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Exact solution of the Schrodinger equation for a particle in
a tetrahedral box
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Indian Institute of Technology, Kanpur-208016, India
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Abstract. We obtain the exact solution of the Schrodinger equation for \/a_particle_conﬁned
to (i)_an equilateral triangle, (ii) a tetrahedral box with corners (—#/v2, —n/ V2, -m/2),
(w/N2, —m/N2, w/2); (—m/V2, w/V2, w/2) and (m/V2, w/V2,—m/2). The energies
are: for (i), E, = (8h2w2/9mL2)(n2+ 12— In) where L is the side of the triangle and /, n
are distinct non-zero integers and for (i), Epn= (hz/ 8m)x
3%+ m?2+n?)—2im—2mn —2nl] where I, m and n are distinct non-zero integers. The
wavefunctions have been classified according to the irreducible representation of the
corresponding symmetry groups.

1. Introduction

Exact solutions of the Schrodinger equation for a particle confined to certain regions
of space (either two-dimensional or three-dimensional) have been found only for a
few cases. We have found an amusing way to obtain the solution of the Schrédinger
equation for: (i) a particle confined to an equilateral triangle in two dimensions; (ii)
a particle confined in a tetrahedral box whose corners are (—7r/~/ 2, —w/\/2, —-1/2),
(w/\/i, —77'/\6, 7/2); (—77/6, 17'/\/5, +7/2) and (77/\/5, 1r/~/§, —/2).
Though (i) has been solved before using other methods, we believe that the results
for the tetrahedral box are new. The solution to the problem is based on the
Schrédinger equation of N hard cores confined to a length L in one dimension, the
exact solution of which is known (Lieb and Mattis 1966). It is possible to transform
the N =3 and 4 cases of the hard-core problem into the problem of a single particle
confined to a region in two and three dimensions respectively. It turns out that the
region of confinement is an equilateral triangle for the two-dimensional case and a
tetrahedron with corners specified as above for the case of three dimensions. To make
the article self-contained, we reproduce the essential results of the N-hard-core
problem in § 2. In § 3 we illustrate our method of transforming the equation of N
hard cores to the Schrddinger equation of a single particle for the N = 3 case in detail.
We then quote in § 4 the results for the N =4 case. The wavefunctions have been
classified according to the irreducible representations of the respective symmetry
groups.
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2. Problem of N hard cores in one dimension

Consider N hard cores (molecules of vanishingly small length and mass m) whose
coordinates x; are confined to lie between O and L,

O=sx;<L i=1,2,...,n (2.1)

The cores are free to move in the allowed region and are to be treated as identical
fermions. In particular, the wavefunction

o(x1...xn)=0 (2.2)
whenever

Xi = Xjy i,j=1,...,N.

The Schrodinger equation
——Yf=Fp (2.3)

with the above conditions (2.1) and (2.2), plus rigid boundary conditions has the
following energy eigenvalues (Lieb and Mattis 1966):

Eni...ny=®722mL)(ni+n3+.. . +nd) (2.4)

where n; are distinct positive integers. The corresponding wavefunctions are the
determinants

sinkix; sinkixa ... sinkixy
= (2.5)

sin kxx;  sinkaxz ... sin kaxn

ex1...xn)
Hi... NN

where k; = mn;/L.

We can state the same problem in terms of periodic boundary conditions, which
is the form used in the present investigation. In this case the wavefunction obeys the
boundary conditions (using coordinates 8; in place of x;):

¢(01,...,0;+21T,...,GN)=¢(01,...,6i,...,ON) j=1,...,N (2.6)

For these boundary conditions, the energy levels are

52
Enl...nN=§—';(nf+n§+...+ni,) 2.7

and the wavefunction is the determinant

exp(inlel) e exp(inleN)
@(01...0n) _|exp(in26;) exp{in,fn)

ny...NMN

(2.8)

exp(inné;) exp(innfn)
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3. Particle in an equilateral triangle
A useful transformation of the variables ;... 8y which allows us to separate the
centre of mass of the whole system is

21 = 01 - 02

Z2 —2(91+02) 03

=i MO +...+6)— 61, isN-1 (3.1)

ZN = N-1(01+. . .+0N).
The Schrodinger equation in terms of the new variables is
h [2___ i+1 & N & 17

-—— e ——
2m 821 i 62,2 (N—l) 62%1 1 Na N

e -Ee. (3.2)
For N =3 these become
21=6:1—6> Zz=%(91+92)—93 23=%(01+92+93) (3.3)

and
— (p Ee. (3.4)

The z; coordinate describes motion associated with the centre of mass and the
dependence of ¢ on it is separable. If we think of (zl/\/2 and 22\/2/\/3 as the x
and the y coordinates of a single particle, then we reproduce the Schrddinger equation
for a single particle. However, the boundary conditions which were simple in terms
of #’s have to be transformed in terms of new variables. Using

Y, = 21/\/§= 16,62
Y2 =2:¥2/V3 =VE(6:+ 6,) - 6] (3.5)
Y3 = \[3_23 = (01 + 92+ 03)/\/—3-

We can find the restriction on the domain of the Y, Y; plane. To achieve this we
invert equation (3.5) and get

= Y1/V2+ Y, /V6+Y,/V3
02=_Y1/\/§+ Y2/‘/g+ Y3/\/—3_ (36)
03=—2Y2/‘/6+ Y3/\/§

Without loss of generality, we can restrict the §-space to the region 6,=6,, 6,=6;
and 8;+ 277 = 6,. In terms of the Y’s these translate into the restrictions

Y, =0, Y, <V3Y,, Y /N2<2r- Y3 (3.7)

respectively. This corre _ponds to the particle bemg confined in an equilateral triangle
with corners (0, 0), (\/271-, \/377) and (0, 2~/3~n-) The wavefunction for the single
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particle can be obtained from equation (2.8) using the transformations (3.6).

e(Y1, Yy, Y3)=

Ry, N2, n3

ool 53] ool 2558 (255
exp.lm(j’zl+:/y—;+%>] exp:inz( j‘+%+%)] exp:inz( 2\/Y2+3//;’>}
oalim(r T2 )] oen( 2] oelim(HE )]

=expli(n; + na+ns) Ys/Y3]
1 1 1

exp[i(nz nl)(j//1 j;)] exp[i(nz nl)( \i//_l 3//62)] exp[i(nz nﬂ(—%)]

exp[l(n3 nl)(\}/l_1 53)] exp[i(m—n,)( 51 j;)] exp[i(ng, nl)(—%_);—z)}

(3.8)

The factor exp[i(n;+na+ns) Y3/+/3] will be suppressed as it is separable and refers
to the centre of mass motion of the three hard cores. We are interested only in the
Y, Y, part. Writing

1 1 1
35)] i EB] o)
Oim(Y, Yo)= . Y. Ys ' 2Y, (3.9)
wsim(Z )] emlin(-2+ )] ewelim(-2)]

we immediately see that it satisfies the Schrodinger equation

—(B*/2m)[9°/aY 1+ 0/ Y3)bum(Y1, Y2) = Eimim (Y1, Y2) (3.10)
with

Eim =02 /3m)(P+m*—Im). (3.11)
This can either be obtained from
Enynpny = (02/2m)(ni+n3+n3) = (0 /2m)[5(n1 + ny+ ns)* +3(° + m? — Im)]

and removing the centre of mass energy or by direct substitution of ¢, ,. from equation
(3.9) in equation (3.10).
For an equilateral triangle of side L, we will have the energy as

Eim = B8R 72 /9mLY) (> + m* —im) (3.12)

and Y; (i=1,2) are to be interpreted as (277«/%)’,/L) in equation (3.9). This has
been derived using other methods (Lame 1852, Mathews and Walker 1970).
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We now discuss the symmetry of the solutions. It is clear that we have six symmetry
operations under which the Schrédinger equation with the boundary conditions
remains invariant, which form the group os..

We classify our solutions in terms of the irreducible representations A;, A, and
E of o3, (Landau and Lifshitz 1958). In order to do this it is more convenient to
transform the Y, Y, coordinates so that the origin coincides with the centre of the
triangle. We use

Y:=y,+V27/3, Y, =y, +Vin (3.13)
and write
1 1 1
IR IR )
Sim(y1s y2) =
T foelin(2e 220 2)] efin(-22+22)] o] -in(22 )]

(3.14)

The operation of C; and o in terms of y; and y, are

Ca: y1>—3(y1=V3y2) y2>—3(V3y1+y2) (3.15)
and

Oy yi=>n Ya=—Yya.
It is easy to verify that

Csim = explism (I +m)]dim
and

Ovbim = —expliFm(+m)]p . (3.16)

It immediately follows that, if / +m = 3p where p is an integer
3(dim — ¥, transforms as A, and
3 (i + @) transforms as A,.

On the other hand, if [+m=3p+1 or 3p+2, ¢m and ¢F, form a basis for the
irreducible representation E.

4. Particle in a tetrahedron

The procedure which leads to the solution of a particle in a tetrahedron with corners
A (-2, —a/V2,-7/2); B (w/N2,-m/¥2,7/2); C (—w/v2,n/v2,7/2) and
D (7/v2, 7/ V2 2, —/2) is similar to the one described in the previous section. Here
we work with the N = 4 solution of equation (2.8). We will not repeat all the details,
but only write down some of the relevant steps and the final results. The transforma-
tions are
91=%Y4+%Y3+%}’1‘/5+%7T 02=3y4a—2y3+3y:V2+5m @1
03=%)’4+%Y3—%Y1‘/5-%7T 94=%Y4—%)’3—%)’2\6"%ﬂ'- .
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The conditions 8,=6,, 6:=65, 8;=6, and 6,+27 =6, lead to the particle being
confined in the tetrahedron ABCD in the yi, y», ya space. The wavefunction after
removing the centre of mass coordinate is the 4 X 4 determinant

Dtmn (Y1, Y2, y3) =

1 1 1 1
o5 )] o125 7)] ool 5] e[u(-25-T)]
e 35345)] enfin(-33)] el -25o5 )] eninl-22-5-7)
explin( 245+ 77)] exelin(2-5+9)] onlin(- 2+ 3-0)] e[~ 22-5-T7)]

(4.2)
the energy is

Epn = (12 /8m)[3(+m?+n%) —2Im —2In —2mn)). (4.3)

The corners of the tetrahedron have been chosen so that the line joining the mid
points of AC and BD is the y; axis, that joining the mid points of AB and CD is the
y2 axis, and that joining the mid points of AD and BC is the y; axis. The tetrahedron
goes into itself (see figure 1) under:

(1) Identity (Oy),

(iiy rotation of 7 about y; axis (O,),

(ili) rotation of 7 about y; axis (O3),

(iv) rotation of 7 about y; axis (Oy),

(v) reflection in the plane y; = y, (Os),

(vi) reflection in the plane y; +y, =0 (Og),

(vii) rotation of 37 about the y3 axis followed by reflection in the plane y; = 0 (O5),
(viii) rotation of —3 about the y; axis followed by reflection in the plane y;=0

(Os).

5

(-2 m e ni2)

C
(N2, -niV2 mi2)

B

\

A

/

%

(-t2,-n V2 -1 /2) p (M2, mif2,-1i2)

Figure 1. Geometry of the tetrahedral box for which (4.2) gives the eigenfunctions of the
Schrodinger equation.
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The operations form an eight-element group D,4. The irreducible representations
are classified as A;, A,, By, B, and E (Landau and Lifshitz 1958). One also has

O2imn = —expli(l +m +n);7 ] s

Os@imn = —exp[—i(l + m +n)sm ] Hmn

O4imn = expli(l +m + n)m bimn

Osdimn = ¢7':nn

Ocimn = expli(l + m + n)mwlbiinn

O71imn = —expli(l + m +n)57 1 bimn

Osbimn = —exp[—i(l + m + n)37 1bimn-

These can be used to determine the symmetry properties of the wavefunctions. In
particular,

(i) for /+m+n =4p, where p is an integer, the wavefunction (dimn—dimn)
belongs to the representation B; and (@ m . + @Fmn) belongs to Bs;

(i) for I+m+n=4p+1, 4p+3; ¢ mn~ and ¢¥n, form the basis for the two-
dimensional representation E; and finally

(iii) forI+m+n =4p+2; (Pymun + @ fun) belongs to A; and (¢ — @ Fm..) belongs
to the representation A,.
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