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Abstract. The eigenvalue problem A|1> = q)|i ) and the
condition [4, B8] = 0 imply that <m|B}n> = 0, under the
restriction a,, # a,. However, it is observed that even in
cases where [A B] # 0 and the commutator obeys

a certain functional form, the simplest of which is

[4, B] = ¢, then the off diagonal elements of B still vanish.

A well known theorem appearing in most standard
textbooks on quantum chemistry states that, ‘if B is
an operator which commutes with an operator 4
(where both are Hermitian), and jn) and |m) are
eigenfunctions of A, then the matrix element {(n|Bim)
vanishes unless «, # «,,, where «,, a,, are eigenvalues

of [n), Im)> respectively’ (Eyring er al 1944). In
symbols:

Aliy =ai) i=nm

A =4 B* =8

%, — Uy # 0 with [4,B) = AB— BA=10
then

{niBim> = 0.
A*, B* are the Hermitian adjoints of 4 and B respec-
tively.

It appears (but vide infra) that the theorem can be
easily extended to non-commuting operators of the
general functional form:

(4, B) = BF(4) (1)

where F' (A) is a well behaved function of the operator
A, by which it is meant that it may be expanded asa
power series of A. Tt is observed that it is sufficient for
A to be normalt, whereas, no restrictions need be
imposed on B (Pilar 1968). However, in what follows
operator 4 is always to be considered as Hermitian.

Using the definition of the commutator {4, B] and

+ An operator, Q, is defined as normal when it commutes
with its Hermitian adjoint, Q*, [Q*, Q] =

Abstrakt. Das Eigenwertproblem Ali> = a,li> und die
Bedingung [4, B] = 0 bedeuten, dass <mlB|n> =0 gilt,
unter der Einschrinkung «,, # a,. Trotz allem ist
beobachtet worden, dass im Fall [4. B) # 0 und der
Kommutator eine gewisse funktlonelle Form befolgt,
deren die einfachste [4, B] = ¢, dann verschwinden sogar
hier die ausserdiagonalen Elemente von 3.

relation (1) we may write:
<n|ABmD> = (n|BF(A) + BAm)

= F(a,,)n|Bim> + a,,{n|Bjm>. ®)
It is also true that:
(nlABim) = a,(n|Blm). €
By comparing (2) and (3) we obtain:
{a, — %, — F(a,,)} {n|Bim) = 0. 4)

Now if a, — «, = F(a,), then {(n|Bjm)> need not be
equal to zero. However when o, — a,, # F(a,,), then
{n|Blm> = 0. In the diagonal case, (4) becomes:

F(x,)<n|Blny = 0. ©)

In (5), F(,) is either non-zero or zero. In the first case
necessarily, (n|Bjn)> = 0, whereas in the latter case we
are led back to the standard theorem.

More interesting than the general case (1) is the
situation where the commutator is of the type

(4, B = F(4). (6)
Following exactly the previous procedure and taking
into account the orthogonality of the eigenfunctions

of 4, (njm> = b, equation (7) is obtained instead of
equation (4):

(CZ,, - am)<nlélm> = F(am)anm' (7)

Consider the following two possible distinct cases.
(i) If n # m then, clearly, (n|Blm> = 0.
(ii) If n = m (diagonal case), then

0 (nBin> = F(x,).
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In this case if, accidentally, F(x,) =0 then (n|Biny
can be non-zero. However, in general, F(a,) # 0 and
the matrix element {n|BJn)> is ill defined. Before we
comment upon this result let us examine the simplest
possible case of non-commuting operators, so instead
of relation (1) assume that:

[4,B]=c¢ 9)

where ¢ is a constant. Or, redefining the operators 4,
B’ in an obvious way equation (9) can be written

[4,B8)=1. (9a)

Direct application of (7) yields <n|Bjm> =0 when
n # m. In the diagonal case, again, {(n|BJn) behaves
pathologically. This pathological behaviour of
{n|Bln) as in the previous situation, is consistent with
the statement that ‘two (Hermitian) operators can-
not be simultaneously diagonalised if they do not
commute’.

The previous findings concerning the commutator
cases (6) or (9a) suggest that the matrix B of B with
respect to the set |/ ) of the (discrete) eigenvalues of A
is ill defined: the off diagonal elements of B are all zero
but the diagonal elements diverge. This in turn, could
suggest for the physics and/or the chemistry of the
problem defined by the operator A, thatif an operator
B obeys relation (6) or even (9a), then Bis not a
‘useful’ operator for the particular problem at hand.
Or in other words, no information concerning B can
be obtained using the set of functions |i, i.e. the
eigenfunctions of A. This problem, in a natural way,
does not arise on the more general case of the
operator equation (1).

Three examples of the aforementioned results are
presented. Examples 1 and 2 are along similar lines
and conform to the operator equation (1), but with
F(A4) replaced by a constant. Example 3 conforms to
equation (9), but with the eigenvalue spectrum of A
running into the continuum. Admittedly the examples
presented are not very inspiring, yet they illustrate the
points made.

Example 1
(7, J.1=nJ, (10)

where J, is the z component of the angular momentum
operator, and J,. is the usual raising operator,
J,o=J +iJ,. Equation (10) pertains to (1) where J,
is 1dent1ﬁed w1th A, J. with B and F (A) with 4. NOthC
that, although J, is Hermman J . is neither Hermitian
nor even normal.

Using the spectrum of .J., J, | Jm;> = mhljm;>, we
obtain directly from (4)

(m) — m; — DGm) T jmy> = 0.

If m/ —m;=Am;#1, then (jmjl.f+ ljm;> =0, in
agreement with results obtained from (4) and which
are obvious from the properties of raising operators.

Mutatis mutandis, having used the lowering operator
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J_ we would have obtained <jmj\.7_ |jm;> =0, if
Am; # —1.

Example 2

Consider the Hamiltonian operator of the one-dimen-

sional harmonic oscillator
22

=P g

= m + }—kx

(1)

where k = w’m and o is the frequency. We define the
operators

” i Dy
= G~ WE)
and (12)
I, l ﬁx c 1A
= e+ VE)
(see, for example, Ziman 1969).
Using the fundamental commuator [%,5,] = i% it
follows that
BB 1= (13)

By using equation (12), (11) can be factorised to the
well known form

H = tho (BB* + B B). (14)

Notice that although B and B* are not Hermitian the
symmetrical combination BB* + B* B is as it should
be. If now |#) are the eigenfunctions of A the follow-
ing relations hold:

Ainy = E,|n) (15)
with
Biny = n'ln — 1)
and : (16)
Briny =+ D"Pn 4+ 1)

Combining now (13) and (14) it is easily proved that
(4,8 = —hap amn

and
A8 1= +hoB*. (18)

Equations (17) and (18) conform to the general com-
mutator relation (1), and therefore applying (4)
directly, one obtains

{(n + Hho — (m + Hho — (= ha)) (1|fm)> = 0
or
(n—m+ 1<n|Bim> = 0. (19)

From the above it immediately follows that if
n—m+ 120 or n—m#—1, then (njfimd =0;
and f n—m—1#0 or n—m# +1, then
{nlB* gm> = 0. Of course the d1agona1 elements of
both B and B* are zero. That this is indeed the case
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follows by employing (16)
lBimy = m'<nm — 1y = m'?6,,_,
and
BT Imy = (m + D Cnlm + 1) = (m + 1)'26,,,,,
by virtue of the orthogonality of [n).

Example 3 ;

Here we identify 4 with %, the translational operator
and B with p,, the momentum operator; the com-
mutator is [X, p,] = ih which conforms with relation
(9). We write:

x> = x|x>.

Therefore
(XNBIX"y = (X polx"y = fdp<X’lﬁx|Px><pxIX”>

= fdppx<x’lpx><pxlx”>

= [dpprexplip ' = x)/h] = (B & (x = x).

When x” # x” the derivative of the delta function ¢’
can be ‘considered’ zero, while, as expected, the
diagonal elements (x’ = x”) are ill behaved.
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