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Abstract

The Many-Body Expansion (MBE) is based on combinatorial mathematics, and it is
commonly used to analyze and understand the composition of interatomic and
intermolecular interactions, while in practice it has facilitated the calculations of large
aqueous systems. In this chapter, the application of MBE is extended into (a) molecular
systems that are formed via covalent bonds, (b) metal clusters and (c) light nuclei.
These three categories of systems have distinct characteristics and as such they pose
significant challenges compared to the hydrogen bonded ones, where the MBE has
been used routinely. In the latter a “body” is a well-defined chemical system (water, ion,
solute), no covalent bonds need to be broken to define the various "bodies” used in
the expansion, whereas the one-body term corresponds to geometric deformations
due to the interactions that are associated with spectral signatures probed by infrared
(IR) spectroscopy. In contrast, for cases (a) and (b) contained here, the MBE is carried
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out by breaking chemical bonds, i.e., covalent, ionic, metallic or coordination bonds.
The one-body is evaluated via the “in situ” electronic structure of the atoms in the
various “bodies” (atoms, diatomics, triatomics etc.) as the energy required to promote
an atom from its ground state to its in situ electronic state within the fragment.
Metallic systems, in addition, present additional challenges due to their complex
electronic structure and strong short-range interactions, which are more pronounced
than in molecular systems. Accurately describing the multi-coordinated bonding in
metals often requires accounting for both static and dynamic electron correlation
effects, along with careful treatment of spin multiplicities in intermediate structures
involving open-shell metal species. Finally, for (c) light nuclei, the MBE approach
assumes that the kinetic energy is represented by the one-body term. Consequently,
light nuclear systems are treated using the same protocol that has been successfully
and extensively applied to hydrogen-bonded molecular systems, and more recently, to
covalent and metal-metal bonds.

1. Introduction

The Many-Body Expansion (MBE) is a concept based on combi-
natorial mathematics, and it is typically used to determine how many
distinct elements are present when combining multiple finite sets.” In
mathematics, the MBE assists in breaking down complex systems into
manageable sub-parts by considering interactions of increasing size. In
physics and chemistry, it is used to approximate properties (like energy) of a
many-particle system by summing contributions from individual particles,
pairs (2-body systems), triads (3-body systems), etc.” ' The purpose of the
MBE in quantum chemistry is twofold: in analysis, to understand the
composition of interatomic and intermolecular interactions, and in prac-
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tice, to facilitate calculations on large systems.

The MBE concept was applied to chemical physics problems for the
first time in the 1970s. In this first study, a trimer of water molecules was
studied, where the individual water molecules were considered as the
“bodies” connected via hydrogen bonds. The analysis allowed to estimate
the non-additive three-body term by partitioning the energy of a water
trimer.” Since its initial introduction when the many-body expansion
framework was formulated in terms of energies associated with distinct,
non-overlapping molecular sub-fragments, the MBE has found widespread
application in the study of hydrogen-bonded molecular clusters. This
approach has been utilized by numerus groups including us” " to rigor-
ously assess and quantify the contribution of the non-additive energy
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components to the total binding energies of aqueous clusters.
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More recently, further developments have expanded the scope and
utility of the MBE, particularly through the incorporation of high-level
electronic structure calculations. These advances have examined how the
accuracy of the MBE depends on important computational parameters such
as the size of the orbital basis set and the level of electron correlation

“7" In parallel, a molecular dynamics

employed within the expansion.
methodology that integrates the MBE framework (referred to as MBE-
MD) has been introduced,”’ providing dynamic insights into many-body
effects in hydrogen-bonded systems and also extended to periodic sys-
tems.”” Note that this scheme will not be appropriate for treating metallic
clusters as there are several paths incorporating difterent electronic states to
build up the collection of “bodies” in the expansion.

This specific formulation of the MBE—tailored for hydrogen-bonded
molecular systems, including ionic species—relies on a clear and intuitive

>

definition of a “body,” wherein the system is partitioned into non-over-
lapping fragments (e.g., monomers, dimers, trimers, etc.) through the
simple process of breaking hydrogen bonds. This methodological approach
has made it particularly suitable for the construction of highly accurate, ab
initio-based many-body potential energy surfaces for water and related
systems.”” ' It is important to contrast this approach with alternative
partitioning strategies that utilize overlapping sub-fragments, such as those
employed in the Molecular Tailoring Approach (MTA),”" " or other
which often adopt a dif-

ferent philosophy in the fragment definition and recombination. Addi-
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general fragmentation-based techniques,”

tionally, the MBE has also been extended beyond spatial fragmentation
schemes to energy extrapolation techniques where molecular orbitals
themselves are treated as the “bodies” of the expansion. This variant has
proven effective in estimating the total electron correlation energy in both

59-64 - . 165,60
777" and crystalline solids.””""

molecular systems
In this chapter, we will discuss the application of the MBE to chemical
systems beyond the “well-behaved” hydrogen bonded ones by extending it
(a) to systems involving covalent bond dissociation where the polyatomic
molecule is treated as a composite of individual atoms, diatomic, triatomic,

68-70
and (c) to

light nuclei.”' " It is important to emphasize that the application of the

and higher-order atomic groupings’’ (b) to metal clusters
g grouping

MBE approach to covalently bonded systems, particularly to metallic
structures, presents significant challenges. These arise from their electronic
structure and strong short-range interactions characteristic of such systems.
Accurately describing the multi-coordinated bonding in metals often
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requires accounting for both dynamic and static (non-dynamic) electron
correlation eftects, along with careful treatment of spin multiplicities in
. . R . . 68

intermediate structures involving open-shell metal species.

g 2. The MBE formulation

The binding energy of a cluster of n atoms with respect to the ground
atomic state products (AE,;omi,) can be decomposedjkI "in one-body (1-B),
two-body (2-B), three-body (3-B), four-body (4-B), etc. n-terms for
clusters with up to n atoms, see Eqs. (1)—(6),

AEuomi, = E(123...n) — X, E(Xf)
~AE(1 —B) + AE(2 — B) )
+ AE(3 — B)++-4+AE(n — B)

n

AE(1 = B) = ) (E(X) — E(X*)) 2
AEQ2 - B) = ) AE; 3)
i<j
A E; = E(X;X)) - E(X)) — E(X)) )
AEG -B)= Y NE ()
i<j<k

LEy = E(X;X;Xp) — E(X) — E(X)) — &E; — A’E, — &E;. (0)

where E(X)) is the in situ (ground or excited) atomic state, i.e. the atomic
state within the molecule or cluster in equilibrium geometry and E (X% is
the ground atomic state of atom X;. Thus, if the in situ atomic state is the
ground state, then the 1-B term is zero.

The corrected binding energies and the many body terms for basis set
superposition error (BSSE)’*’® are analytically given in references,”"'
and.”” Thus, the corresponding BSSE corrected AE terms of Eqs. (1)—(6),
ie., AE yomiz, AE' (2 — B), AE' (3 — B), etc. are given in Eqs. (7)—(12).
AB iy = BN 200000 (XXX, X)) = Y EUR xRy ()

i=1

n
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AE'(1 — B) =AE(1 — B) (8)
aEe-n= ¥ £F, ©)
i<j
AQE”,. = Eb] b2b3:::bn (X1X) — Eblbzb:‘,:::bn (Xl) + Eb1b2b3:::bn (X)
! MX2X3 X ! X X2X3"" Xy, X)X X3,
(10)
ae-p= ¥ aEy (1)
i<j<k
3 b] 192173 b b] bzbg, b b] be?;n-bn
ALy = E\oxex M (XX Xe) — [ XXXy X S (X)) + E oxx (X))
b] b2 b’) n
X1XZX3 (Xk)]
b1bzbz b, 5 bbybs.. . b, 5 -bibybs.. b,
E o, XiXp) + BB 0 00 (XGX) + SE 200 (GX)
(12)

where Eg (F) is the energy of fragment F calculated with basis set b of the

fragment at the fragment’s cluster geometry g.

§ 3. Breaking covalent bonds: The concept of the in situ
electronic state of an atom in a molecule

The concept of the in situ electronic state of an atom in a molecule for
the breaking the covalent bonds stems from previous work by Heitler,”” in
which he pointed out that the CH, minimum correlates with the C(°S)
+ 4H(*S) asymptote, viz. the Carbon atom is 2s'2p” hybridized as shown in
Fig. 1. In accordance with this observation, we have recently introduced”’ a
novel extension of the MBE framework to systems involving covalent bond
dissociation, thereby broadening its application beyond its traditional use in
modeling hydrogen bond breaking. A key feature of this new approach is the
concept of the in situ atomic electronic state—where the one-body (1-B)
term represents the energy required to promote an atom from its ground
state to the electronic state it adopts within the molecule. Higher-order
terms correspond to the energies of bonded fragments such as diatomic,
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5S (2s'2p%) é .

'S (2s%2p?)

4.18 eV He ° C e o H
__'D(2s2p?) /
3P (2522p?) +4H
5S atomic state of Carbon generates CH,

Fig. 1 The sp® hybridization of the ground state of the Carbon atom to form CH,.

triatomic units, and so on. For instance, in the CH,, series (n = 1-4), the
following correlations between the ground and the first few excited states of
the molecules with the atomic states can be made: CH(X TI) correlates with
CCP) +H(S), CH(*X") correlates with C(S) + H(®S), and CH(*A) cor-
relates with C(°D) + H(*S). Therefore the 1-body term for the above three
cases is zero, E[X(S)] — E[X(’P)], and E[X(*D)] — E[X(’P)], respectively.
The same holds for the ground and the excited states of XH,, viz. CH(X
’B,) correlates with C(°S) + H(S), CHx(a'A,) correlates with C(°’P) + H
(S), and so on for CH3 and CH, as explicitly described in Ref.”” The fact
that the polyatomic ground states correlate with excited states of the con-
stituent atoms has been also reported previously for the Fe*"(H,O), and
Fe’ " (H,0)q clusters’” and the [Fe(SCH3)*]? molecules, where q = =2, —1,
12, +3.50

5 4. Covalently bonded molecules

The previously described MBE scheme, that incorporates the concept
of the in situ electronic state of an atom in a molecule, was used to compute
atomization energies (AE,,,.) for the XH, series (X=C, Si, Ge, Sn;
n=1-4) at the RCCSD(T)/aug-cc-pVQZ level of theory.”” This MBE
approach enables the breakdown of the atomization energy into contribu-
tions from atoms, dimers, trimers, and higher-order fragments. In this
implementation, which defines subsystems based on the breaking of covalent
bonds, the 1-B term differs both qualitatively and quantitatively from the
commonly used 1-B term in MBE studies of aqueous ionic systems.
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As noted earlier, in hydrogen-bonded systems, the 1-B term typically
represents the geometrical distortion of molecular fragments from their gas
phase structures due to interactions with surrounding molecules or ions.
This contribution is relatively small, ranging from a few tenths to a few
kcal/mol’” and can be indirectly accounted for using infrared (IR) spec-
troscopy, which detects the red shifts in the vibrational band positions
caused by changes in the internal fragment geometry, which can, in turn,
be related to the energy penalty of the distorted geometry from the
equilibrium one. In contrast, for systems where covalent bonds are broken
to define subsystems (“bodies”), the 1-B term reflects the electronic
excitation energy required to promote an atom to its in situ electronic state
within the molecule. This energy is significantly larger, on the order of a
few electron volts (eV) — roughly two orders of magnitude greater than in
the hydrogen-bonded case — and is accessible through ultraviolet-visible
(UV-Vis) spectroscopy.

The many-body decomposition of the AE, ..., for the B, and 'A,
states of the XH, molecules, where X = C, Si, Ge, Sn is depicted in Figs. 2
and 3. In the case of the 3B1 states, the in situ X atom is in the °S state,
while in the case of the 'A; state the X atom is in its atomic ground state,
°P. The ground state of the CH, molecule is X°B,, whereas for the
remaining XH,, X = Si-Sn, molecules their ground state is X'A;. Similar
AE, omi,, 1-B, 2-B, and 3-B terms are observed for the SiH, and GeH,
molecules, while the SnH, presents the smallest terms. On the other hand,
the CH, molecule presents the largest absolute values of energetics. This
occurs because the C-H bond is the strongest one comparing to the
remaining X-H bonds.”” Due to the breaking of covalent bonds, the basis
set superposition error (BSSE) is expected to be quite small. Indeed, the
BSSE was found to be negligible across all systems in this series, see Fig. 3.
It is interesting that in the case of the 'A, states, for all XH, molecules, the
3-B term was found to further stabilize the molecules.

The many-body decomposition of the AE, . for the XH3(X 2A1)
and XH,4(X 'A;) molecules is shown in Fig. 4. Our application of this MBE
framework to the XH,, series reveals an alternating (oscillatory) pattern of
positive and negative many-body terms, with eventual convergence as the
order of expansion increases. Among these, the two-body (2-B) X-H
interaction is consistently the most significant contributor to the binding
energy. The strength of this 2-B term correlates well with the X—H bond
length, which varies across the series due to geometric differences between
the systems. Thus, the CH,, molecules present the largest 2-B terms and the
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CH, - siH, GeH, '  sSnH

Energy (eV)

-10 4

12 4 - a’B,  a’B : B
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14 4 \ : . - I 3-B
1 XB, ) : : —

-16

Fig. 2 Many-body decomposition of the AE.iomiz. for the X ®B; and a'A; states of the
XH,, where X =C, Si, Ge, Sn at the RCCSD(T)/aug-cc-pVQZ(-PP)s, level of theory.

6 i
BSSE : : BSSE
44 : : : B
24 :
T BSSE .
0 -
S
QL -2+
=
D 44
o |
c
w -6
-8 < L | L ,
] CH a'A)
-10 4
12 - ; . -8 SiH,(a’B))
1 : 28
14 . : . 3B -
| cHi’B) C_1AE
-16

Fig. 3 Many-body decomposition of the AE,omiz. for the X B; and a'A; states of the
XH,, where X =C and Si at the RCCSD(T)/aug-cc-pVQZ(-PP)s,, level of theory with and
without BSSE correction.
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10 1 - CH,  SiH, GeH, SnH,

CH, SiH, G

il

S
L -5+
>
>
2 10 4
L
-15 = - -
I 1-B =
204 H 2B - -
I 3-B = |
48
oc _| N 5-B 1 i
25 XA, e | © X'A,

Fig. 4 Many-body decomposition of the AE.omiz. Of the XHs(X 2A;) and XH4(X 'A;)
molecules, where X=C, Si, Ge, and Sn at the RCCSD(T)/aug-cc-pVQZ(-PP)s,, level of
theory.

SnH,, the smallest one, see Fig. 4. Regarding the 3-B terms, which are
positive for all XH; and XH, molecules, Ge is associated with the most
positive, i.e., the most destabilizing 3-B terms, since its 2-B terms are
similar to the corresponding values of Si, but the AE,,.;, of Ge molecules
are smaller than those of the Si corresponding molecules.

Overall, the MBE analysis for these systems offers an alternative per-
spective on the so-called “first-row anomaly” in the incremental H,,_ 1 X-H
bond energies,” for which the CH, compounds (n = 1-4) exhibit a dif-
ferent trend compared to their heavier counterparts (SiH,, GeH,, SnH,)
when these bond energies are evaluated with respect to the respective
ground states of each molecule. This apparent “anomaly” arises from a
reversal in the ordering of the ground and first excited electronic states
between CH, (3B1 ground state, 'A, excited state) and XH, (X =Si, Ge,
Sn), which exhibit the opposite ordering ('A; ground state, *B; excited
state), see Fig. 2. Note that in the XH, molecule, the X atom is in an
excited *S atomic state within the triplet *B; electronic state, whereas in the
singlet 'A; state, the X atom remains in its ground °P atomic state.
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However, when the incremental bond energies are instead evaluated
relative to molecular states with consistent in situ atomic configurations,
the trends become uniform across all elements in the series, eliminating the
basis for a “first-row anomaly”, see Fig. 4.

In addition, the MBE analysis for the H,O, NH; molecules and the
H;O", NH, " cations is shown in Fig. 5. The atoms in all four species are in
their atomic ground states, therefore for all 4 species the 1-B term is zero.
The MBE decomposition of the atomization energy of the H,O follows
the general trend previously observed for the XH, (‘A;) molecule. Both
H;0" and NH; follow the same MBE decomposition trend, i.e., both the
2-B and 3-B terms stabilize the species, while the 4-B term destabilizes
them slightly. Finally, the MBE pattern for the decomposition of the
AE, i, of the NH," cation follows the general shape of the XH, (]Al)
molecules, except from the fact that the 1-B term is zero, since all atoms are
in their ground states. Furthermore, the 2-B is by far the largest term in the
MBE with the higher order terms oscillating between positive and negative
values and decreasing dramatically in size with increasing rank of the
expansion, see Fig. 5.

20

15 - .

-
o
1
1

H0 H0 NH, NH,

Energy (eV)

& o & o o

1 1 1 | I
1

Fig. 5 Many-body decomposition of the AE,iomi,. of the H,0O, H30%, NHs, and NH,*
species at the RCCSD/aug-cc-pVTZ level of theory.
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Finally, it should be noted that while the present analysis of the
MBE of the atomization energy is simplified by the presence of only
one heavy atom (N, O, C, Si, Ge, or Sn) per system, it lays the
groundwork for extending MBE methodologies beyond hydrogen-
bonded networks to include covalent bond dissociation. This expanded
framework offers valuable insights into the nature of chemical bonding
and can serve as a foundation for more complex systems involving
multiple heavy atoms.

§ 5. Metallic clusters

Small metal clusters attract significant attention in physical sciences
because of their distinct electronic structures and promising applications in
catalysis and other industrial fields. Their binding energies can vary markedly
depending on size and geometry, highlighting the influence of non-additive
interaction effects. Additionally, cluster size can impact properties such as the
emergence of metallic behavior and catalytic activity, as these are closely
linked to changes in the energetics of adsorbate interactions. To gain insight
into the interatomic forces, electronic structure, and the (non)additive nature
of these interactions, it is often useful to express the system’s total energy
through a many-body decomposition.”” "

Recently, the MBE analysis was applied to clusters of homometallic and
heterometallic alkali metals (Li, Na and K), and alkaline earth metals (Be,
Mg and Ca).m’m Additionally, alkali metal borides (LiB and LiB,) were
also investigated.”” Specifically, we have analyzed the non-additive MBE
contributions in various mixed metal trimer clusters to understand how the
electronic structures of constituent metals influence both the sign (stabi-
lizing or destabilizing) and the magnitude of the two- and three-body (2-B
and 3-B) interaction terms. Our focus was on clusters composed of metals
with valence electron configurations of ns', ns%, and nszpl, both in
homometallic and heterometallic clusters. The calculations were carried
out using a variety of theoretical methods, including second order per-
turbation (MP2), Coupled Cluster (CCSD, CCSD(T)), Complete Active
Space Self-Consistent Field (CASSCF), and internally contracted Multi-
Reference Configuration Interaction with Single and Double excitations
(1cMRCISD). Similarly to the previous cases, the BSSE was found to be
negligible across all systems studied. Our results suggest that the MBE is
highly system-specific, lacking clear trends across different cluster series or
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even among different electronic states of the same cluster. To interpret
these patterns, we attempted to group the findings based on metal identity,
cluster size, and electronic state. Key observations include:

Homonuclear Alkali Metal Clusters (ns' configuration; Li,, Na,, K,
n =2-5): as the principal quantum number increases from 2 to 4 (i.e. [He]
25'= [Ne]3s'> [Ar]4s"), the MBE displays an oscillating trend: the 2-B
and 4-B terms are stabilizing (negative), while the 3-B term is destabilizing
(positive), with the magnitude of all terms decreasing along the series.”’ A
strong correlation between higher-order terms (3-B and 4-B) and the
pairwise 2-B term at the energy minima suggests the potential for efficient
ab initio-based Monte Carlo simulations based on this finding, provided
this relationship persists away from equilibrium geometries.”"

As an example, the many-body decomposition of the AE, ;. of the
ground states of the Naj (doublet), Na, (singlet), and Nas (doublet) are
plotted in Fig. 6(i), where it 1s shown that the metallic clusters are stabilized
by 2-B interactions and destabilized by 3-B contributions. Note that
CCSD and CCSD(T) present similar results for AE, .., specifically that
about 96 % of the CCSD(T) correlation energy is obtained at the CCSD
level. Furthermore, the BSSE corrections are negligible, amounting to
<0.3 % of the total binding and therefore they can be neglected.

The many body decomposition for the high spin states of Na, (quartet),
Na, (quintet), and Nas (sextet) is shown in Fig. 6(ii). It is very interesting
that the high spin structures are stabilized mainly due to the 3-B interac-
tion. Furthermore, the 3-B term for both Na, and Najs is larger than the
AE, omiz. Value. Finally, for the Naj the 2-B term slightly stabilizes the
cluster, while in the case of the Nas the 5-B slightly stabilizes the cluster,
see Fig. 6.

The molecular structures of the lowest in energy low and high spin
states Na,,, n =3-5, are also depicted in Fig. 6, and it is shown that both
Nay and Najs clusters consist of triangular subunits. In the cases of the high
spin is attributed to the negative value of the 3-B term, i.e., it stabilized the
cluster. In the case of the low spin states, the 2-B term and 3-B terms show
the opposite trend—stabilization via 2-B and 4-B and destabilization via 3-
B terms.”’ however the triangular subunits are preferred.

Heteronuclear Alkali Metal Clusters (ns' configuration; Lis, Li,Na, LiNa,,
Na;): in clusters combining metals of similar valence structure but differing
in atomic size (n = 2-3), the quartet states are predominantly stabilized by
the 3-B term, which contributes 131 %, 130 %, 117 %, and 86 % of the
binding energy, respectively, at the CCSD/AVTZ level indicating a
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(i i)

Energy (eV)

] k

Fig. 6 Many-body decomposition of the AE,iomiz. Of the Nas, Nay, and Nas molecules
at the CCSD/aug-cc-pVTZ level of theory; (i) ground states of the Na; (doublet),
Na, (singlet), and Nas (doublet) and (ii) high spin states of Nas (quartet), Na, (quintet),
and Nas (sextet).

destabilizing behavior for the 2-B term, see Fig. 7. The inclusion of higher-
order correlation (e.g., CCSD(T)) leads to only minor changes in these
contributions.

Heteronuclear Boride Clusters (Lis;, Li,B, LiB,, Bj): substituting Li (ns')
with B (ns’p') in the quartet state of Li; reduces the 3-B term significantly,
contributing 16 % in Li,B and just 5% in LiB,. In the Bj cluster, the 3-B
term slightly destabilizes the system, amounting to —1 % of the binding
energy, see Fig. 7.

Alkaline Earth Metal Clusters (Bes, Be;Mg, BeMg,, Mgs): for these ns’
configuration clusters, the 3-B term dominates contributing 178 %, 222 %,
253 %, and 132 % of the total AE,,.,,;,. in their ground states. This indicates
that the 2-B term is destabilizing, and the binding is largely due to 3-body
interactions, see Fig. 8. The many-body decomposition has been done
with respect to the atomic ground states, Be('S), Mg('S) and the diatomic
ground states Be, (XlZ';'), Mg, (Xlzg), and BeMg (X'Y +). Note that
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Fig. 7 Many-body decomposition of the AE,iomiz. Of the Lis, Li,Na, LiNa,, Nas, Li,B, LiB,,
B; molecules at the CCSD/aug-cc-pVTZ level of theory.

these alkaline earth metal clusters present a significant sp hybridization.
Therefore, if this hybridization is considered as an atomic excitation the
MBE decomposition will change. For instance, in the case of the Bej
cluster, five decomposition channels (a)-(e) can be considered, viz.

(4). Bes = [3 x Be('S))] + [3 x Bey(X'Z)]

(B). Bes = [2 X Be('S) + Be(°P)] + [2 X Bep(X'Z]") + Be, (°Z))]
(C). Bes = [Be('S) + 2 x Be(°P)] + [Bey (X'Z)) + 2 X Bex (°Z))]
(D). Be; = [3 X Be(®°P)] + [3 X Be, (°X )]

(B). Bes = [3 X Be(*P)] + [3 X Bex (X'Z))],

and the corresponding many-body decomposition of the AE .. 1S
shown in Fig. 9. Thus, when the in situ state of the atom cannot be clearly
assigned, the many-body decomposition of the AE, ., may have dif-
ferent interpretations.

Alkaline Earth Metal Clusters (Be,, Mg, Ca,, n = 2—6): several isomers of
M,, (M=Be, Mg, Ca) were investigated and it was found that regardless of
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0.6

0.4 -

0.2 4 .
Be, Be,Mg BeMg, Mg,

T

-0.2 ~ -

Energy (eV)

0.4 -
-0.6 - .
-0.8 4

-1.0

M, -> 3xM('S)

-1.2

Fig. 8 Many-body decomposition of the AE,iomiz. Of the Be;, Be,Mg, BeMg,, and Mgs
molecules with respect to 3 xM('S) at the RCCSD/aug-cc-pVTZ level of theory.

the level of theory considered, the calculations consistently indicated that
these alkaline earth metal clusters exhibit negligible 2-B interactions, with
binding predominantly arising from 3-B effects. In some cases, higher-
order interactions (4-B, 5-B, etc.) also contributed, though their impact
diminished gradually and displayed an oscillatory trend beyond the 3-B
term. Quasi-atomic orbital analysis revealed how the electronic orbital
character evolves from the dimer to the trimer configurations, highlighting
the critical role of the third atom in establishing the overall binding energy
of the cluster.

Overall, replacing ns' with ns’p' metals tends to weaken the 3-B
contribution while enhancing stabilization via 2-B interactions.
Additionally, increasing atomic size reduces the significance of 3-B terms
due to the longer bond lengths. Finally, it should be noted that the MBE
analysis of metallic clusters lays the foundation for extending the MBE to
coordination chemistry, where such decomposition can offer a deeper
physical insight into metal-ligand interactions.
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§ 6. Light nuclei

Similarly, in nuclear physics, the MBE plays a crucial role in

understanding and calculating the properties of atomic nuclei, which are
systems made up of many strongly interacting nucleons, i.e., protons and
neutrons.” Nuclei are many-body quantum systems held by the strong
nuclear force, which is short-range, complex, non-linear and it involves
multi-body (i.e. not just pairwise additive) correlations. Thus, the exact
quantum mechanical solution of the energy problem is challenging for
nuclei beyond the lightest ones. The MBE allows for the decomposition of
the total energy of a nucleus into the individual 1-B terms (individual
nucleons), 2-B interactions (nucleon pairs), 3-B interactions (nucleon tri-
ples), and so on. The truncation of the series at a manageable order (e.g., 2-
B or 3-B) is very common, by assuming that the higher-order terms are less
significant. As a result, the calculation of the full system is evitable. The
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commonly used methods are ab-initio coupled-cluster theory, configura-
tion interaction methods, quantum Monte Carlo as well as empirical and
semi-empirical simulations.”""”

Note that the nuclear many-body problem is one of the first many
particle systems where quantum statistics has been applied almost a century
ago.”” Since degeneracy and strong interaction represent challenges, new
concepts such as quasi-particles and bound state formation have been
introduced and investigated via new methodologies, i.e., Green’s functions,
Feynman diagram techniques, etc. Other many-body systems, such as
solid-state physics, strongly coupled Coulomb plasmas and warm dense
matter, adapted these methods and further developed them.”' 7%’

Recently, the MBE concept previously applied to hydrogen bonded,
van der Waals bonded systems or molecular systems was also applied to
light nuclear systems, i.e., ’H, >H and *He by considering the nucleonic
degrees of freedom as fundamental in the expansion.”” The MBE analysis
was based on the Pauli Nucleonic Dynamics (PND) model,”” which is a
simple anti-symmetrized dynamical formulation driven by the Constrained
Molecular Dynamics (CoMD) model.”" Specifically, the Anti-symmetrized
Molecular Dynamics (AMD)*” approach was used to calculate the total
three-body contribution to the interaction energy of >H and *He. In the
MBE extension to light nuclear systems, the 1-B terms correspond to the
monomer energies, which are the kinetic energies (T, or T,, where n
denotes the neutrons and p the protons) of the nucleons, the 2-B terms are
the two body potential energy interactions (V,, or V,,, or V), while the 3-
B term is the difference between total energy (E,,,) and the sum of 1-B and
2-B terms. Assuming that the total energy for the trimers is the experi-
mentally measured energy of the corresponding nuclear system (E.,,),
while the sum of the 1-B and 2-B terms are calculated by the PND model,
the 3-B term is obtained via Eq. (6). To accurately simulate the interactions
within the two- and three-nucleon systems, we introduced a new potential
term incorporating spin-isospin dependence.”” The limited set of free
parameters was calibrated using properties of the deuteron. Further details
regarding the PND model are given in ref.’”

The MBE of the binding energy for the light nuclei 2H(anT) isE=T,

+T, +V,, for the "H(ptntnl) is E=T, + T, +T, +V,, +V}, +V,,
+Ep, and for "He(plpln?) isE=T, + T, + T, +V,, +V,, +V,, +E, .

The sum of 1-B terms, i.e., the kinetic energies of the involved p and n
species, is positive. The sum of 2-B terms, i.e., the potential energy, is
negative, while their sum is also negative showing that the calculated
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nuclear systems are bound, see Fig. 10. For ’H the PND total energy is
calculated at —2.31 MeV, in very good agreement with the experimental
value of =2.225 MeV.” For *H and *He, the PND model predicts that the
2|E(1-B)+ E(2-B)] terms is —6.97 + 0.21 MeV and —6.19 + 0.21 MeV
respectively, while the 3-body term is 1.51 + 0.21MeV and
1.53 + 0.21 MeV, respectively. This suggests that the 3-B terms are
between 16-23 % of the total energy, i.e., they to contribute significantly
in the total energy of the species.”” Overall, the MBE for light nuclei
resembles the MBE for water clusters, except for the significantly larger 1-B
term for the light nuclei, however, the 2-B terms are negative and larger
than the 1-B terms. It is worth mentioning that in the water trimer," the
3-B term amounts to ~18 % of its total binding energy, i.e., it is similar to
the % contribution of the 3-B term in the H and *He nuclei.””

Finally, it should be noted that in the PND model the full spin
dependence of the interaction has not yet been addressed. Future work will
focus on enhancing the PND model by incorporating a spin-orbit inter-
action to achieve a more precise description of nuclear systems, as well as
enabling the extraction of additional ground state properties, such as
neutron skins and radii, that are relevant to nuclear structure studies.
Additionally, it would be valuable to apply the MBE approach to heavier
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Fig. 10 Many-body decomposition of the energy for the light nuclei 2H(ptn1), 3H(p?t
ntn}) and 3He(ptpint).
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Fig. 11 MBE of the binding energy of five different bonded trimers having different
order of magnitude interaction energies in eV.

nuclei, where a larger number of protons and neutrons are present, to
evaluate the convergence behavior of the MBE and assess the significance
of higher-order terms.

7. Conclusions

The MBE concept can be successfully used to analyze and understand
the composition of interatomic and intermolecular interactions. In this
chapter, the application of MBE is extended into (a) systems that are
formed via covalent bonds, (b) metal clusters and (c) light nuclei. These
three types of systems present significant challenges compared to the
hydrogen bonded or van der Waals bonded systems. Below we analyze the
prerequisites for a meaningful application of the MBE to various systems
exhibiting different bonding characteristics.

i. Hydrogen bonded or van der Waals bonded systems: usually, a
single reference method is adequate, while the use of an augmented
basis set with diffusion functions and the consideration of BSSE cor-
rection are necessary.
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ii. Covalently bonded systems: it is crucial to define the in situ atomic
states of the individual atoms, while depending on the type of the
studied systems either single reference or multireference methods are
needed. The inclusion of the BSSE correction is not necessary.

iii. Metallic systems: they pose additional challenges due to their com-
plex electronic structure and strong short-range interactions. Accurately
capturing the multi-coordinated bonding typical of metals often
requires the consideration of both static and dynamic electron corre-
lation eftects, as well as the careful handling of spin multiplicities in
intermediate structures involving open-shell metal species. The inclu-
sion of the BSSE correction is not necessary.

iv. Light nuclei: An MBE analysis based on the Pauli Nucleonic
Dynamics (PND) model, which is a simple anti-symmetrized dyna-
mical formulation driven by the Constrained Molecular Dynamics
(CoMD) model was adequate for the light nuclei. However, the full
spin dependence of the interaction should also be included to achieve a
more precise description of nuclear systems, as well as enabling the
extraction of additional ground state properties, such as neutron skins
and radii, that are relevant to nuclear structure studies.

The concept of the MBE implementation for the cases of covalent
bonded systems or the metallic ones is that the in situ atomic electronic
state of an atom in a molecule determines the one-body term. Specifically,
the 1-B term corresponds to the required energy for the promotion of the
atom from the ground to its in situ state. For the cases of light nuclear
systems, the kinetic energy of each nucleon corresponds to the 1-B term.
Note that in the hydrogen bonded or van der Waals bonded systems, the 1-
B term corresponds to the deformation energy of each species.

Fig. 11 shows the MBE of the binding energy of five different bonded
trimers that exhibit values ranging over 8 orders of magnitude in MeV.
These are the hydrogen-bonded (H,O)5 cluster,” the ion-water hydrogen
bonded CI'(H,O), cluster,” the metallic Nas cluster,”’ the covalently
bonded CH, molecule,”” and the light H nucleus.”” These trimer species
are bound together with interaction energies spanning 8 orders of mag-
nitude, ranging from 7 X 10~ to 8 MeV. In all cases, it is found that the 1-
B terms are positive destabilizing the system, while the 2-B terms stabilize
the trimer species. As regards the 3-B term, it is either stabilizing (negative)
or destabilizing (positive) depending on the system. In most cases, the
stabilization due to the 3-B term is small; however, in metallic clusters, the
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3-B terms significantly stabilize the high spin multiplicity states of a cluster
formed by the ns' metal atoms and the low spin states of a cluster formed
by the ns® metal atoms.

We envision that the concept of the MBE can be extended into more
complicated systems, such as coordination complexes and biomolecules.
Up to now, fragmentation methodologies for breaking covalent bond for
large systems have been already proposed, and the fragments are groups of
atoms, or molecular systems contrary to our study where the “body” is an
atom or nucleons. Specifically, for largest organic molecules, a scheme for
molecular fragmentation has been proposed by generating a hierarchy of
molecular fragmentations, such as -CH,- in the case of an alkane.”’ For
macromolecules like proteins, a scheme has been reported to compute the
interaction energy,”” where the protein is decomposed into individual
amino acid-based fragments. Furthermore, there are other fragmentation
methods™””"

have been applied to biomolecular systems such as G protein-coupled

that they are based on a non-overlapping MBE protocol and

receptors (GPCR)—ligand crystal structures, representing difterent branches
of the GPCR genome”’ or enzyme-substate.”’ In the present MBE
scheme, the “body” consists of the atoms involved in the molecular sys-
tems. This scheme can provide a more detailed analysis at the atomic level
and can be even applied or integrated with machine learning techniques to
provide a forward-looking edge in the analysis of the chemical bonding in a
wide variety of chemical environments.
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