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Quantum chemistry today forms an integral part of all under-
graduate curricula in chemistry. In order to acquire a workable
knowledge of this subject which is essential in all fields related to
molecular structure, spectra, and bonding, one should be fairly well
acquainted with the techniques of solving certain second-order dif-
ferential eigenvalue equations. The traditional method of solution
by power series expansion involves complex mathematics to such an
extent that an undergraduate student wishing to learn the technique,
often starts developing a sort of fear complex toward quantum
chemistry. This unhappy situation can be greatly averted by taking
recourse to the factorization method which leads directly to the ei-
genvalues and a manufacturing process for the normalized eigen-
functions without tedious mathematical manipulations.

The factorization method was introduced by Schrodinger (1) about
four decades ago. Since then his ideas have been generalized consid-
erably in a number of sophisticated research papers (2-5). But cu-
riously enough, this method as such has not yet been recognized as
a textbook technique for the solution of quantum mechanical eigen-
value problems. An equivalent approach, called the ladder operator
method, introduced by Dirac (6) has been followed in some quantum
chemistry textbooks (7, 8) for the treatment of harmonic oscillator
and angular momentum problems. But the great potential of the
factorization method is not fully exposed by such treatments.

So far only two pedagogic articles, one hy Salsburg (9) and the other
by Peterson (10) have appeared on this subject. Salsburg, in his article,
has shown how to factorize the radial equation of the hydrogen atom
to obtain its eigenvalues and radial wavefunctions. Taking the same
example, a comparison of this technique with the power series method
has been carried out by Peterson. One very important aspect of the
factorization method, namely, the simultaneous normalization of the
eigenfunctions during their manufacturing process, has been over-
looked in both the articles. Instead of demonstrating the usefulness
of the factorization method to individual problems, it is more desirable
to present its methodology to the reader, who himself can then explore
its scope of application. The present article has been written with a
view to meeting such an important pedagogic need.

Our treatment is based essentially on the works of Infeld (2), and
Infeld and Hull (5). The theory of the factorization method is devel-
oped at first and then applied to solve some basic undergraduate
problems.

Theory of the Factorization Method
To illustrate the basic idea of the factorization method, let
us consider the following differential equation
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.lx

pov| ko (1)

If we define a pair of operations, R ., by

Ri =x *—
dx
then it is a simple matter to verify that eqn. (1) can be written
in either of the following “factorized” forms
RiR_y =(A+ 1Dy (2)
R_Ryy=(\—-1)y (3)

Thus if y be an eigenfunction of eqn. (1) with the eigenvalue
A, then it is also an eigenfunction of RiR¥ with eigenvalues

' To whom all correspondence should be addressed.

(A %+ 1). Left-multiplying eqn. (2) by E_ and (3) by B4, we
get

R_Ry(R_y)=(A+ 1}{E-y) (4)
RiR_(Ryy) = (A= 1)(Ryy) (5)

Now comparing eqn. (5) with eqn. (2), and eqn. (4) with eqn.
(3), we see that R,y are also eigenfunctions of R LR with ei-
genvalues respectively decreased and increased by 2. Thus,
we can write

Riyyx~ya-2 (6)
R_yx~ya+2 (7)

where a suffix on v identifies the eigenfunction with respect
to the eigenvalue. It is well-known that the operators B+ and
R _ are called a lowering and a raising operator, respectively.
If we can find the minimum or the maximum value of A cor-
responding to the bottom or the top of the eigenvalue ladder
from some other consideration (this will be discussed fully
later in this section), then we can write

Ryyamin =0 (8)
or
R _¥imax =0 (9)

These equations indicate that there is no solution with the
eigenvalue A > Apax and A < Ayin. ONCE ¥ amin OF ¥ amax is ob-
tained by quadrature of the first-order differential eqn. (8)
or (9), the rest can be found by the successive application of
R_orR,.

The above discussion of the factorization method is of a very
elementary nature. It does not lead us to the normalized ei-
genfunctions nor suggest any recipe for the determination of
Amax O Amin. Moreover, a problem with degenerate eigenvalues
cannot be represented by eqn. (1) which contains no param-
eter other than A. To include all these aspects we now consider
a general second order differential equation of the form

dZy(A,m) 3

dx?

Here (x,m) is a real function of x, and characterizes the given
problem. We shall assume that m takes up different discrete
values like mq, mo + 1, mg + 2, . . . etc., where m is zero or a
constant. Thus (x,m) depends parametrically on m. By the
notation y(A\,m) we identify different solutions corresponding
to the same A but to different m’s. The dependence of y on x
has been suppressed here. In order to solve eqn. (10), we shall
assume that it is possible to write it in each of the following
factorized forms (cf. eqn. (2) and (3)):

r(x,m)y(Am) + Ayv(A,m) =0 (10)

DymHD_mHly(Am) = [ = Lim + D]y (Am) (11)
D_mDymy(Am) = [A — L(m)]y(A,m) (12)
where
d
Dim=k(x,m)+— (13)
dx

and L(m) is a function of m. In eqn. (13) k(x,m) is a function
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of x depending parametrically on m. From a given expression
of r(x,m), kix,m) and L{m) can be obtained as follows
Expanding eqn. (11), we get

[K2(x,m + 1) + k' (x,m + 1) + L(m + D)]y(\,m)
_d%y(A\m)
dx?

+ Ay(A,m)
which on comparison with eqn. (10) yields
K2(x,m+ 1)+ k'(x,m + 1) + Lim + 1) = —1r(x,m) (14)
Replacing m by m — 1, we obtain from eqn. (14)
k%(x,m) + k'(x,m) + L(m) = —r(x,m — 1) (15)
Similarly from eqn. (12) we get
k%(x,m) — k’'(x,m) + L(m) = —r(x,m) (16)
Adding eqns. (15) and (16), we obtain
Ko m) + Lm) = = 3 [s(x,m) + 1(x,m = ) (17)
which on differentiation with respect to x gives
k(xm) K (eym) = = [F(m) + ¢em = 1) (18)
Again, subtracting eqn. (16) from (15), we get
k'(x,m) = % [r(x,m) —r(x,m — 1)] (19)
which on substitution into eqn. (18) gives
K(eym) = 2 frtam = 1) = rlem)] [ Gem) + 1Gem = D] (20)
Frpm a knowledge of k(x,m) and using eqn. (17), we now ob-
tain
Lim) = = 3 [x(m) + rlxm = D] = K2xm) @)

Hence the criteria that the assumed factorization is possible
are that k(x,m) be given by eqn. (20) and L(m) by eqn. (21).
Of course, L(m) determined in this way must be independent
of x, as assumed earlier.

To proceed further we shall make use of the four theorems
described in the following sections.
Theorem |

D™ are mutually adjoint.

Proof: To prove this theorem we will have to show that

(D_m¢1|pa) = {d1|D+™|b2),

where ¢1 and ¢, are well-behaved functions of x. Now,

b

(D-mrlgn) = |
b d

= J‘ k(x,m)d1*padx — J‘ o1® dodx

j‘ k(x,m)ér* dodx — [dr1* o]} + f

= f k(x,m)pr*¢padx + J‘ %@dj *dx

d
= <¢1 k(x,m) + — (ﬁ?)
dx
= (1| D+™| b2}
Theorem
If y(\,m) be a solution of eqn. (10) then D_7m*1y(A,m) and
D™y (X,m) are also its solutions.
Proof: Left-multiplying eqn. (11) by D_™*! and (12) by
Dym™, we get

D_m+ip m[D_mtly(\m)] = [\ — Lim + D][D_m+1y(A,m)]
(22)

DymD_m[Dimy(Am)] = [A = L(m)][D+™y(A,m)] (23)

*h1*psdx

d
kxm)—d—

dd)q ¢p1*dx
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Comparison of eqns. (22) and (12), and of egns. (23) and (11)
reveals that D_m*+1y(A,m) and D4+™y(X\,m) are solutions of
eqn. (10) corresponding to the same A, but m is now replaced
by m + 1 and m — 1, respectively. Analogous to eqns. (6) and
(7) we can now write

D_m*tly(Am) ~y(Am+ 1) (24)
Dymy(Am) ~y(Am — 1) (25)

By these two transformations we can generate all the eigen-
functions corresponding to the same A but to different m’s.

In quantum mechanics we are interested in obtaining ei-
genfunctions which are quadratically integrable. Otherwise,
we cannot have the probabilistic interpretation of the wave-
function. The factorization method will, therefore, be of
practical utility only when the functions generated by the
application of D_m*! or D™ operators on a quadratically
integrable function will be quadratically integrable as well.
As we shall show below, this important requirement will re-
strict the value of m by the value of A, and eventually leads to
the eigenvalue X. At this point we note that there may be two
classes of problems, viz., class  and class II. In the former L(m)
is an increasing function of m, and in the latter it is a de-
creasing function. In order to establish the condition for
quadratically integrability we prove below two other theo-
rems.

Theorem HHIA

When L(m) is an increasing function of m, then the neces-
sary condition that D_7*! will produce a quadratically in-
tegrable function from another such function is that

A=N=L{I+1)

where [ is an integerand m = 0,1,2,..., L.

Proof: Let y(A,m) be a quadratmally 1ntegrable function,
i.e. (y(A,m)|y(A,m)) = 0. Then from egns. (11) and (24), we
get

(y(Am 4+ D|y(Am+ 1)) = (D-mFly(A,m)|D_" 1y (A,m)}
= (y(Am)|DymHD_mT 1y (A,m))
= [A=L(m + D{y(Am)|y(A,m))
>0,ifA=L(im+1)
Similarly,
{y(Am + 2)|v(A,m +2))
= [A = L(m + 2)][A = L(m + D]{y(Am)|y(Am))
>0,if A 2 L(m + 2).

This process can be continued for m + 3, m + 4, and so on. But
since L.(m) is an increasing function of m, the value of A —
L(m) will gradually decrease (note that A is fixed), and for
some value of m, say | + 1, we may have the contradiction

(YL DyinI+ 1)) <0
unless
y(AN+ 1) =
or
D_Hly(A\l) =0 (26)
Hence by virtue of eqn. (11), we have
NHLUI+T)

where [ is an integer,and m =0,1,2,.... L

Theorem IIIB

When L(m) is a decreasing function of m, the necessary
condition that D™ will produce a quadratically integrable
function from another such function is that

= L(I)



wherem=[,1+1,{+2,......

Proof: Let y(A,m) be a quadratically integrable function.
Then proceeding as for class I problems and making use of
eqns. (12) and (25), we have

yam = 1)|y(Am — 1))
= [A = Lm)]{y (A m)|y(A,m)
= 0,if A = L(m).
Continuing this process we shall reach a value of m, say [, for

which A < L(1), since L.(m) is a decreasing function of m. This
gives rise to the contradiction

GA=Dy(N - 1)) <0
unless
y =1} =Dyly(AD) =0 (27)
Hence by virtue of eqn. (12), we have
A= L)
where
m=4LI+1,1+2,.....

If mg = 0, then theorems ITIA and IIIB warrant that |{ — m|
rather than [ be an integer. It can be seen also that for class I
problems we have a finite number of solutions y(A,0), y (A1),
... y(AD), but for class IT problems we obtain an infinite
number of solutions, y (A0), v(AL+ 1), v(AMI+2),....

We shall now show how the eigenfunctions can be generated
in their normalized form. It is obvious that once the starting
or the key function is obtained by solving eqn. (26) or (27),
then whole spectrum of eigenfunctions can be generated by
making use of eqn. (25) or (24). The eigenfunctions thus
generated are, however, not normalized. For example,

{(y(Am+ 1} y(\m+ 1)) = [A=Lim+ D]{y(Am)|y(\m))
and
{y(Am = 1)|y(Am — 1)) = [A = L{m)|{y(A\,m)|y(A,m))

Thus even if y(A,m) is normalized to unity, v (A,m % 1) are not.

The normalization constants for these functions are [A — L{m

+ 1)]7¥2 and [A — L(m)]~1/2, respectively. If we, therefore,

define two operators ;D™ by
e {[L[d + 1) — L(m)]=2D.m for class [ problems,

T L) - Lom)) 2D e

and modify eqns. (24) and (25), respectively as

D7y (lm) = y(lm + 1) (28)
D2y (lm) = y(lm — 1) (29)

then it is easy to verify that if y(I,m) is a normalized function,
so also are y(I,m + 1). For class T problems, for instance,

for class II problems,

{ym+ 1) |yllm+ 1))
= (Dom iy (Lm) (D (Lm))
= [L{+ 1) = Lim + D]~y (m) [ D™ 1D_m¥ 1y (Lm))
=[LU+1) = Lim+ D7 LA+ 1) = Lim + Dy (m)|y(,m))
=1

The case of class 11 problems can be proved similarly.

Having described the essential features of the factorization
method, we now summarize its working steps.

1) Transform the equation at hand into the standard form

(10) by a suitable substitution. All equations of the form

d dpP

ZpS|+aP+ P =0

P dg.c) q p
where p and p are never negative, and p/p exists everywhere,
can be transformed (17) into the standard form by the sub-
stitution

y = (pp)/iP

2) Evaluate k(x,m) and L(m) using egns. (20) and (21),
respectively.

3) Identify the class of the problem and determine the ei-
genvalue.

4) Define (D™

5) Solve D_*1y(1,1) = 0 for class I problems, and D4 'y(l,])
= () for class II problems to obtain the starting function y(l,)
in an unnormalized form.

6) Normalize y([,!) and obtain the eigenfunction spectrum
by means of eqn. (28) or (29) depending on the class of the
problem. More explicitly, the normalized eigenfunctions for
class I and II problems are given respectively by

y(l,m — 1) = [ Dymy(l,m) = [LU+ 1) — L(m)]~V2Dy ™y (Lm)
(30
y(l,m+ 1) = D_mtly(im) = [L(1) — Lim + 1)~Y2D_m+1y(I,m)
(31)
Applications

In this section we have applied the factorization method to
solve the Schrodinger equation for the hydrogen atom, a linear
harmonic oscillator and the Morse oscillator.

The Hydrogen Atorn
The Schrodinger equation for hydrogen-like one electron
systems is given by
1a(, 00 1 af. a¢]
ety % s 4 S 2 lsing X
rar {r ar) r2sin 6 90 (qm a9
1 8% 8xu
— ¥y
r2sin? fl d¢p2  h2
To solve this equation we start by the usual technique of
separation of variables. Letting
¥ =R(NTO)f(p) = RTf (33)

and substituting eqn. (33) into eqn. (32), we obtain the fol-
lowing three equations for the three variables

(E+Z—e!)¢=0 (32)
T

1d{.,dR 82y Zed A\
— |2 arves ] R =
rzdr(r dr)+ - (E+ rz] rle 0 (34)
1 d d m2T
o A g @ Nen T A
sin 6 df (b'“ﬁdg) s T AT =0 e
dzf ;
d—¢2 +m2 =0 (36)

where A! and m? are constants of separation.
We shall solve these equations in the reverse order. The
normalized solution of eqn. (36) is given by

f= \/%exp (img) (37)

where the periodic boundary condition of f warrants that m
=0,+1,+2,....
We now turn our attention to eqn. (35). To bring it to the
standard form we make the substitution
Y=+/sinf T (38)
to obtain

2.2
ey (m 4)
de? sin® @

Comparing eqns. (39) and (10), we find

r(f,m) = —(m2 = i)/sin'2 ]

)\:)\14_1
4

Hence by virtue of relations (20) and (21)

Y+(?\1+%)Y=O (39)

1
k(f,m) = (m - 5} cot.
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Since L(m) is an increasing function of m, it is a class I prob-
lem. The eigenvalues are given by

2
A1+£=L(1+1)=[l+l)
4 2

or
A=11+1) (40)

wherel =0,1,2,..... >m.
The operators, ;D)™ are given by

D™ = [L(+ 1) — L(m)]"2D ™

=[L{+ 1) —m(m —1)]"12 Km - %) cotf + fé]
The starting function Y;, is obtained by solving
D_HYy =0

or

1 d
+2cotb— = vy =0
” Jm dJ”
Integration of this equation yields
Y, = Asinit1/2g
where A is the normalization constant and can be found by
requiring

A? j;” sin?+10df = 1 (41)

Integrating eqn. (41) I times by parts, we get
_ (1.3.5.....(2{+ Dyvz @I+ DYz 1
T\ 2246.....2 2 | e

Thus

M2
= (ZHU'] ﬁsin”mﬂ (42)

and
Yims1=[LU+ 1) —m(m 5 1)]71/2

X

(m ¥ l) cot f £ -
2 de
Though in eqn. (37) m can be both positive and negative
integers leading to different values of f, the Y function will be
the same for the pair £m because m appears as a squared term
in eqn. (39).
Now we solve the radial equation, viz., eqn. (34). Substi-
tuting Al = [{{ + 1), and g(r) = rR in this equation we obtain
after a little rearrangement

% + [BriuZe®

Y!,m (43)

l+ 1) 87r pLE
ar? | h?r ] £ =0
or
d2 9 I+ 1)
a‘;ﬁ"‘[';— rz g+)\ ={ , (44)
where
_ 8r?uZe? 8rul
*—x and A= he

Comparing eqn. (44) with (10), we find that (m is now replaced
by I, x by r, and r by p)

t+1)

2

plrly=——
T r

Therefore,

)
A
bty =2=5

L{l) = —v2/4i?
Thus L(1) is an increasing function of {, and consequently
—92

A=L( =—
( max+1) 4(£max+1)2
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where! =0,1,2,.... = lnax
Then from the relation

A = 8w2uE/h?
we have
sprigiet _ _ mulet

LNl -k (45)
h (lmux+'l)‘Z n*h

E=

where n = lmax+1-

In this case, the operators ,D.! are given by

Di! = [L(n) - L(1))-V2 F 2.4
r dr

@[(nﬂ)n— h]-1z E——iil (46)
r {  dr

The solution corresponding to | = Iy, = n — 1 i8 obtained
from the relation

Dfngn,nfl =0
or
n 9
?"%‘J“”’O

which on integration gives
En.n—1 = Ar® exp (—9r/2n)
The constant A is determined from the normalization con-
dition
A2 fw r2n exp (—dr/n)dr =1
(1]

Making use of the standard integral
!

B n!
‘J‘; re exp (—ar)dr = -

we obtain
+1/2 3
gn,n—l = (ﬁ]n [(QJI)T]_I'IQTH exp (— i) (47)
n 2n
The other solutions are obtained using the relations
Ent = nD—lé'n,i—l (48)
Bn,l-17 nD—l 8n,l (49)

In order to convince ourselves that the above procedure does
generate the familiar hydrogenic orbitals we now find the
explicit solution for n = 3.

Using eqn. (47) we get

I\/2
g32= {§) (617123 exp (—vr/6)
Recalling that
_gmiuZe? 27
h2 ag

where ag is the first Bohr radius, we have

2 sl e i)
30 = |— —| rexp|——
B (¢1y) 81 30 \ao B 3a0

Then
g31=3D gz
2—0’2(5) 12 [2 = j %] 832
(- -2
aol 81+/6 ap) \ ap 3ay,
and

g30=3D+ g3

—&(8) 1/2[ —]gal

Z\ase Zr\2 Zr
== 27— 18 42 —i—
(au 81 \/_ l ( ] (ao) lr =g ( 3ap,




Since g = rR, the radial solutions corresponding to the 3d, 3p,
and 3s hydrogen orbitals are given respectively by

Z\3/2 4
Fan= 2 052 — /%
32 (ao) S e ald)
Z\32 4
RBu= 2 e—xit— ~af3
o {410] 81 \/E( ATERLTA
Z\sz 2 o
Rao= |2 27 — 180 + 2 -2
2.0 (a() 81\/_( a o )exp( 3)
where
zr
.
ao

We now direct out attention to the T'(#) part of the solution.
From eqns. (42) and (43), we have

15
Y2'2 = 41‘} Sil’li”[2 [}

Yoy = oD 2Y g, = (4)712

3 d
St Bl
9 < dﬁ'] B2

= g sin2 # cos #

Yoo =2D41Yg1 = (6)71/2 F cot f + i] You

2 dé
\/_ (3cos?f — 1) gint/2 g
Thus,
To42= \{f sinZ
Tox1 = lz—ﬁ sin f cos #
V10

Tap = o (3cos2f—1)

The f(¢) part of the solution is as given by eqn. (37) where m
=0, +1, £2.

It is interesting to note that once the quantum number m
is introduced in the problem, the other quantum numbers
appear in a quite natural manner via the quadratically inte-
grability condition of the problem.

A Linear Harmonic Oscillator
The Schrodinger equation for a linear harmonic oscillator
is given by
> dy k
811' udx? 2
where u is the reduced mass, and k is the force constant of the

oscillator. Substituting £ = 472ur?, where v is the frequency
of oscillation, in eqn. (50) we get

W —Ey=0 (50)

4z
E_i —aZxt + AN =0 (51)
x
where
o= d72up
h
and
8wiuE
A= %)

Letting X = v/« x and M’ = Ma, eqn. (51) can be reduced to
the following dimensionless form

dXx2
which is identical to egn. (1). It may be noted that m does not
appear in eqn. (52). The factorization method, as has been
developed in the last section, cannot therefore be applied as
such. Infeld (2) has solved this equation by introducing m
artificially and then following the general approach. In con-
trast to the H-atom problem where m appears automatically

- X3+ Ny =0 (52)

as a logical consequence of the solution, one has to assume here
that m can take up only positive discrete values. In order to
avoid this forced assumption, we shall solve this equation in
a slightly different manner.

Since egn. (52) is identical with eqn. (1), we can write

RiR_y = (N + D (53)
R_Ridy = (N = Dy (54)
and analogous to egns. (6) and (7)
Radn = Yoz (55)
Ry = Yyia (56)

To obtain the eigenvalues we investigate the conditions for
quadratically integrability of .. Supposing (Yy/|¢¥x) = 0, we
have from eqns. (54) and (55)

(Yn—g|¥r—2) = (N = I{u|¢n)
Similarly,
(Yr—a|Pa—4) = (N = 3)(A )l

and so on.
Thus in this lowering process, the condition for quadrati-
cally integrability of ¥, —on+9) 1s

IN—-C2N+1)=z0 (57)

where N = 0, 1, 2, etc. Similarly for the raising process, the
condition for quadratically integrability of Yy on+1) is

IN+E@N+ D=0 (58)

The minimum value of A’ which satisfies both the conditions
is 1. Since A”s are changing by 2, we have

N=2N+1 (59)
Now, since A = Na = 872uE/h? we have

E= N+1]hu
2

Since there is no state below 1, we can write

R+¢,=[x+%]¢1=o

or
Y, = A exp (—X2%/2)
where the normalization constant A is found from the con-

drtion
f” i2dX = A2 f expl—R0A% = 1

1\1/4
1=
Ly

If we assume that {{¥\|¢n) = 1, then from eqn. (53) we
find

or

(Yaso|dase) =N +1

Thus (N + 1)~1/2 Y19 is normalized to unity. The normalized
eigenfunctions are, therefore, related as

Ynso = (N + )72 R_§y
Yn—a= (N = D72 Ry

If we replace M by N, the natural quantum number for a linear
harmonic oscillator, then we can write

1\1/4
Yo = (;) exp (—X?/2) (60)
Y1 = (2N +2)7 2 R_yn (61)
Yno1 = N)" V2R Yy (62)
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The Morse Oscillator

The Schrodinger equation for the pure vibrational motion
of a diatomic molecule is given by (12)

dy

dr?

8rip

h.!
where u is the reduced mass, E is the total energy, and U(r)
is the potential energy of the system. In the preceding example
we have solved eqn. (63) for a simple harmonic potential. Al-
though a good many features of the vibrational spectroscopy
can be understood from this model problem, there remains
also a lot of problems like the dissociative behavior of a di-
atomic molecule, location of overtone bands etc., which cannot
be accounted for. A more realistic potential function is needed
for this purpose. The Morse potential is one such potential
which is widely used. This potential has the following ana-
lytical form

(B~ U(r)i} ¥=0 (63)

U(r) = D[1 —exp|—alr — re)f)? (64)

where D is the depth of the potential function, a is an empir-
ical parameter. Defining ¢ = r — r., where r, is the equilibrium
internuclear separation, and substituting eqn. (64) into (63)
we get

2 2
Ei—‘{/ - L [£E =D — D exp (—2aq) + 2D exp (—ag)y =0 (65)
dg? h?
If we put
D)z
x = —aq + log ————{8# )
a
S+ 1= (2uD) /an

(VI ¢

mZ = —2ulf; — D)/a’h*

eqn. (65) can be reduced to the standard form (m is now re-
placed by S, and A by —m?)

dx?
Comparing eqn. (66) with (10) and making use of eqns. (20)
and (21) we find that

2
d=%+ [—iexp (2x) + (S«F%) exp (x]}w—m‘zz,b =0 (66)

. _explx) B
k(x,S) = 579

L(S)=-822

S

Since L(S) is a decreasing function of S, we have
A= L(Snin) = —m?

where S=m,m+1,m+2,.....
But S as defined above is a constant. Therefore, we have only
one energy level for each S. Since the minimum value of S
is
(2#[))1/2 B £
ah 2
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the lowest possible energy of the Morse oscillator is given
by

ope

- &=

JIS‘m =D+—L Smin
I 2 ( )

_ah?

2u

v

-n veuD 1]3

ah 2

Similarly,

a’h? [/ 2uD _ _3]2

since, NOw

1
2 ah
Defining S — m = N, we can write in general

o VD, 3
En=D-— Y2 N+

A 2u I ah 2

ha 1\ (2D\1/2  h2a? 1)z
=—|N+-{{—] - N+ = 57
2vr( 2“#) 8r%a z) e

where N = 0, 1, 2, ... Recalling that v = (1/2m)(+/(12/u),

where
2(]
k= (& U] = 2aZD
aq? lq=0

we can write the vibrational energy of the Morse oscillator
as

2
En = (NJr é) hy — (N + %) hvw (68)

where w is the anharmonicity constant of the potential func-
tion, and is given by
ha 1

)=

4 2Dw

The vibrational wavefunctions of the Morse oscillator are
quite complicated. We have, therefore, preferred not to in-
clude their determinations in this article which is meant for
undergraduate students.
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