In the supercritical region, this crossover
can occur smoothly. However, in the subcritical region, the
crossover results in a first-order phase transition with a
discontinuous change in ρ1 (and, therefore B11 and C111)
between the two separate phases. We note that the symmetry

Figure 3. Location of the symmetry line compared to the critical
isochore and other response functions for the supercritical region of
water as a function of pressure and temperature far away from (top)
and closer to the critical point (bottom). The symmetry line (dashed)
is defined by C111 = 0, which also corresponds to a maximum in B11 as
a function of pressure for each isotherm. The dotted curves
correspond to the higher- and lower-pressure maxima in D1111. The
gas−liquid co-existence curve is displayed in the bottom left corner
and ends at the critical point (denoted by the filled circle). Also
displayed are the points for which the isobaric heat capacity, thermal
expansion, compressibility, and structure factor are a maximum as a
function of pressure along each isotherm. The maximum in the
compressibility disappears beyond ≈ 720 K.
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line does not correspond to the critical isochore (for real
fluids), the Widom line, the Nishikawa line, or the Frenkel
line.28 The Widom line corresponds to a maximum in the
correlation length for a pure fluid. A reasonable proxy for this
is provided by the (long wavelength) behavior of the fluid
structural factor, S(0).5 This thermodynamic quantity is given
by S(0) = ρ1RTκT = B11/ρ1 and is also shown in Figure 3.
Using this proxy, a maximum in the structure factor along an
isotherm corresponds to both the Widom and the Nishikawa
lines.
To illustrate the above behavior in more detail, the nature of

the fluctuating quantities perpendicular to the symmetry line
has been examined as one proceeds from the liquid-like region,
across the symmetry line, to the gas-like region. This is
achieved by noting that the tangent to the symmetry line can
be obtained from the differential of C111(p,T), which is always
zero along the symmetry line, to give,76
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This also provides the slope of the line perpendicular to the
tangent. The results are displayed in Figure 4 for temperatures
along the symmetry line that lies close to the critical
temperature. The data strongly suggest that as one approaches
the critical point along the symmetry line, B11 tends to large

positive values (although not a maximum along the
perpendicular line), C111 is zero (as expected), C11ε tends to
zero, whereas D1111 and D111ε display large negative minima
and positive maxima, respectively. The changes in the sign
become more abrupt but still continuous, as one approaches
the critical point. This is consistent with a symmetric particle
number distribution where all of the odd cumulants are zero
but whose width with respect to a Gaussian with the same
variance is increasing dramatically. Eventually, the width of the
distribution, and hence the fluctuations, becomes so large that
the system separates to form both low- and high-density
phases.
The corresponding behavior in the density, B11, and the

thermodynamic response functions perpendicular to the
symmetry line are shown in Figure 5. Figure 5 also indicates

that there is a transition region bounding the changes in ρ1 and
the response functions perpendicular to the symmetry line.
Away from the critical point, the transition region is rather
broad. The properties of supercritical fluids will, therefore,
change rather slowly in these regions. However, closer to the
critical point, properties change more dramatically. The
maxima in the thermodynamic response functions all show
small deviations from the symmetry line, as also shown in
Figure 3. This deviation decreases as one approaches the
critical point.

Figure 4. Density and fluctuation densities for water as a function of
distance perpendicular to the symmetry line in the supercritical region
close to the critical point. The symmetry line corresponds to T − Tsym
= 0 along the line given by p − psym = mp (T − Tsym), where mp =
−(∂T/∂p)sym is given by eq 8. Therefore, T − Tsym < 0 points lie in
the liquid-like region, whereas T − Tsym > 0 points lie in the gas-like
region. The colored curves correspond to different values of Tsym and
psym, as denoted in the legend. The curves in each panel were
arbitrarily scaled in the y-direction to emphasize the underlying
features.

Figure 5. Density, B11, and response functions for water as a function
of distance perpendicular to the symmetry line in the supercritical
region close to the critical point. All y-axis values are positive. The
colored curves correspond to different values of Tsym and psym, as
denoted in the legend. In the top left panel, the state points outside
the transition region are shown in the thick line style, whereas the
state points within the transition region are shown in the thinner line
style. This designation of state points within and outside of the
transition region applies to each panel, but it was only shown in the
top left panel for clarity.
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Higher-Order Fluctuations Indicate a Transition
Region between Pure Liquid and Pure Gas Behavior.
The assignment of gas-like or liquid-like behavior for a fluid
can be extended beyond the symmetry line to define a
transition region where the properties of the fluid slowly change
from that characteristic of a liquid to that characteristic of a gas
or vice versa. We define the transition region to lie between the
two pressures for which D1111 is a maximum along a particular
isotherm. As shown in Figure 1, the sign of D1111 is always
positive for both liquids and gases outside the supercritical
region. However, within the supercritical region, D1111
becomes negative. This behavior indicates a transition region
where a fluid moves from pure liquid properties (C111 < 0,
D1111 > 0) to pure gas properties (C111 > 0, D1111 > 0). This
may result in unique applications at these state points. An
alternative definition for the transition region could have been
to simply choose the region in which D1111 was negative, which
would have resulted in a narrower transition region where
either C111 < 0 and D1111 < 0 or C111 > 0 and D1111 < 0, i.e.,
where the fluid exists in a region in which the cumulants
through fourth order are fundamentally different from those of
a gas or a liquid. However, the definition of the transition
region chosen ensures that the next cumulant, given by the
isothermal pressure derivative of D1111, will have the same sign
outside the transition region (but within the supercritical
region), as it does in the liquid and gas regions.
The transition region is also indicated in Figures 2, 3, and 5

in the p−T plane and in Figures S1 and S2 for other planes.
Figure 3 indicates that the maximum in the structure factor and
the thermodynamic response functions fall within the
transition region, except for the isothermal compressibility at
high temperatures. Figure 5 indicates the transition region and
how it relates to changes in the density and response functions
perpendicular to the symmetry line. The transition region
suggested here highlights state points between which the
response functions display significant changes in their values.
Behavior of the Symmetry Line Close to the Critical

Point. The behavior of the fluctuations along the symmetry
line appears to be clear, even for states close to the critical
point, as illustrated in Figure 4. However, the behavior at the
critical point is not so conclusive for several reasons. First, an
EOS has been used for the present analysis and therefore the
observed behavior close to the critical point may be influenced
by the properties of the EOS and not necessarily reflect the raw
experimental data.77,92 Hence, the present analysis has not
included temperatures very close (mK) to the critical point.
Nevertheless, the results are consistent between a variety of
systems (H2O, Ar, CO2, and SF6) and for a total of 12 accurate
EOSs representing these four systems (data not shown).
Second, the exact location of the symmetry line becomes more
difficult to determine as the critical point is approached,
primarily as one is attempting to find the maximum of a
diverging property, B11. Third, away from the symmetry line,
C111 may only be exactly zero at the critical point. Adopting
any other approach, along the critical isotherm, isobar, or
isochore, C111 will appear to diverge to ±∞, as indicated in
Figures 1 and 4 and our previous work.60 Finally, the fluid
properties may be influenced by surface effects close to the
critical point.93 Consequently, many of the thermodynamic
relationships adopted here are then incorrect as they are based
on Euler’s theorem, which is no longer valid.94,95 However, this
would be true for any thermodynamic and/or statistical
mechanical analyses of the experimental data.

As the critical point corresponds to an infinitesimally small
region of the phase diagram, one can consider this point to be
either the last point displaying a discontinuous transition
between liquid and vapor, i.e., the last point along the liquid−
vapor line, as T increases, or one can think of it as the first
point after that, i.e., the last point along the symmetry line, as T
is decreasing. The difference is essentially philosophical,
because no experiment could distinguish between these two
options as they differ by an infinitesimally small T (or p). In
the former case, B11 would be discontinuous and diverging to
infinity (although it is possible that this is only truly infinite for
an infinite system). In the latter case, B11 would be
(exceedingly) large but still display continuous derivatives.
Consequently, if one assumes or asserts that the particle

number fluctuations tend to a finite maximum (for a very large
but finite system size), then one can continue with this type of
approach and investigate the consequences. Under these
conditions, the pressure and temperature derivatives of B11 at
the critical point are provided by the relationships,60
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where all fluctuating quantities correspond to the values at the
critical point. The relationships in eq 9 were obtained from the
differentials of B11(βμ1,β) or B11(p,β).

60,76 This is characteristic
of a point maximum in the p−T phase diagram with analytic
derivatives. Hence, the pair fluctuations are increasing rapidly
at the expense of the triplet fluctuations, as one approaches the
critical point along the symmetry line. This is characteristic of
mean field behavior but with the additional observation that as
C11ε = C11E − C111H1, the energy and particle number
correlation is zero, i.e., C11E = 0, at the critical point.
Furthermore, the above equations strongly suggest that the
critical isochore, isobar, isotherm and the symmetry line then
intersect at the critical point. Unfortunately, for Ising-type
behavior, the above derivatives are undefined at the critical
point.

Symmetry Line is Unique. Obviously, as mentioned
previously, there have been many attempts to delineate liquid
and gas behavior in the supercritical region. We have focused
on the behavior of the particle number fluctuation density, B11.
Although it might not be possible to make a definitive choice
among all of the alternatives, there are multiple arguments for
adopting this particular quantity. First, B11 is most closely
related to the density fluctuations that characterize the
approach to the critical point and give rise to critical
opalescence. Indeed, in a recent publication, we showed how
the dominance of the particle number fluctuations (over the
energy fluctuations) allows one to quantitatively predict the
ratios of many of the diverging response functions at the
critical point.96 More important, however, is the fact that the
corresponding triplet fluctuations, C111, given by a simple
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isothermal pressure derivative of B11 (see eq 7) adopt different
signs for the whole of the liquid and gas regions. Second, the
sign of C111 has a physical interpretation in terms of the ease of
particle insertion or removal, with gases favoring particle
insertion and liquids favoring particle removal. Third, although
there are many possible closely related quantities to B11 that
could serve as a transition line, B11 itself appears to be the
simplest and most appropriate. Fisher and co-workers have
investigated the behavior of a series of k-susceptibility loci,
corresponding to the isothermal maxima of the corresponding
susceptibilities, as one approaches the critical point. These are
given by B11/ρ1

k in our notation.97,98 The symmetry line
corresponds to k = 0, whereas k = 1 and 2 correspond to S(0),
related to the Nishikawa line, and κT, respectfully. However,
although the symmetry line extends indefinitely within the
supercritical region, the maximum in the k = 1 and 2
susceptibilities (and presumably k > 2) either vanishes or tends
to ideal gas behavior for large T. Hence, it appears that they
cannot be used to uniquely characterize gas and/or liquid
behavior. Furthermore, the pressure maxima in the above
susceptibilities along an isotherm correspond to the condition
ρ1 C111 = k B11

2.60,97,98 This is incompatible with the observed
behavior of C111, namely, negative for liquids and positive for
gases, as the maxima would have to appear in the gas phase for
all but k = 0. Alternatively, Woodcock has focused on the
behavior of the derivative (∂p/∂ρ1)T ≡ ω, termed the fluid
“rigidity.”3 Woodcock has inferred a mesophase, corresponding
to regions of constant rigidity, which is bounded by gas and
liquid behavior.3,29,30 The symmetry line corresponds to a
maximum in 1/ω, whereas the transition region presented here
is qualitatively similar to the mesophase presented by
Woodcock. Fourth, the examination of higher cumulants of
the particle number density distribution provides for the
definition of a transition region, as described earlier. Finally,
other efforts that follow the maximum in a thermodynamic
response function have a variety of available properties to
select from as well as a few choices for which maximum to take
(along an isotherm, isobar, or isochore). There appears to be
no definitive underlying theoretical (statistical mechanical or
otherwise) guidance for these choices. In contrast, C111, which
represents a nonobvious combination of thermodynamic
derivatives, naturally emerges from the FST statistical
mechanical treatment of pure fluids.
Statistical mechanics allows us to use any convenient

ensemble to study the average properties of systems as these
are independent of the ensemble. Fluctuations, however, are
ensemble-dependent, and, in particular, the particle number
fluctuations adopted here appear specific to the GCE.
Fortunately, as we have recently shown,74 the pair and triplet
fluctuations in different ensembles are related to the same
thermodynamic derivatives in a simple manner. For instance,
the isothermal compressibility in the GCE is given by eq 2.
This can be converted to the corresponding expression in the
NpT ensemble by the transformation δN1 → −ρ1δV. Hence,
all of the observations concerning the particle number
fluctuations in the previous sections also refer to the volume
fluctuations in the NpT ensemble. Even the sign change can be
rationalized by consideration of the density for which we have
δρ1/ρ1 = δN1/N1 − δV/V. Consequently, the above behavior
fits nicely into the concept of free volume that was used in
early attempts to distinguish the states of matter2,99−101 and
more recent studies invoking percolation transitions.3,29,30,36

We also note that the particle number fluctuations are directly

related to fluctuations in the Gibbs free energy (G = μ1 N1) as
δG = μ1 δN1 for a pure fluid in the GCE. On the other hand,
Cp is related to the pair enthalpy (or entropy) fluctuations in
the NpT ensemble and to the excess energy fluctuations in the
GCE. However, isothermal pressure derivatives of Cp do not
provide the corresponding triplet fluctuations but rather a
mixed enthalpy−enthalpy−volume fluctuation. The behavior
of the pure triplet enthalpy fluctuations could be obtained and
investigated via isobaric temperature derivatives of T2Cp.
Unfortunately, our preliminary investigations in this direction
indicate that these derivatives do not exhibit characteristic
signs in the gas and liquid regions. These observations suggest
that the particle number fluctuations are unique in their
behavior and provide a general picture of the fluid
thermodynamics.

■ CONCLUSIONS

An FST analysis of a range of fluids suggests that the particle
number (density) distribution for any pure classical fluid has a
positive skewness in the gas phase and a negative skewness in
the liquid phase. This appears to be the property that
characteristically distinguishes gases from liquids, thus
answering the question posed at the beginning of the article
for any pure classical fluid. Physically, this implies that particle
addition is more favorable than removal for gases, leading to a
bias toward higher density fluctuations, whereas particle
removal is more favorable than addition for liquids, leading
to a bias toward lower density fluctuations. The supercritical
region of all fluids contains a line (technically a curve) where
the skewness is zero. This “symmetry line” joins the liquid−
vapor co-existence curve at the critical point. Consequently,
liquid-like and gas-like behavior (through third order) can be
inferred by the sign of the cumulants characterizing the particle
number distribution and can be used to help rationalize the
properties of supercritical fluids. Because the symmetry line is
obtained by a combination of thermodynamic properties, it is,
in a sense, “hidden.”
By considering the next cumulant (excess kurtosis), a

“transition region” surrounding the symmetry line can be
observed, within which the fluctuations through fourth-order
change from that characteristic of a pure liquid (negative
skewness and positive excess kurtosis) to that characteristic of
a pure gas (where the skewness and excess kurtosis are both
positive) or vice versa. This is only possible by the use of a
statistical mechanical approach, as outlined here.
The consequences for the nature of the approach to the

critical point from the supercritical region are also potentially
interesting. If the critical point is considered to be the last state
point along the symmetry line for which continuous derivatives
of B11 are obtained, then B11 is a maximum and C111 is zero at
the critical point. This is consistent with the mean field
behavior. Unfortunately, for any approach other than along the
symmetry line, i.e., along the critical isochore, isotherm, or
isobar, the value of C111 will appear to diverge to ±∞,
suggesting that no continuous maximum exists for B11. It is
possible, therefore, that the approach along the critical
isochore exhibits Ising-type behavior, whereas the approach
along the symmetry line exhibits mean field behavior.
Furthermore, as it becomes increasingly more difficult to
distinguish between the symmetry line and the critical isochore
close to the critical point (they meet tangentially) it is also
possible to observe a crossover from mean field to Ising
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behavior, or vice versa, depending on the exact experimental
conditions, as observed experimentally.102−104
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