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And John is older by
Aj~An=(1—0.66)20=6.8 yr.

Several of the important features of this discus-
sion are illustrated in Fig. 1, which is a plot of the
relationship between A; and A, as determined
in John’s frame and Mary’s frame for the above
example. Notice the cross-over point for the two
curves; this is where Mary has come to a halt
(so that she is in the same inertial frame as John)
and has not yet reversed her initial velocity. For a
moment John and she are in the same inertial
frame, and during that moment their measure-
ments agree (but not their ages).

The twin paradox, and this method of resolving
it, illustrates in a dramatic way one of the revolu-
tionary aspects of Einstein’s theory: there is no
universal time system that all observers can agree
to and the time at which an event-occurs depends
on the Lorentz frane in which it is observed.
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An ezxact, closed solution for the hydrogenic wave
Sfunctions of an extended, uniformly-charged nucleus s
presented. .

1. INTRODUCTION

In calculations on muon and pion capture by
complex nuclei, a hydrogenic wave function is
needed for caleulation of the relevant matrix
elements. As is well known, a wave function cor-
responding to a point charge nucleus will not
suffice’ in these cases. Typically the charge dis-
tribution of the nucleus is taken to be uniform or
of a Saxon—Woods type. The hydrogenic wave
functions are then obtained by a numerical
integration of the Schrédinger equation.! Sur-
prisingly, it does not seem to be generally recog-
nized that in the case of an uniform charge dis-
tribution, an exact, closed solution exists for the
wave function. In this note we present such a
solution and explicitly display the ground state
muonic wave function for the nucleus #Ca.
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2. RADIAL WAVE FUNCTION

For a uniformly charged nucleus of radius R,
the potential is given by

V= (—~Ze/R)[3—3 (/RN ],
=—Ze/r,

0<r<R,

r>R
The radial equation for the outside part is

R+ I(1+1)

T 2mr?

1d dR Ze?
— Lo 2 o | e
(2m) 72 dr (T dr )

Defining in the usual way,
p=qar,
a?=8m | E |,

A=2mZe*/a,

and letting R(p) =x(p)/p, one obtains the

Whittaker equation

d*x

A I (141)2
d—p2 + (—i'l- —p + 4—2—2“

)x=0

with solutions My,113(p), Wiisi(p). Mx,a(p)
must be rejected since it does not have the
correct asymptotic behavior at infinity. The
outside solution is therefore,

Rpeut(p) =p7 Wi, 141 (p)

=¢ 2l (141X, 2142, p), (2)

where U(I4+1—2X, 2I4+2, p) is a Kummer func-
tion.? Using a standard integral representation
for U, a closed-form solution for B;2**(p) is

Ry*(p) =[T(2—) e
X [ e (140 — N1, (38)
0
Riw(p) =[T (1+1-)) sttt

% / et (140) 0, 1>1. (3b)
0
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R=ER.

For the inside part, the modified radial equation
is

d?x ( 3Ze 1Ze
—_ ~1 _ = —_—— 2
@m= et El- 7t "
I(I+1
S ) X0 @

If we define
Bt=mZe?/R?,
£=20%(Ze’/R)—| E |}(mR?/Ze*)'2,
y=pr,
then

y (d*x/dy?) 43 (dx/dy)
+i{e—y—-[0+1) /¥y x=0.

If we further make the substitution

x(y) =y exp(—3y)w(y),
then

y(dPow/dy?) + (143 —y) (dw/dy)
—1Q2I+3-82)w=0. (5)

This is Kummer's equation? with solutions
M(a, b, y) and U (a, b, y) where,

a=}(2l+3-#)
and

b=143/2.
The behavior at y =0 is
M(a, b, y)—1,

Ul(a, b, y) =T (I43)y~*¢"V/T (a).

Since we demand x (0) =0, the permissible solution
is M (a, b, y). Therefore, the inside solution is

Ry (r) =exp(—36°r*) M (a, I+, 8*7).



Using an integral representation for M, we can
also write the above as

Ry»(r) =exp(—36%*) T())[T (b—a) T (a) I
X f 1 exp (8r2) t==1 (1—§) HWD=odt. (6)
0

However, in practical applications, it is more
convenient to write M (a, b, z) in terms of an

expansion
M(ab,5) =14+ RGN
o (b)-2!
@nz, .,
+(b),,n‘+ » (7)

where (a), is the Pochhammer symbol.? Typically,
only a few terms of the expansion are necessary.
The complete wave function can now be written

By(r)=(1/N) R (r), r<E, (8a)
=(1/N)eRr(r), r=R, (8b)

where
=R,*(R) /B (R). (9)

3. ENERGY EIGENVALUE

The energy eigenvalue E can be found by
matching derivatives of the inside and outside
solutions at r=R. A straightforward calculation
leads to the result

28*R%a M (a+1, b+1, B°R?)
b M (a, b, F°R?)
=l—}aR—aR(I+1—))

U(l42—X\, 2143, oR)
U(+1—), 2142, aR)

— '32R2 +

(10)

1 See, for example, J. R. Luyten, H. P. C. Rood, and
H. A. Tolhoek, Nucl. Phys. 41, 236 (1963), or A. Fujii,
M. Morita, and H. Ohtsubo, Progr. Theoret. Phys.
Suppl. Extra Number, 303 (1968).
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Fi1a. 1. Ground state wave function (not normalized) for
9Ca muonic atom. g: Uniformly charged nucleus with
radius 4.615 F; b: point charge nucleus.

Equation (10) is an algebraic solution for E.
Unfortunately, we cannot give an explicit expres-
sion for £ which must be obtained numerically.

In some cases, for example the ground state,
it may be more convenient (and accurate) to find
E separately using perturbation theory through
second order. We have performed such a perturba-
tion ealculation for the ground state energy of a
(s muonic hydrogen atom. The corresponding
wave function is shown in Fig. 1. We have also
included the point charge wave function for
comparison.
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